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PROCEEDINGS 


OF 


THE LONDON MATHEMATICAL SOCIETY. 





VOL. XXXII. 





THIRTY-SIXTH SESSION, 1899-1900 


(since the Formation of the Society, January 16th, 1865). 
Thursday, January 11th, 1900. 


Lt.-Col. A. J. C. CUNNINGHAM, R.E., Vice-President, 
in the Chair. 


Ten members present. 
The following were elected members of the Society :—Miss Beatrice 


Mabel Cave Browne Cave, Miss Frances Evelyn Cave Browne Cave, 
and Mr. Herbert William Richmond, M.A., Fellow of King’s College, 
Cambridge. 

Prof. Love gave a sketch of a paper by Mr. J. H. Michell, entitled 
‘‘ Klementary Distributions of Plane Stress.” 

Lt.-Col. Cunningham (Mr. Kempe in the Chair) communicated a 
preliminary sketch of “A General Method of Factorization of Bi- 
quadratics ’ with special application to Quartans, N = a*+y7. 


The following papers were communicated in abstract, viz. :— 


A Problem in Resonance, illustrative of the Mechanical Theory 
of Selective Absorption of Light, by Prof. Lamb. 
An Abstract Simple Group of Order 25920, by Dr. L. EH. Dickson. 


VOUXXXII.—No. 710. B 


. 84984 


2 Proceedings. [Jan. 11, 


The following presents were made to the Library :— 


‘« Educational Times,’’ January, 1900. 

‘¢ Indian Engineering,’’ Vol. xxvi., Nos. 22-25, Nov. 25-Dec. 16, 1899. 

‘¢ Annales de la Faculté des Sciences,’’ Série 2, Tomet., Fasc. 1, 2; Toulouse, 
1899. 

Ostwald, W.—‘“ Periodische Erscheinungen bei der Auflésung des Chroms in 
Sauren,’’ 8vo; Leipzig, 1899. 

Garten, Dr. S.—‘‘Beitrige zur Physiologie des elektrischen Organes des 
Zitterrochen,’’ S8vo ; Leipzig, 1899. 


Acta Societatis Scientiarum Fennicze :— 
Lindelof, E.—‘‘ Remarques sur un Principe général de la Théorie des Fonc- 
tions Analytiques,’’ Tom xxiv., No. 7, April, 1898. , 
Mellin, H. J.—‘‘ Ueber eine Verallgemeinerung der Riemannschen Function 
¢ (s),”? Tom xxty., No. 10. 


The following exchanges were received :—- 


‘¢Beiblatter zu den Annalen der Physik und Chemie,’’ Bd. ‘XXL, Sto 
Leipzig, 1899. 

‘* Bulletin of the American Mathematical Society,’’ Series 2, Vol. vi., No. 3; 
New York, December, 1899. 

‘‘ Journal fiir die reine und angewandte Mathematik,’’ Bd. cxx1., Heft 3; 
Berlin, December, 1899. 

“‘ Annali di Matematica,’’ Serie 3, Tomo m1., Fasc. 3,4; Milano, Dicembre, 
1899. ‘ 

‘¢ Archives Néerlandaises,’’ Série 2, Tome 11., Livr. 2; La Haye, 1899. 

‘‘ Atti della Reale Accademia dei Lincei—Rendiconti,’’ Sem. 2, Vol. vumt., 
Fasc. 11, 12; Roma, 1899, 

*‘ Berichte uber die Verhandlungen der Kénigl. Sachs. Gesellschaft der Wissen- 
schaften zu Leipzig,’? No. 5; 1899. 

‘* Proceedings of the Physical Society,’’ Vol. xv1., Pts. 7, 8; December, 1899. 

‘*Periodico di Matematica,’ Serie m., Vol. 1., Fasc. 3; Livorno, Nov.-Dec., 
1899. Supplemento, 1899, Fasc. 2. 
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An Abstract Simple Group of Order 25920, By L. E. Dicxson, 
Ph.D. Received and communicated January 11th, 1900. 


1. The abstract form of the known simple group of order 25920 
was determined by the writer in the Proceedings of the Society, 
Vol. xxx1., pp. 40-45. The present paper gives a simpler method of 
solving the problem. Furthermore, it has direct contact with the 
developments of Jordan on the group of the equation for the 27 lines 
on a cubic surface.* We first set up the abstract form of a sub-group 


of order 960. 


2. ToHrorem.—The abstract group Go generated by the operators E,, 
Li,, H; with the generational relations 


1) B=, =£;=1, (L,2,)*= (£8) = (H,B,)? =1 
is put unto holohedric isomorphism with a linear group Lg by the 
following correspondence of generators :— 
B~rh=& &=& &=6 &2=& & =, 
2) jAn~h=h G=H GH, 2=& SS, 
EBy~h=h& &=4 S=& 458 &= &. 


Indeed, the abstract group is holohedrically isomorphic with the 
alternating group on five letters. 


3. THrorEM.—The abstract group Gi, generated by the operators B,, 
B,, B;, B, with the generational relations 
(3) Be=L BBy BB, + G, 7='1, 2, 3, 4) 
is holohedrically isomorphic with the commutative linear group 
Lig = Wk C,C,, C1Cs, CC CC; C03, C04, C,C;, COC, 0,05, OCs; 
OCs) 0.00052 0,0,0,05..0,0,0,0,,, C0, 0,054 





* Jordan, Traité des Substitutions, pp. 316-329; Dickson, Comptes Rendus, 
Vol. cxxvim. (April, 1899), pp. 873-875. 
¢ Moore, Proc. Lond. Math. Soc., Vol. xxvitt., pp. 357-366. 
B 2 
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where C; denotes the linear substitution 
GO: §&=—-h& FSG GHL..5;5 7#%). 
We may set up the following correspondence of generators :— 


(4) B, ~ C,C,, B, rd Ga0s, ‘Ds La! C,C4, B, (Pood C.C;. 


4. THeorem.—The abstract group generated by the operators H,, E,, Es, 
B,, B,, Bs, By with the generational relations (1), (8), and 
BSB by SoBe be ae Hy BH, 86, Be 
SDB pd sya bg Se 
ride beg tds, Hy Bgl See Bebe see 
Meola pu ell ms IEP Ege 
KB. = 2; Hy BE, Bs, H;'B,H, = B,B,, 
7 | Es BE, = B,, 


(5) 


ts of order 960, and is holohedrically isomorphic with the linear group 
Licgy 0 the indices &, ...,&, given as the product of the permutable 
groups In, and Lg. 

The permutable groups L,, and Lg, having only the identical sub- 
stitution in common, generate a group of order 16.60. The iso- 
morphic groups Gy, and Gm, subject to the relations (5), generate 
an isomorphic group Cg. 


5. THroremM.—The abstract group Gig ts generated by the operators 
H,, H,, Es, B, subject to the generational relations 


(6) E.=B,=E,=B, =], (B2,)= (2) = (BE) = 1, 
(HB y= (BB) el. 
From the relations (5) we derive at once the following :— 
(7) B,=E,B,E, B,= E,E,E\B,E,E,E,, B, = E,H,B,E,E,. 
The relation H;'B,H, = BB, 
then requires (Bi ia rT 


Also, by (5), B, is commutative with H, and E,. It follows that the 
operators H,, H,, H;, B, of Gay are subject to the relations (6). In 
order to prove that they are subject to no relations independent. of 
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(6), we proceed to show that the relations (5) can be derived from 
(6) and (7). Noting then that B,, B,, By, are expressed in terms of 
H,, E,, E;, B, by (7), our theorem will be proven. 


B,B, = B,E,B,E; = E\B,E, [since B,E, is of period 3}. 
B,B,B, = E\B,E,.B,= E,B,E\E,E\B,E,E,E. 
Replacing H\E,E; by E,E,E, and interchanging B,E, with E,B,, 
B,B.B, = E?E,B,E,B,B,B,E,E. = BE,B,E,B,E°E,B, 
= E\H,EB,E,E,B, = H,E,E,B,E.E Eb, 
[since BH, is of period 3 | 
= H,H,B, EE, = FE; B,E,. 
2B, BE, = B,H,B,E,E, = E\E,BH,H, = EBB, = B,B,. 
B,B, = E,B,E,E|B,E,E,E, = E,E,E,B,E EAE, 
upon setting  B,H,=E,B,, B,E{B,E, = £,B,E.. 
Hence B,B, = H,E°E,B,E,E,E, = E,E°B,E,E, = B,'B,E,. 
E; B,E, = H,E,B,EB,E,E,E,E, = E,E,E, (E,B,E,) £,E,E, = B,, 
“since E,E,E,E, = B,E,E,E,. 
B,B, = E,E,EB,E,E.E,. B,E,. E,E,E\B,E,E,E,.E,;E,. 
But B,H,B°E,E,E,E,E” = BB,E,E,E,B,E, = E’B,E,E,B, 
= HH,E,H,E, = E,H,E.B,E, 
= H,H,H.E,E,. 


Hence B,B, = E,E,E{B, (E,E,E\E,H,) B,E,E,E E,E, 
= P,E,E\E,E,B,E,B,E,E,b,E,H,LE, 
= H,E,E_E,E,E,B,E,H,E,E,E,H,E,E, 
= FE, ,E,E,E,B,E,E,EE,H,B,E,E, 
= H,H,E,E,E, (E,B,H,) E,E,E LEE EE, 
= H,E,E,E, (H;E,B,E,E;) E\E,E,E, 
= E,P,E,E, (E,E,E,B,H,E,B,) E,E,E.E; 
= E;' (E,E,E,B,E,E,E,) E; = Ej B,E;. 
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Using the last result, we find 
HB Lie B ie eee 


To prove that Tie Vibe R18) 
we note that E (£;B;E;) EB, = Vien Gerysy, Wak. 
or TR OM EY Ong = B, Bante ree 


But the first product equals 
LB, B,B34; = BBB. 
Finally, #;'B,#, = #,E,E,B,E;E,E; = HE, (#,B;E,) LE, = By. 


6. The general orthogonal group on five indices with coefficients 
taken modulo 3 has a sub-group O49 given by the extension of the 
group Lg, by the following substitution w of period 3 :—* 


&=6-6-4-& &=&-&+6+4, 
§&=6+6—-&848 4&=6+6+6—&. 
We note that w? and w7' both have the form 
G&= 6464&+h &=—-§&§-4+&+4, 
§&=—-§4+6-&4+4 &=—-&4+64+5-&4. 


If (12) (84) denote the linear substitution (2) corresponding to #,, 
we readily verify that 


C304 = Ww (12) (84) we. 


Hence the simple group Oy55) is generated by the linear substitutions 
(2) (which generate L,,) together with w. 


7. THrorem.t — The abstract group O generated by the operators 
E,, H,, E;, B,, W subject to the generational relations (6) and 


(8) W3= 1, Wik, W = 3,8, Wee We, Eee ee ae es 
(9) WB, = B,B,E,E, EW’, 
(10) (WH,E,E,W)E, = E,E,H,H,E, (WE,EH.H,W), 


vs simply isomorphic with the linear group Opsooo- 








* American Journal of Mathematics, Vol. xx1., pp. 193-256. 
t For simplicity B,, B;, and B, have been retained in the formule, but are, in 
fact, to be eliminated by (7). 


1900.] Abstract Simple Group of Order 25920. 7 


In virtue of the correspondences (2), (4), and W~w, we may 
verify that the corresponding relations for the linear substitutions 
all reduce to identities. If therefore the order of O be proven to be 


< 25920, the holohedric isomorphism between O and Oyo, will be 


established. To do this, we consider the following twenty-seven sets 
each of 960 operators of O, those of the first set being the operators 


RB =aw 
Ru = GWH,W* 
; fae 2 
Ra: = GWE,E,W Oe 1 ). 


Ry = GWH, HLH, W' 
Rar = GWE,E,E W' 

It will be proven in §§ 8-11 that the generators}+ H,, ,, E;, B,, W, 
and hence an arbitrary operator of O, give rise to an interchange of 
our 27 rows when applied as a right-hand multiplier. But the first 
row contains the identity. Hence the product I.g = g, where g is 
an arbitrary operator of O, lies in one of the 27 rows. It follows 
that the order of O is at most 25920. In particular, it follows that 
the 27 rows form a rectangular table for O with Gig as first row. 

We note the following formule derived from (8), (9), (10) :— 
Viger BE Ws Wie =D; Bs Be Wes 
Wie = BW, Wi = 3, EH Wage) by = DEW, 

WB, = E,B,W, E,W = WB.E,. EW = WEB, 
EeWe= WB Wee W Bs. HH,W = WH,E,, 


8. THEeoREM.—HL, gives rise to the following substitution upon the 27 
rows when applied as a right-hand multiplier :— 


[ H, | : (Rao R429) (Li, 30 B10) (Ryo iy 2) (B30 Pegs) (Ris, Rog) (fig Roy) ’ 
where s = 1, 2. 








* The notation R:, Rs for the 27 rows is that used for the corresponding rows 
of the rectangular table for O59) as given by the writer in Comptes Rendus, 
Vol. cxxvu. (April, 1899), pp. 873-5. 

t We may drop the generator B, in virtue of the relation 


= hi AWE 
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RE, = Rk, 2,E, = GWE, = CBW= GW = R, 
Roe GH Bie, 
Ry Ey = GWE, H,E WH, = GW:H,L,E.B,W = Ra, 
since (11) #,H,E‘B, = B,E,H,E.. 
Ry, E, = GW:H,L,E, WE, = GW:H,E,E,B,W = Ran, 
since (12)0 41H Bab Dell os 
Ry E, = GWE,E,EE, = GWE,E,E,E, = GWEEE,B, = Ryo. 
Ro, = GWH,E,. By = GWE, = Ry. 
RoE, = GWEH,E,E, WE, = GW'*B,B,B,E,EE,E, Ww’, 
since. . H,H,H,E,B, = B,B,B,H;H\H,H, = B,B,B,E,E;E,E,, 
Hence, by (9), Ry» E, = GW*H,E, E,W? = Bos ., 
RoH, = GWH,E,W Eh, = GWH,B,.H,B,W? = GW'E,W? = Bays. 
RH, = GWH,E,WH, = GWHB,B,W 


= GW B;B,L,H,W — GW*H,H,W = Bee 
Rit, = GWHE,WHE, = GWE;B,W = GW? H,W = Roy. 


9. When applied as a right-hand multiplier to the 27 rows, EH, gives 
rise to the following substitution :— 


PES Se Ee Rayan enue) Clon nee Beene 
where s = 1,2; 
RE, =P, Rol, = GWHE,B, = Roy Rao, = GWHE, = Reo. 

RH, = GW*E,L,E,WEH, = GWE, EL ,B,E,E,W 

= GWH,H,E,.E,L.W= GW:E;E E,W = GW:E,H,W = Rs, 
using (12). 
Rol, = GWE,L,WE, = GWH,H,B,E,E,W 

= GW'B,B,E;H,. L,E,W= GW*HE,W = GW*E:W = Roa. 
RH, = GWE, L, Wh, = GWE, EB E,W? 

= GW*B,B;B,E;E,E, W? = GW*E,E, BW? = Roy. 
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Ry. = GW*E,E,E,B,E,W? = GW*B,B,B,B,E;E,W° 
= GW'E,H,W? = Ry. 
Ry EL, = GW:E;E,E,.B,E,E,W = GW E;E,E,.E,E,W 
= GWH,H, ELE. W = GW*E,E,L,W = Ry [using (11)]. 
RH, = GWE;E, = GWE, = GWE, = Res: 
RH, = GWE;,W?H, = GW:E,B, E,W? = GW'H,W? = Ruy. 


10. When applied as a right-hand multiplier, W gives rise to the 
following substitution upon the 27 rows :— 


Wel CH, te tt.) (2.0 Bi He )e de 1, 23.2 SH 1 2, By), 


ll. When applied as a right-hand multiplier, EL; gives rise to the 
following substitution upon the 27 rows :— 


[Hs] (Ry Ryo) (BeBe) (By R120) (Raro R20) (Bor Poe), 
(lp oter se ve Race) (Divagdtre, VC aeleemre dite, Eeses) - 
We have eran WV * 1 ae 
Ralls = GWH,E,E BE, = GWE, HEE, = Begg 
Ripl's = GWH,E,E, = GW'H,E;E, = GW'HE, = Reo, 
Ry, Hs = GWH;H,E,WH, = GWEH,E,E,W = BR, [by (10)], 
Ry HL; = GW*H, HLL, WE; = GW (H\E,HH,E,WH;E,E,W) 
= GWEH,L,E,WEH,.E,E,W = GWH,E,E,W.E,E,W 
= GWH,E,E,E,E,W? = GWEH,E_E,W? = Ri», 
Ry, Hs; = GWE; H,E,WE; = GWE, BE, WBE; 
= GW?H,H,E, WE,B,E.'= Ry HB, E? = RiyB,E, 
= GWH,H,W*B,E, = GWE,E,.B,B,H,E,W? 
= GWB,B,B,B,E,H,W = GW?E,W? = Ro, 
Ry» HB; = GW?H,B,WE; = GW?H,H,E,WHL,B, 
= R,,,H,H,B, = R,»H,B, = GWE,B,W°E,B, 
= GWH,H,. B,E,B,B,E,W? = GWB,B,E;E,B, E,W? 
= GWE; HH, W’ = Ry», 
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RyE; = GWE,E,WE,; = GWH,E,E,WEE,B, 

= GWH,L,E,W. EB, = GWEH;H,H,. B,E,E,B,E,W 

= GW°*E;,W = R,, [using (12) and (5)], 
Run Ly = GW?E,B,WE, = GW°E,W"B,E, = GWE; WEBB, 

= R,,,H,B;B, = R»,B,B, = GW*E,E,E,WBB, 

= GW?E,E,EB,B,.B,B,E,E,E,W 

= GW?B,B,H,H,EE,.E,E,E,W’ = GW?E;H,E,W 

= GW°H,B,W? = Ros, 
RE; = GWE,E,L,W?E; = GWH;E,B, WEE; 

= GWE,E, WEE, = RyyHyH? = RoE, 

= GWE, E,E,WE, = GWE, E,E,.H,E,B,E,E,W 

= GW°E;B,W = GW?B,B,E;,W = GWE,W = Riy, 
Ry; = GW?E3L,E, WE, = GWE, H,.B, WEE; 

= GWE, HWE, HL, = Roy HH, = Roy B, 

= GW°E,E,W’E, = GW°E;E,.E BW 

= GW°B,B,B,B,E,H,H,W? = GWH,E,E, W? = Ry», 
RH; = GWEH,E,E,WE, = GWH,H,WE;E,B, 

= R,,,H,E,B, = Roy H,B, = RiP, 

= GWE,E,E,WB, = GWH,E,D,B,E,W 

= GWEH,E,E,.E—,W = GWH,H,E,W = RB, [by (12)], 
RipH; = GWH,W°E,; = GWEH;E,. WBE; = GWEH,E,W*E; BB, 

= R,»H,B,B, = Ry,B,B,= GW?EH,E, WB3B, 

= GW'E,E,E,.E,B,.B,B,E,E,E.W’ 

= GW*B,B,E,E.W = GWE,W? = Rig: 
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A Problem in Resonance, illustrative of the Theory of Selective 
Absorption of Light. By Prof. Horace Lams, F.R.S. 
Received January 8th, 1900. Communicated January 11th, 
1900. 


The impact of sound-waves on a fixed spherical obstacle was 
discussed by Lord Rayleigh in a well known paper,* which also 
treats briefly the case where the sphere is movable, but is urged 
towards a fixed position by a force varying as the displacement.+ 
In the present note this latter problem is studied under a more 
general form, it being supposed that the sphere is capable of various 
independent modes of free vibration; and special attention is directed 
to the case where there is coincidence, or approximate coincidence, 
between the period of the incident waves and that of one of the free 
modes. 

The immediate acoustical importance of the question is perhaps 
not very great, since massive bodies are not usually set into vigorous 
sympathetic vibration by the direct impact of air-waves,f but rather 
through the intermediary of resonance-boxes and sounding-boards. 
The problem has, however, an interest in another direction, as 
furnishing an analogy by which we can illustrate, without any great 
expenditure of analysis, the mechanical theory of selective absorption 
of light in a gas. 

The main results of the investigation are simple, and have a high 
degree of generality. The “free” vibrations which can take place 
in the absence of extraneous sources of sound will be of the type 
e-“ cos (ct+e). When waves of sound beat on the sphere, there are 
certain values of the frequency, very nearly but not quite equal to 
the respective values of o/27, for which the amplitude of the scattered 
waves isa maximum. If the incident waves be plane, it is found 
that when the frequency has precisely one of these critical values 
the amount of energy dissipated outwards per unit time in the form 
of scattered waves is independent of the size of the sphere, and bears 
a definite ratio to the amount of energy which in the primary waves 








* Proc. Lond. Math. Soc., Vol. 1v., p. 253 (1892). 
t Ibid., p. 272. 
t The extreme precision of tuning that would be required militates against this. 
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is propagated per unit time across an area equal to the square of the 
wave-length. Moreover, there is a rapid falling-off in the rate of 
dissipation as the frequency deviates from a critical value.* 

The notations for the various solutions of the equation 


(vi+k')¢=0 (1) 


which are required are as explained in the author’s Hydrodynamics, 
§§ 267, 309. Thus, if 


Yn (Q) = ra eee Seer a Dinweeest © he) 


1 cos€__ 1.3... (2n—1) Cc ; 

a V3 (- as as, A ha {1 ar tilt ae Be 3 
O=(-4,) 2 pe teh tiene 
the typical solutions of (1) are y, (kr) 7S, and W,, (kr) 7r"S,, where + 
is the radius vector, and S, is a spherical surface harmonic. The 
former solution (alone) is finite when 7 =0. To express waves 
diverging from the origin, we ae the combination f, (kr) 7"S,, 


where RAG 
AO =(- ae oP =% Owe ©. (4) 








1. Let us suppose that in the absence of a surrounding medium 
the sphere would have a natural mode of vibration in which the 
surface has the form rte ee | (5) 


where S,, is a definite surface harmonic of order n, and a, is a function 
of t. The origin is, of course, taken at the mean position of the 
centre of mass. Let us further suppose that the potential and kinetic 
energies of the sphere are determined solely by the form and by the 
normal motion of the surface, so that we may write 


T= 3A, (Ss) Visitas (6) 
2 di 2 

This latter assumption has, of course, only a restricted degree of ° 
generality ; it holds for a fluid sphere subject to surface tension or 
to forces of mutual attraction, but it does not apply to a solid elastic 
sphere. For such purely illustrative purposes, however, as we have 
in view, the assumption embodied in (6) may perhaps be tolerated. 
The case n = 1 is that of the vibrating rigid sphere considered by 





* The author hopes shortly to publish an investigation dealing with similar 
esucnes in an elastic solid medium. An electro- magnetic analogy is > ieee in 


a paper recently communicated to phe Cambridge Philosophical Society (Zrans. 
Vol. xvuir., p. 348). 
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Lord Rayleigh. When adverting to this case we shall replace a, by & 
the displacement of the centre, and A, by the mass M. The harmonic 
S, is then of the form cos 0, 

The equation of motion of the sphere when surrounded by a gas 


will be 2 
a se Ca, ae |[pSnds. (7) 


A; 
ti h 





where p is the pressure and ds is an element of surface. Assuming 
a time-factor e“” (which it is not always necessary to show explicitly), 


and writing o, = (0,/A,)% (8) 
we have (o* —k’c’) A, a, = — || pSids. (9) 
The constant o,, indicates the frequency (¢,/27) of the oscillation 
when the influence of the surrounding medium is ignored. 
46 Now let the velocity-potential in the gas be $6+¢', where 
= Bu, (kr) 7"S,,  ¢ = Byf, (kr) 78, (10) 


¢@ being due to a certain distribution of sources at infinity, and ¢ 
representing the waves reflected outwards from the sphere. If p be 
the density, the variable part of the pressure is given by 


ad ; ; . 
p= p= (b+8) = thep (+8), (11) 
whence, substituting in (9), 

(o, — He) Aya, = —ikepa" {B,y, (ka) +B, fu (ka)} |{ $2 ds. (12) 

Again, we have the kinematical relation 

| d \ da Cy * 
Saoey SS ke 

dr (+¢) dt Sy L cal, (13) 
whence 


—tkea,.=B, a"! ‘kaw, (ka) +n, (ka) t+ Ba"! {kaf, (ka) +nf, (ka) t. 


| (14) 
Eliminating a, between (12) and (14), we find 


o? — ke! 
ke : 
- 2 om Wn (ka) an BS In (ka) 3 2 
ead Sd ny 
"By {hada (a) + (ka) } + Bs {leaf (ha) Ff Chay PO |] Sed 


(15) 


where dw, = ds/a’, is an elementary solid angle. 
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3. When there are no extraneous sources, B, = 0, and 


a2 — kc? Jn (ka) Shin 
n ita | — 7 i 3 1 
Be ~" haf” (ha) +nf, (ha)? || eo) 
This is an equation to determine k, and thence the character of the 
‘free’? motion of the sphere as influenced by the surrounding 
medium. Usually, ka will be small, so that the equation reduces to 




















o — kc? 1 2 
ne ela A —_— BET 8 8S dw, 7 
ie tS aan tray pe \| n (17) 
is? ee 
whence o — L+K (18) 
5 1 2d 
if K=O a © {[ Stade (19) 


This fixes the ratio in which the frequency of the particular mode 
under consideration is diminished by the inertia of the surrounding 
gas. In the linear oscillation of a rigid sphere (n =1), we have 
x = $zpa*/M; we thus reproduce the well known result that the main 
effect of the fluid is to increase the inertia of the sphere by half that 
of the fluid displaced. To find the rate of decay of the oscillations it 
would be necessary to carry the appr oximations further. In the case 


i 1 we find kaf; (ka) +f, (ka) as i k’a 2 (20) 
f, (ka) 1+ tka’ ars 








and thence 














hGgmen te | {1- peal air {1- 1 ha? te 
oy l+k *1+7ka J 2(1+x«) 1+cka 
1 K 9.9 K . 
= —— 3 l— —__ FP’ + ——_ik*d°4+... ¢. 2 
ia TERE rE mERy ot, 
The usual method of successive approximations then leads to 
ike = io’ —v, i (22) 
2.2 43 
‘ ore j1- K oa ; =e K oa one 
where o +n) 4 (eee v easy (23) 


The (vealized) time-factor is now e~” cos (o’t+e). 


4. In the “forced” oscillations of order » we have, from (15) 


and (19), 





By _ _ thay (ka) + yy (ha) § (on — Be?) + (+1) ebety (ka) og, 
B, {haf (a) +f, (ka) } (o BE) + (n +1) «BEF, (kay 








* Of. Lord Rayleigh, Theory of Sound, § 325. 
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If ka be small, z.e., if the wave-length of the extraneous sources be 
large in comparison with 27a, the approximate values of w, (ka) and 


fn (ka) make 


Jey while (o* —k’c*) + (n+ 1) Khe (ka)™*} 


= ’ (ka) HES 
By,  (m+1) {o?—(1+«) He} {1.3... (Qn—1) }? (Qn4+-)) oy 








This ratio is in general of the order (ka)’”*’, but the approximation 
is plainly illusory when ke is nearly equal to o,/(1+«)}, ¢.e., when 
the frequency of the sources is nearly coincident with that of the free 
vibration. The result for a fixed spherical obstacle is got by putting 
og, = © in (25); thus 


fay, n (kaye (26) 


B, n+l {1.3...(Qn—1}? Qnt+]) 
This requires correction when xn=0; it may be shown that 


BY/B, = —t4'a’*, approximately.* 


5. To examine more closely the case of approximate synchronism, 
let us write, in the exact formula (24), 


ike (ka) =¥, (ka) wy, (ka). (27) 
| = P n ( ) 
t sath pees Jnl) ae 
We obtain y Eka) oan (28) 


where 


29 : 
gu (ha) = {kay (ka) +n, (ka) } (“=> = Ka 4+ (n-+1) «ka? yy, (ka) 


2 
G, (ka) = {ha¥’, (ka) -+n¥, (ka) } (72 Ha"] 4+ (n+1) ck?o? 8, (ka) 
C 
(29) 
The modulus of the right-hand member of (28) is never greater than 
unity, but it attains the value unity, and the amplitude of the 
scattered waves is therefore a maximum, when 
Gr hay (30) 
in which case Bi, = —7B,. (31) 


If we substitute for V,, (ka) its value (3) in the form of a series, the 


* Theory of Sound, § 334. 
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equation (30) takes the form 


i n=l tes } (mA — a?) 
jn+1+ 5 (On—1) kra’ +... 2 a 





ka? 
Lia {1+ 52 +..h = 0, (82 
ea Me oa OES G2) 
and it is easily ascertained that when o,,a/c is small this has a real 
root which is a very little less than that given by (18), viz., 


Co, a ‘ 
a= e(1+k)! | (33) 


6. For large values of kr we have 
nd j—tkr 
ery a es 34 
f, ( f (kr) 2% 4 ( ) 
The velocity-potential of the scattered waves at a great distance 
from the origin is therefore 








‘ a" B e'* (ct—r) 
= jntl . ng (35) 
or, in real form, oo Gel bos ie (cb-ar He) oe (36) 
r 


The rate of propagation of energy outwards is 
do : 
a eras. He 
| | eae se 
taken over the surface of a sphere of large radius 7. Since 
p =pdg*/dt, 
we find, for the mean value of (87), per unit time, 


we 
#02 | Bey | | Side, a (38) 


where we have put ds = rdw. 


7. By a proper superposition of the results above obtained, with 
n= 0, 1, 2, 3, ..., we can calculate the scattered waves corresponding 
to any arbitrary distribution of sources. In the case of a train of 
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plane waves, travelling (say) in the direction of # negative, we may 
write 


o = ef = ¥ (2n+1)(thr)" wf, (kr) P, (cos 6),* | (39) 
where cos 6 = 2/r (the origin of x being at the centre of the sphere), 
and P,, denotes the ordinary zonal harmonic. Hence, if we write 

erate Wt ee. vi menck,, (COBO), 
the scattered waves will be represented by 
o = > Bf, (kr) r"P,, (cos 8), (40) 


where the ratio of B), to B, is given by (24). 


When k has the critical value for the component of order x, we 
have, by (31), 





BY ts Be (Qn+ 1) Lene 
and the formula (36) becomes 
mont (yy tnt SBaSACh onl) P,, (cos 9), (41) 
r 


corresponding to the incident wave 


@ = cosk(a+ct). (42) 
The mean rate of dissipation of energy 1s now 
2 (2n+1) xpe. (43) 


The proper standard of comparison here is the energy-flux (per unit 
area) in the primary waves represented by (42). On the scale of 
our formule this is $pk’c. The ratio of (43) to this is 


eon ayy il = 2a (44) 
T 


where A is the wave-length. 


8. In the linear oscillation (1 =1) the displacement € of the 
sphere is oe by (14); viz., we have 
By ; \ 
2 7 {Teanpi (Hea) + (Hea) § + 5% Shafi (ha) +f, (ha) }. (45) 
When the i is adjusted to maximum dissipation this becomes 
g= — 9 Shays (ha) + ya (ha) } + 2 fhafi (ka) +f, (ka) } = — 
(46) 





* See Lord Rayleigh, /.c. ; Gin Kugelfunctionen, t. 1., p. 82 (1878). 
VOL, XXXII.—nNo. 711. 6 
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approximately ; or, introducing the time-factor, and taking the real 
part 6 
(3 Se 3,3, ket. (47) 
The amplitude of vibration of the air particles in the original wave 
(42) is 1/c on the present scale; the amplitude of the sphere exceeds 
this in the ratio 6/k’a®. Again, the energy scattered in any time is, 
by (44), equal to ‘955 of that which in the primary waves crosses in 
the same time a square area whose side is equal to the wave-length. 
If the sphere were fized, the expression corresponding to (44) would 


pe Z (ka)! wa2* (48) 
The ratio of (44) to this (when n = 1) is 228 (ka) ~°. 


As stated in the introduction, these results are interesting chiefly 
for the optical analogy. They indicate that, on any mechanical 
theory of selective absorption, the dissipation in the case of syn- 
chronism will be so great that an assemblage of molecules, such as 
is supposed to constitute a gas,t would be absolutely impenetrable to 
waves of the critical length. 


9. The wave-length of maximum dissipation is very sharply 
defined, and the more sharply the greater the value of n. If we put 





ka = (1+.e)z, (50) 
where z is the small root of 
G., (z) =0 (51) 
and e is a small fraction, it will be found that 
2 
es Kz _ 2(n+1)1.3... (2n—1) l 
gn (a) 1.3...(22—1)’ Oe pier Oe 


(52) 


approximately. The formula (28) then shows that the dissipation 
is less than the maximum in the ratio 


fein ECL! (*t)'¢] ia (53) 





gin +2 K 





* This is easily deduced from (38) with the values of By and Bo given in (26) 
and the line following. The result is given by Lord Rayleigh, Phil. Mag., April, 
1599. 

t Viz., the distances between neighbouring molecules are large compared with 
the diameters, whilst a very large number of molecules is contained in a volume A?3. 
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This ratio has the value $ when 
gent K 
= tb — ______—_——. _—... 
2(n+1) $1.3... (Qn—1)}?? 1+« 
For example, when n= 1, the dissipation sinks to one-half the 
maximum when the wave-length of the incident vibration deviates 
from the critical value by the fraction 


(54) 


Kz? 


4 (1+«) 
of itself. For » = 2, which may be taken as corresponding roughly 
to the case of a tuning-fork (without resonance-box or sounding- 
board), the corresponding fraction is 


5 


Kz 
54(1+x)- 
It is to be noticed that not only is z (= 2ma/A) small, by hypothesis, 


but that « will in any acoustical application be a very minute 
fraction. 


10. Regarded as an illustration of optical conditions, the notion of 
a molecule attracted towards a fixed position in space is of course 
somewhat crude. Lord Kelvin has employed on various occasions 
the conception of a rigid spherical shell enclosing other concentric 
shells which are attached to it and to one another by massless 
springs. It is easy to adapt our analysis to such acase. The rela- 
tive configuration of any dynamical system enclosed by the outer 
shell may be specified by means of coordinates qj, qo, ---5 m3 and 
there is no loss of generality in assuming these latter coordinates to 
be so chosen that the expressions for the kinetic and potential 
energies of the shell together with the included system reduce to 
the forms 


OT = ME +2 (a, 9, + 02924 2 HO dm) EF GHG oe FOngn (55) 
and 2Vero g, +69, +. 4 Cn Gait (56) 


respectively, where € refers to the outer shell. Lagrange’s method 
gives m equations of the type 


aq, +4,E+¢,q, = 0, (57) 


together with Mé+3,a,9,= — \{2 cos 6 ds. (58) 
G2 
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Introducing the time-factor e””, we find 


Ca, 
n= Fade oe 
and thence 1 —k?c?M+ Eos ens ea ; é=— (| p cos 6 ds. (60) 
( k'ca,— ¢,. 


This corresponds to (9), with n = 1, and the work can then be con- 
tinued as before. The result will be that the factor a, — ke’, where 


it appears in (16) or in (24) (with n = 1), must be replaced by 


k'c* ae 


ae ase Bn? 


It is easily verified that, when waves of given period impinge on the 
system, there are certain critical values of the period for which the 
dissipation is a maximum; moreover, that in the case of plane 
incident waves the ratio of the maximum dissipation to the primary 
energy-flux has the same value as before, viz., 


Cay) } (62) 


Tv 
A (mathematically) singular case arises when 
ke = (¢,/a,)4, 


j.e., when the frequency of the incident waves coincides with what 
would be the period of the free vibration corresponding to the coor- 
dinate q,, if the outer shell were fixed. It appears from the preceding 
equations that € will vanish, together with all the coordinates 
Vis Joo «+9 Gm) With the exception of g,. The ratio of B; to B, is deter- 
mined by the equation | 


“ (b+$) =0, (63) 


for r = a; and the value of q, then follows from the equation (58), 
which reduces to 


aerate | 
Vy = Baa || z cos 6 ds. (64) 


It is otherwise evident that, under the circumstances supposed, a 
steady internal vibration is possible, whose reaction on the enclosing 
shell shall just balance the pressure of the air-waves upon it. 


Proceedings. PAN 


Thursday, February 8th, 1900. 


Prof. ELLIOTT, F.R.S., Vice-President, and subsequently 
Lt.-Col. A. J. C. CUNNINGHAM, R.E., Vice-President, 
in the Chair. 


Twelve members present. 
Prof. Elliott announced that the Council had passed the following 
resolution, viz. :— 


“That, the objects of The London Mathematical Society re- 
quiring that it shall consist of more than 250 members, it is 
resolved that the number of its members may be increased by 
further elections to 350.” 


He also mentioned that the Registrary of the University of Cam- 
bridge, by direction of the Reception Committee, had forwarded to 
the Society a bronze copy of the medal presented to Sir G. G. Stokes 
by the University, on the occasion of his jubilee. The medal was 
exhibited to the members present. 

Prof. Love gave a sketch of a paper by Mr. J. H. Michell, entitled 
“Some Elementary Distributions of Stress in Three Dimensions.” 
Dr. Larmor joined in a discussion of the paper. 

Major MacMahon spoke on “ Combinatorial Analysis, the founda- 
tion of a new Theory.” 


The following papers, in the absence of their authors, were taken 
as read :— 
A Formula in the Theory of the Theta-Functions, by Prof. A. C. 
Dixon. 
The Canonical Reduction of a Pair of Bilinear Forms, and 
Reduction of a Generalized Linear Substitution to a Canonical 
Form, with a Dynamical Application, by Mr. T. J. VA. 
Bromwich. 


The following presents were made to the Library :— 

‘¢ Educational Times,’’ February, 1900. 

‘¢Indian Engineering,’’? Vol. xxvi., Nos. 26, 27, 1899; Vol. xxvir., Nos. 1, 2, 
1900; Dec. 23-Jan. 13. 

Kneser, A.—‘‘ Lehrbuch der Variationsrechnung,’’ 8vo; Braunschweig, 1900. 
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Forsyth, A. R.—‘‘ Theory of Differential Equations,” Pt. 2, Vols. 11., 111., 8vo ; 
Cambridge, 1900. 

‘‘The Astronomical and Astrophysical Society of America,’’ First Meeting, 
1899 (from ‘‘ Science,’’ Vol. x., No. 26). 

Schreibner, W.—‘‘ Zur Theorie des Legendre-Jacobi’schen Symbols (ile 
8vo; Leipzig, 1900. me 

Ostwald, W.—‘‘ Dampfdrucke Ternarer Gemische,’’ 8vo ; Leipzig, 1900. 


The following exchanges were received :— 


‘« Periodico di Matematica,’’? Anno xv., Fasc. 3, 4; Livorno, 1900. 

‘* Proceedings of the Royal Society,’’ Vol. rxv., Nos. 422, 423, 1900. 

‘‘ Beiblatter zu den Annalen der Physik und Chemie,’’ Bd. xxmz., St. 12, 
Bd. xxiv., St. 1; Leipzig, 1899-1900. 

‘¢ Bulletin de la Société Mathématique de France,’’ Tome xxvit., Fasc. 4; Paris. 

‘* Bulletin of the American Mathematical Society,’’ Series 2, Vol. v1., No. 4; 
New York, 1900. 

‘¢ Jornal de Sciencias Mathematicas e Astronomicas,’’ Vol. x111., No6 ; Coimbra, 
1899. 

‘“Monatshefte fiir Mathematik und Physik,’’ Jahrgang x1., No. 1; Wien, 1900. 

“* Bulletin des Sciences Mathématiques,’’ Tome xxu1., Nov. ; Paris, 1899. 

‘¢Rendiconto dell’ Accademia delle Scienze Fisiche e Matematiche,’’ Vol. v., 
Fasc. 8-12; Napoli, 1899. 

‘‘ Atti della Reale Accademia dei Lincei—Rendiconti,’’? Sem. 1, Vol. 1x., 
Fase. 1; Roma, 1900. 

‘‘ Revue Semestrielle des Publications Mathématiques,’’ Tome viu., Partie 1, 
Av.-Oct., 1899. 

‘* Journal of the Institute of Actuaries,’’ Vol. xxxv., Pt. 2; January, 1900. 

‘* Sitzungsberichte der Kénigl. Preuss. Akademie der Wissenschaften zu Berlin,’’ 
Nos. 39-53; Oct. 19-Dec. 21, 1899. 

‘«Proceedings of the Cambridge Philosophical Society,’’ Vol. x., Pt. 4; 1900. 

‘‘Jahrbuch tiber die Fortschritte der Mathematik,’’ Bd. xxvi., Heft 3, 
Jahrgang, 1897 ; Berlin, 1900. 

‘““ Annals of Mathematics,’’ Series 2, Vol. 1., No. 2; Harvard, 1900. 
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Some Llementary Distributions of Stress in Three Dimensions. 
By J. H. Micuett. Received January 21st, 1900. Com- 
municated February 8th, 1900. 


A force is applied to an isotropic elastic solid, either at an internal 
point, or on a plane boundary, or at the vertex of a cone, and it is 
required to find the distribution of stress. If we make the assump- 
tion that the stresses vary inversely as the square of the distance 
from the point of application of the force, we arrive at a series of 
elementary solutions of which those suitable for the present problems 
are here communicated. These elementary solutions must of course 
inelude those at the base of the classical works of Thomson and 
Tait,* Boussinesq,f and Cerruti on the infinite solid and the solid 
with an infinite plane boundary. 


The General Hquations. 


1. Let w’, v’, w’ be the displacements along rectangular axes. The 
equations of equilibrium are 


atid rar m 
(A+ p) a= +pVr’ = 0, 
dy 
(A+p) Ge +pV>w'= 0. 
dz 
Multiplying by 2, y, z respectively, and adding, we get 
(A+p) 7 “ + pV? (aw + yv'+2w’)—2pnA = 0, 
or | (A+ p) - —2yA+pVrw = 0, 


where u, v, w are the spherical polar displacements. 





* Natural Philosophy, § 730. t Applications des Potentiels. 
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For the rotations 1, 7, 73, we have 


Wing th OF 
Vis 10, 
Wem nly 


Multiplying by z, y, 2 respectively, and adding, we get 
V? (aa + yo, +203) = 0, 

or V aU, 

@,, @,, w; being the spherical-polar rotations. 


We have therefore the three intrinsic equations of equilibrium 


Vita 
LVorwe (N eoke “ DA ONe (1) 
Vira, = 0 


These are not, in general, sufficeent equations of equilibrium. Let 
a solution of (1) give 


da 97 , 
N — Vu =—xX 
(A+) ie + pV?r’ = ye 
dy 


(A+) = +uVPu' = —Z. 


Then, from the process employed in obtaining equations (1), we 
must have 


aX’ +yY¥' +27’ = 0, 
«(Z,—Yi)+y (X/—Z,) +2 (Y,-4X,) = 0, 
Xi+Y,+Z; = 0. 


Introducing the polar components of force X, Y, Z, these equations 
are known to be equivalent to 


Li. 
d aX 
—-- — —._.__ —— 
70 (Y sin 6) eT 0, 
d dY 
— (2 +—=0. 
76 (X sin 0) dé 
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It follows that, if the solution of (1) is regular throughout the solid 
angle, we must have X = Y= 0, that is, the solution satisfies the 
equations of equilibrium with no volume force. In this statement 
no attention is paid to an irregularity at 0 = 0 or 6=~7, which dis- 
appears if the polar axis is displaced. The application of (1) to 
complete spheres and spherical shells must be left to another 
occasion. At present we consider those solutions for which the dis- 
placements vary inversely as the distance from the origin, and the 
stresses, consequently, inversely as the square of the distance. In 
this case, after having found the general solution of (1) of the form 
required, we substitute in the equations* 


X =O S(+2u) sind i py oe 42u sin 0 © (ra), 


dw, 


a (X+2n) eosee 67 — ere a aia errs 70° 


which, remembering that wr, vr are independent of 7, become 


= GoD = 97 CEB ei 6 oe 
= (A+2u) 7 sin 6 70 aT) dd + sin 6 16 a 
da dw 
0 = A+ 2p) +2pr sin 0 a tH 
dp Md 


The General Solution. 


2. When 7A, ra;, w vary inversely as 7, the equations (1) become 


a + cot 9 + cosec? a +2A = 0, 


d'w dw aw 
— 2g——|)—2(A [ee 
pe (— + cot 6 70 + cosec? 07g? Ble (A+ 2p) 0, 


do, da 
g 2s O73 — (0, 
7 + cot 70 + cosec? gf Is? 0 











Assuming that w, w vary as cos n¢, and that v varies as sin n¢, these 
equations become 
a’A 


a +cot 6 eS + (2—n? cosec? 6) A = 0, (3) 





* Love, Elasticity, 1., § 125. 
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p (ae + cot g@ a; —n’ cosec’ 6 w) —2 (A+ 2p) rA = 0, (4) 
sat + cot £6oes 8 —7? cosec? 6 w, = 0. (5) 


The general solution of (3) is 
vA /cos nd = A tan” os (n+cos 6)4+B cot" F (n—cos 6), (6) 
that of (4) is 


a2 
Ae +C tan” ue + D cot” a 6) 
bh cosnd 2 2 





rw/cos nd = — 





and that of (5) is 


27a, /sinnd = H tan” é +F cot" = : (8) 


If we substitute these solutions in equations (2), we have 


A ( ae, nea aU — 
sin 6 © (Ctan @ +P cot =)- n( E tan g + Heot =) =0, 


Ae. n 0 woe nl iOS 27 6 — 
<n (C tan 5 + D cot 5 5) tsind ( # tan 9 + F cot = — $4) 


which are both satisfied if 
Obes OF 


D=—F. 
The general solution of the assumed form is therefore 
r’A/cosnd = A tan” & (x+cos 6)+B cot” & (n—cos 8), 


6 


A+2p 7A + 0 tan” - B g +Deot" = 


rw / COs 1 = — 
/ ? fe  =cos no 


27r’a,/sinny = C tan” as — D cot” uw : 
2 2 
To find the gee u, v, we have 


& (wr sin Dae FF G2 Tek syd = 7’ sin 0A—vwr sin 6, 


i (or sin &)— a (ur) = 20,7" sin 6, 
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and it is readily shown that the solution of these is 


A+3py og d ( ra ) 


ur sin 8/cos nd = — + 
COs no 











Qu do 
ah (c tan" 24D cot" =) cos 6+ G tan” f + H cot” £, 
vr sin 6/sin no = n ee oe — (c tan” 2 —D cot” 5) cos 6 
— G tan” £ + H cot” 2 


In the particular solutions we are about to consider n=O or 1. In 
these two cases some of the solutions change form, but those which 
we use are at once derivable from the general solutions. 


Force at a Point of an Infinite Solid. 


3. Take the polar axis in the direction of the applied force F at 
the origin. In the general solution we must put n = 0, and there is 
the further condition of regularity throughout the solid angle. The 
required solution is readily found to be 





Py UN eae als sing 
2p , 
G0. 
wa ante cos 
HH r 
be a 
wher = —_., 
where Reon ae 


The curves of displacement are determined by 


wu A+3pu 
=e SS eet 
tan a D (+ 2u) an 0, 


where y is the angle between the tangent and the radius. 
For incompressible material 
tan Y = —¥ tan 6, 
which gives pais CU 


as the curves of displacement. 
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For Poisson’s isotropic material \ = p, and 
tan Y = — 2 tan 6, 
which gives sin a 


as the curves of displacement. 














The strains are ewes ae 
a 7 
at Sami cos 6 
ef, PY It pel 
—_ yrt+2n cos 6 — 
he i oe? 
Aes cos 6 
= 2? 
ly me oat) 


sin 6 








and the stresses P=Q=wA wee 
cos 6 
R=—(Bd+4p) A 2? 
Sia): 
; T — pA 5 
a) 


For an incompressible solid »/A = 0, and the solution reduces to 
POS (ES), 


Ro 2 ices ee a pcos 8 


9” Aur 7a 








In an incompressible solid, we have, therefore, a purely radial dis- 
tribution of stress, and, as in the case of plane stress,* the same 
solution applies to a force applied in any direction at the vertex of a 
cone of any shape, including as particular cases the wedge and the 
infinite plane. 

In the general case the directions of the principal axes of stress in 





* «* Elementary Distributions of Plane Stress,’’ infra, pp. 36 et seq. 
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the meridian planes are given by 


tan 2y = 27 = an 


_—— tan 6. 
R—P DA + Sp yas 





For Poisson’s material tan 2y = —}tan@; 


by means of which we can trace the lines of stress as in the accom- 
panying figure. The lines of displacement and the curves of equal 
displacement, for the same case, are indicated in the same figure. 





EQuaL DISPLT 


The approximation to pure radial stress in the neighbourhood of 
6 = 0, the line of the applied force, is an important feature from the 
practical standpoint. 


Force at the Vertex of a Cone and along the Axis. 


4. Let the force F be applied at the vertex of a right circular cone 
in the direction of its axis. Taking the axis of the cone as the polar 
axis, consider the elementary solution 

B 6 


u= — —tan—, 


r 2 
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The corresponding strains are 


B 6 
€ = 3 7 sec! 5 cos G, 
B ) 
f= ase’ o> 
wtb 
ore aes ) 
ia tb) 
moe 
2B 6 
Ueda SE oe 
and the stresses eae F soe? $05 0, 
| Ba es30 
Q= {ses 
R= 2s 
of 
feted Bf eb) 
B 6 
I= op.-, tan 


This solution is readily shown to be identical with Boussinesq’s 
second type of simple solutions.* 


Combine this solution with that of §3, making 
B= -— Acos*=. 
cos’ 5 
We thus get the distribution 


[Pes ee (cos 6—cos a) cos @ sec? > 
Q = 3H - (cos 6—cos a—sin’ @) sec? a ’ 


2 


a) 
ie = { —(8A+ 4) cos +p (1+ cos a) }, 








* Love, Elasticity, § 161. 
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foe NO 
oie 4 (cos 9—cos a) sin 6 sec? £. 


Since P = T =0, when 6 =a, this is the required solution for a 
cone of semivertical angle a. 

The equality P sin @= T'cos@ shows that the stress across a normal 
section is directed radially from the vertex of the cone. 

By considering the stress across the spherical section 7 of the cone, 
we find for the magnitude of the applied force 


1 2n | 7 sin? 9 d0—2r | ft cos 6 sin 0 d6 


0 0 
= 2A {d (1—cos* a) + (1 —cos a) (1 +cos? a)?. 
For Poisson’s material 
F = 2rpA (2+co0s a+ 2 cos’ a)(1—cos a). 


The preponderance of the radial stress is worth noting. For many 
purposes it would be sufficient to neglect P, Q, 7’ and take simply 


R =— Acos6/7’, 
as if the material were incompressible. 


If we puta= re we have Boussinesq’s elementary solution for a 


normal force at a point of an infinite plane boundary. This solution 
in polar coordinates is 


(Diss ys (cos 8—sin’ 9) sec? . , 
. 


R= A {— (844-4) cos 0+ 13, 


= 


; 60 
T = in —sin9 cos0 sec’ 5, 
2 


where F = 27rA (A+p). 
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Force at Right Angles to the Axis of the Cone. 
5. Taking the polar axis along the axis of the cone, and the force 


in the direction (6 = = (ie 0), we consider three elementary 
solutions. 


(i.) This is merely the solution of §3 with the force in the new 














direction. 
We have “= — “ cos 6 cos ¢, 
We © sin d, 
w= — ta = sin @ cos 9. 
These give P=-— oe S sin @ cos 4, 
= — en “sin 0 cos 4, 
ee a 5 sin 6 cos 9, 
sS=— ee S be 
ee oy: S cos 6 cos ¢, 


=! 


(ii.) This solution is 


D 
u= — COS g, 
r 


Die 
=—-—s§ 5 
v ‘ In 
Ts w tan Aa COS @. 
r 2 


3 tan $ COS ¢, 


o~ 


It gives 
0, 


ie 
| 


D G 
— —, tan — COs g, 
a 4 


2 


j 


, 
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i — aes 
D Oat 
OS es (2-3 sec” 5) sin @, 
ie avade (2-4 sec’ >) COS ®, 
c= Ws yA sin @ ; 
>: re 2 p 5 
and therefore je Par Stan us COS 9, 
Q=0, 
i ams Be tan COS 9, 
le 2 





v=—pFtan $ sin 9. 


(iii.) This solution is 





i ce eo d, 
r 2 
a # sec” di sin 9, 
r 2 
lp 
It gives e=— 2 tan 5 sec” ue COs ¢, 
Pe 4 tan > sec” 3 COS @, 
g=9, 
ya 
DADA as 
a = — — sec’ — sin 9, 
x 
ty een zh sec” uw COS oy 
° 2 
ca oe tans, sec’ . sin 9 ; 
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# peer | 
and therefore P=—2p see 9 a By C8 bs 


6 
Pe 
oO COS @, 


(i ae ao tan a sec 

3 r 2 

R= 0, 

S=—2u ue seo? 2 sin ¢, 
De 2 


2 


{ie Dire sec a COS ¢, 
a 


Bat ay Lass a sec’ v sin @. 
, 2 2 


We can now combine these solutions so as to make 


when 


Pe), 


= Qa. 


The result is 














in us > AT pe cos 0+ 2 cos? ewan cost) cos ¢, 
r 2 2 2 

A) al Kk Atom | 0 4a : 

oe ( Dae 2 cos” a tsec’ 9 008 < sin ¢, 

w= a (- ee sin@+2 tan © cos? 5) cos d, 

Ea ee LG 6 6 
7 “2 fan 5 sec’ a (cos 6—cos a)’ cos ¢, 

—— a : tan Sse ei (cos a+ cos 6+2)(cos 6—cos a) cos ¢, 

R=, 4 oad n +2 tan £ (cos §—cos a) i cos d, 

Simp gets 1 2 
or asc By cos a (1 —cos a) —tan® <( Teeny ( +cosa) $ sing, 
tae 6 

i — 337 08 a+(2+4cos a) tan’ a (cos 0—cos a) cos ¢, 

Wf 
G=—£ * tan -— ec? 2. (14.008 a) (cos 0— Cos a) sin d. 
2 er - 2 
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The magnitude of the applied force F’ is found by integrating over 
a spherical section 7. We find 

r=— wK {Xr (2+ cosa) +2y' (1—cos a)’, 
Dee Nears FE’ =—npkK (44+ cos a)(1—cos a)’. 


Combining the result of this and the preceding section, we obtain 
the distribution of stress due to a force applied in any direction at 


the vertex of the cone. : If we put a = a , we have the solution for 


a tangential force on a plane boundary. It is of practical interest to 
find the limits within which the force must lie that there may be no 
radial tension. If we make R=0O, when ¢=7, 6 =a, we have, 
supposing A = p, 


—dsinak+(1—6cosa) A = 0, 
and the limiting direction of the force is given by 


ne — K (4+ cos a)(1—cos a)? 








t = — 
the F 2A (2+ cosa+2 cos’ a)(1—cos a) 
_ (6 cos a—1) (4+ cos a)(1—cos a) 
rane sin a (2+cosa+2 cos’ a) 
If a is small, tan y = 7a, 


so that the force must lie within the middle quarter of the vertical 
angle, corresponding to the law of the middle third in plane stress. 

The same method can clearly be applied to the hollow cone by 
adding solutions not regnlar at 0 = 0. 


Hlementary Distributions of Plane Stress. By J. H. Micue.t. 
Received January 7th, 1900. Communicated January 11th, 1900. 


In a recent paper* I have discussed the fundamental equations of 
plane stress. I now propose to consider some elementary solutions 
by means of which various interesting problems can be solved, in a 








* <¢Qn the Direct Determination of Stress, &c.,’’ Lond. Math, Soc. Proc., 
Vol. xxx1., p. 100. 
D2 


36 Mr. J. H. Michell on [Jan. 11, 


very simple form. The solutions given apply to solids indefinitely 
extended in one direction (infinite cylinders) as well as to thin plates, 
an alteration of the moduluses alone being required to pass from the 
one case to the other.* ‘The method employed was first suggested 
by a consideration of the transmission of stress from a load on an 
isotropic wall. A search through the accessible literature resulted 
in finding that Flamantt+ and Boussinesqt had discussed a problem 
equivalent to this and had recognized the extreme simplicity of the 
result ; but I cannot find that they have gone further in the direction 
of the present paper. The same simple distribution of stress had, 
however, been previously apphed by Hertz§ to give a remarkably 
simple solution for the stress in a circular cylinder, as I recognized 
after rediscovering his results in a more geometrical form. 


Force at a Point of an Afolotropie Plate. 


1. Taking polar coordinates having their origin at the point of 
application of the force, the resolution-equations of stress are|| 


ihe li diner Oot 
a |: vhs r Fy 








Making the almost obviously correct assumption that the stresses 
vary inversely as the distance from the point of application of the 
force, the equations reduce to 


dU 


qe = 0, 
ay = 
db +U =0, 


of which the general solution is 
@) =A. cog (O+a)/r | 
U = Asin (6+a)/r J . 
We have further to satisfy the identical strain-relation. ‘To obtain 


this in general conjugate curvilinear coordinates we may proceed as 
follows, avoiding the consideration of general processes not to be 


(1) 





* Loc. ct.,.p. 106. Tt Comptes Rendus, 1892, p. 1465. 
t Comptes Rendus, 1892, p. 1510. § Hertz, Miscellaneous Papers, Kv. 
|, Love, Elasticity, 1., p. 217. 
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entered on here. 


Putting 


we have 


Hence 


where 
so that 


therefore 


a 


a 
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Oo” 


Let h be the arcual parameter* of the coor dinates 
€, 7, and put log h = m, so that Vm=0. The strains are 


é 


ie 


C= 


Ci 
dé 
































=£ (4). u dn vo 
~ 6 déNh dé h dn h 
a ee u ,dm v 
d dé hh" dy h’ 
ad ad fu 
mal )+ 2 (#). 
dm u dm v 
= —+— —=Yy, 
dé h dn h 
de de __ =2(2 )- dw 
few) ‘ dy’ 
dc _ af Z (4) 
dys dé dy? \h dé- 
de de df ee 
Cem ide dy ak © et 
UGTA ae 2 
ne a ee 
Tee ete ig 
Hee hy a’ 
ay: 
Pauw 
oe ; 
_dm—z u , dm 
Siegen t Teas he? 
+250 Ge dm dv 
dé dé h dy? dn h 
dm (du ad ° | 
Me 
by Fame ERP 
=m (2 _ 74S) 
oe dn ee dé 
dc ey 
ee ae dn an 
am / 9m , 





* The arcual ee here employed is the ee of that in Love’s 
Hilasticity, and in many other books. 


The elements of arc along dé, dy are hd, h dy. 
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af Pe _ dldm, », dm? 
he a FE Taw Ia 
4, (dm 
ee e+ eet 


or 


and this is the relation required 


‘ 


For plane-polars put 
Slog ao 


tO aa OD ay 


and the equation becomes 
de dt eae tea ds) ado. 
Sih tye (Ae i do 


de? i do 
vary as 1/7 since the stresses do so, and 


In the present problem e, f, c 
we suppose the linear relations between stress and strain to be inde- 


pendent of r. Hence 
BEM ORe 
daw , 
Cpe oes 
dete Sie: 
i Ghee meee 
dddw dé 


The equation therefore reduces to 


de 

Ao aig 
so that e = Boos (0+/)/r. (2) 
This equation, together with 


Q = A cos ead (1) 


U = Asin (6+a)/r 
The relations between the 


determines the distribution of stress 
The solution holds for any kind of 


constants are discussed below. 
plate provided that the moduluses are not functions of r 


Force applied at an Angle. 


2. If the force is applied at the vertex of a rectilinear angle, we 
must have Q = U=0 over the legs of the angle, supposing them 


1900. ] Elementary Distributions of Plane Stress. og 


free from applied force.. The equations (1) then give Q=U=0 
throughout the plate. The solution in this case is 


P= H(0)e= HE (6) Bcos (0+ £)/r 
CU) : (3) 
Sw) 


where H'(@) is the Young’s modulus in the direction 6. The law of 
transmission of stress from an angle is, therefore, that the stress is 
purely radial, is inversely proportional to the distance from the angle, 
and such that the radial elongation varies as the cosine of its in- 
clination to a fixed line determined by the direction of the force at 
the angle. This, of course, includes the case of a force applied at a 
point of a straight boundary discussed, for an isotropic solid, by 
Flamant* and Boussinesq.* For the experimental verification of the 
law in this case, reference may be made to a paper by Carus Wilson, 
Phil. Mag., Vol. xxxit., p. 481 (1891). It was in connexion with this 
paper that Flamant and Boussinesq’s work was done. 

In engineering it is of importance to know the limiting directions 
of the appled force, within which it produces no radial tension. 
Confining ourselves now to the isotropic solid, let 6=6,, 6= 6, be 
the boundaries, so that 6,—6,=y is the angle of the plate. Take 
the direction of the applied force F as the initial line. Considering 
the equilibrium of a sector of the plate, and taking e= 0, when 
6 = —, we have 


F=EB \2 sin (6+ 3) cos 6d0 
= ;EBSysinf+siny sin (26,4 y +), 


and 0 


i sin (6+/2) sin 6d6 


= } fy cos Bb —sin y cos (26,+7+/)}. 
The latter equation gives 
tan B = cot (26,+y)—y cosec y cosec (26,+y), 


and the former gives B, for the given force. If, now, P=0O when 
6= 6,, we have 6, =—/; and therefore 


tan 6 = (2y —sin 2y)/2 sin’ y. 








* Loc. ct. 
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When y is small, 6 = 2y/8, 
ye Ua peasy. 
ye Os. Dit oe 
yao) os Dior oly 


The commonly employed rule of the middle third is therefore 
accurate for a small angle, and nearly true even for an angle of 90°. 


Force applied at an Internal Point. 


3. The simple distribution of stress of the last section may be used 
to build up the solution for other boundaries at which given forces 
are applied, as we shall see below ; but for an internal force we must 
fall back on the complete solution (1), (2), because the simpler solu- 
tion will not in general give one-valued displacements in the plate. 
The conditions that the displacement may be one-valued will deter- 
mine the constants d, a in the expressions for Q, U, as we proceed 
to show. 

Consider any closed curve s in the plate. Let 3 be the angle 
turned through by the tangent at (a, y)s, and ods the elongation of 
the element ds at the same point, when the plate is strained. Using, 
for the moment, rectangular coordinates, the displacement of the 
point (a,, y,) on the curve is given by 


1 1 
Uy =%+| r-008 yds— | J dy, 
0 0 


1 
—— al osin wds+ | J dx, 


1 
0 0 


0 


1 3 
or n= n+| a cos Wds —J, nw) +| (y¥—41) ds, 
0 


1 1 
a, Sar | osinypds+J, erate) (a—2,) dd, 
/0 0 
where y is the inclination of the tangent to the axis of @. 
Let the integration be extended over the whole curve; then, for 
continuity of displacement we must have 





‘ ; 

e-cos y ds-+ | (y—y,) dv =0 

Jo 0 

0 0 (4) 

| osinWds—| (x—a,)dI = 0 
0 


v0 
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0 

Since further | Goel) (5) 
0 

the conditions (4) reduce to 


0 [0 
| cosy ds+ | ydt = 0 

eee 0 
| csiny ds—| a=) 

0 0 


We proceed to express (5), (6) in terms of the strains. Let the 
curve s be one of a system (€) of conjugate curvilinears of which the 
orthogonals are the curves (y). The symbols applying now to these 
curvilinear coordinates, the strains are given by 


a 

ie ee oe 
; 

dm 
h 
if = att dé’ 
] dv , du dim dm 
w= + — — tr — 


and the rotation by 


Whence, remembering that V’?m = 0, we have 


dw _ adhe oS 
2h a Oo ae hf)—2 dé’ 
im fi aah (hf)— oft 


Now, by a well-known theorem, 








+= w— FE. 
Hence = Sa a Oh ape ONES. 
The equations (5), (6) therefore become 
( {4 fn-% £ay—* Bh ag=o 
(he) — ot dy = 0 


0 


byensasfola 4 FTA ae 
1 
/ 


| 
| 


~ 0 


d 

dy 

d 
dn 


if sinydn —| 2 t Mh (he) — = “Fe hd = 0 
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For the present problem we take (€, n) as conjugate polars with the 
origin at the point of application of the force. Here 7 = 6, €=logr, 


h=r, m=logr, hf =7f is independent of r, and y = 2 +6. Since 


2n d or 
[ 9g (ne) dd = bea), = 
the conditions (7) become 


[ eda ay (8) 
0 : 


ae 


ar , lr : dec es 
| f sin 0a0+| sin 0 (5 +e) i hibemah Gy 


“cos 6 (% +e) he bama OF 


0 
| “feos 6a6—| 16 


0 


and the last two may be simplified to 


9 


i" (finde One do+ | “esino dd x0 
0 0 (9) 


(@ (f cos 8+ csin 0) ao+| “ecos 0d6 =0 
0 


0 


The condition (8) is satisfied on account of the form (2) of e. The 
conditions (9) leave two constants arbitrary in the general solution — 


(1), (2), corresponding to the magnitude and direction of the applied 
force. 


For an isotropic plate . 

He = P—c, 
Bf = QP, 
pe OE Ain (6+a)/r, 

where o is now Poisson’s ratio. Hence 

f= Q(1—9)/B—oe, 
or Spf = Q (1-7) —2pwe 
= (1—c) A cos (0+.4)/r—2y0 B cos (6 + B)/r. 
Taking the applied force in the direction 6 = 0, we have 6 = 0, and 


hence, from equations (9), 


ripe Oe 
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and 


(so) 4 | 


0 


" cos? 6 d0-+2A |" sin’ d@+2u(1—c) B |” cos 88 =4¥), 


)0 0 


1 





or A=—2n—"* B; 
3—o 
therefore ees OE = * B cos 6/9. 
—o 


The solution can therefore be written 
P = 3+c) Cos 6/r, 
Q = — (1-2) Cos 0/1, 
U = — (1—c) Csin O/r. 


If Fis the magnitude of the applied force 


His | Pecos 6 d0-+[" U sin 6 dé 
BK Rode 


0 


= — (84+¢) t0—(l—o) a0 


= —4r0. 
Hence P =— (8+4¢) Fos 0/4ar 
Q= (l—c) Foos6/4zrr -. (10) 


U= (1—o) F'sin 6/4xr 
The inclination ¢ of a principal axis of stress to the radius 7 is given 


by 
2U l—c, 
tan 2 = P_Q ce tan 6, 
from which the lines of stress can be drawn. For Poisson’s isotropic 
material 


tan 26 = — 3 tan 6. 
For incompressible material 


tan 2¢ = — ; tan 0, 


giving the same lines as those for a Poisson-isotropic solid of three 
dimensions with a force applied at a point. 
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Circular Plates and Oylinders. (Fig. 1.) 
4. For shortness, I will call the distribution of stress 


P= kcos 6/r 
Q=0 
(EPs=el) 


a radial distribution at the origin O, whose aais is 6 =0, and whose 
intensity is k. We may combine any number of distributions of this 
kind to obtain a solution, provided that the boundary is such that 
the displacements are one-valued. This condition is, of course, 
satisfied if the origins are on the boundary of a simply-connected 





Fic. 1. 


plate. Beginning with a single radial distribution, consider the 
stress across a circle through the origin O. Let the axis of the dis- 
tribution cut the circle again at O’. Take any point A on the circle 
and write 


OOn— 
OA =i 
OAs 
EGR MOY = oe 
ZAOO’ = 6, 


ZAC O=Oe 
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lf FR is the radius of the circle, we have 
oy eee noe. Sap 
sn@ sinf sina 
The stress across the circle at A is in the direction OA, and is equal 


t 
2 k cos 6 sin 6'/r 


or k cos 6/2R, 


which is equivalent to components 
k cos 6 cos @'/2R along the tangent, 
k cos @ sin 6'/2R along the normal. 
Now let w be the inclination of the normal to OO’, so that 
y= 7/246-6; 


then the components become 
k (sinw—cosa)/4h along the tangent, 
k (cos~+sina)/4h along the normal. 


Now the components 
ksinw/4k along the tangent, 
kcosw/4h along the normal 


are equivalent to k/4R in the direction OO’. Hence, finally, the 
stress across the circle is composed of three uniform distributions 


(a) a uniform normal tension & sin a/4R (7) ; 
(b) a uniform tangential shear —k cos a/4R (8); 
(c) a uniform tension k/4R (X) along OO’, the axis of the dis- 
tribution. 
If OO’ is a diameter of the circle, these reduce to 
(a) a uniform normal tension k/4h; 
(b) a uniform axial tension /4R. 
If OO’ is a tangent to the circle, the reduction is to 
(w) a uniform tangential shear k/4R ; 
(b) a uniform axial tension k/4R. 


The signs of these two forces are seen at once by considering the 
equilibrium of the circle as a whole. 
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Circular Disc under Two Opposed Forces, or the Roller-Problem. 
(Fig. 2.) 


5. Let a second radial distribution be applied at O' of the same 
intensity k, but in the opposite direction O'O. The stress across the 





BY a7 


circle is now the sum of the two normal tensions k sin a/4h, the other 
stresses (b), (c) being equal and opposite for the two distributions. 
Let this circle be taken as the boundary of the plate, and let accented 
letters apply to any other circle through OO’. To make the boundary 
free from stress, except at O, O', we have merely to add to the above 
distributions a uniform pressure ksin a/2R throughout the plate. 
The stress across the circle f’ then becomes a tension of magnitude 





ee a sin a) 





i ONE 
Ae = ( 1 re =] 
4\R2 RY 


Let Ff be the thrust applied at O, so that 
P= —2%aRxk/4kR = — xrk/2 ; 


then we may state the result arrived at as follows:—If a circular 
plate is acted on by two opposed thrusts # at the ends of a chord 
OO’, the lines of stress (tie and strut lines) are the circles on OO’ 
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and the orthogonal circles; the pressure across one of the former 
circles is constant and equal to 


be (7 Fe) a) 


the pressure across one of the latter circles is 








Fe (cot @ cot’ 1 
Qe ( (SEE Pe ie) See 
at the point (7, 6). The last result is obtained from the known sums 
of principal stresses of the simple distributions combined. 

The pressure (11) vanishes when R = R’, which happens on the 
boundary of the plate, and also on its image in the line OO’. This 
shows that we have here the solution of two other problems of some 
interest. Taking the lune formed by the arcs a, —a on the same 
side of OO', we have the solution for the transmission of stress down 
a semi-crescental plate cantilever loaded at the angle. Taking the 
arcs a on opposite sides of OO’, we have the solution for a spindle- 
shaped plate strut. The shaded portions of Fig. 2 are examples of 
the two forms. 

If OO’ is a diameter of the bounding circle, the expressions (11), 
(12) both vanish over the boundary. Thus inthis case the boundary 
is entirely free from stress (P= Q= U=0). 

Hertz* has considered this last case as an example of his general 
result for the circular cylinder, but he does not analyse the stress, 
simply remarking that the magnitudes and directions of the principal 
stresses can be calculated and that the distribution of stress is 
extremely complicated. 


Circular Disc under a Couple. 
(Fig. 3.) 

6. Let the equal forces F at O, O’ on the circular plate act at right 
angles to OO’ and in opposite directions. The couple formed by 
these forces is to be balanced by a couple applied at the centre of 
the disc. 

Consider two equal radial distributions at O, O’ in the directions 
opposite to the applied forces F. The uniform normal tensions and 





* Miscellaneous Papers, p. 264. 
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HiGaowe 


the uniform axial tensions over a circle R through OO’ disappear, 
and we are left with a tangential shear ksina/2R. Since 


Ef = (kr/2and Ge 2 Sino. 


the uniform shear is F'c/27R?, which of course also follows at once 
from the consideration that it must balance the couple Fe. 

Taking now polar coordinates (p, 9) at the centre of the disc, we 
superpose the well known central distribution of stress 


re —— ahh) 
U=— Fc/27p’, 


which transfers the couple balancing the pair of forces Ff from the 
circumference of the disc to the centre. 

The distribution of stress due to the couple (f,—/') and the 
opposing couple at the centre is therefore compounded of two radial 
distributions at O, O° (which give a constant tangential stress 
Fc/2x7R” over each cirele through O, O°), and a central system of 
pure circumferential shear of magnitude Fc/27p’. 
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Disc or Solid Wheel loaded at Centre. 


7. Fhe circular plate is acted on by two equal and opposite forces 
F at the ends of a radius CO and along it. Taking polar coordinates 
(p, +) at the centre C with CO as initial line, the distribution of 
stress in an infinite plate due to F at (0 is ($3) 


P=— F(8+¢) cos 3/4zp, 

Q= F(1-«c) cos /4ap, 

U= F(1—c) sin 3/47. 
With this take the distribution 


P= Ap:cos J, 
= 3Ap cos J, 
ie Apein J; 


which is immediately seen to verify the resolution-equations with 


no volume forces 


Cyr aU Pas 





and also satisfies Vv (P+Q) =0, 


so that it is a distribution due to boundary forces only. Choose A 
so that the combined stresses give a uniform distribution in the 
direction CO over the boundary p= f. This requires 


AR—F(3+0)/4cR = —AR—F (1—o)/4ch 

or A= F (1+o)/4arh’. 
We then have at p= Lt 
| P=— F'cos 9/2x R, 

Q= F(2+c)cosJ/27rhk, 

ee 2 sin ioe 
aud the stress across this circle is a uniform distribution F#/27R in 
the direction OC. Now the radial distribution at O, corresponding 
to the force F at that point, gives a uniform distribution over the 
circle the opposite of the former, together with a normal pressure 


F/2rk, which is got rid of as before by the addition of a uniform 
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tension of the same magnitude. The distribution of stress in the 
dise is therefore compounded of the central distribution 


3+ deh 
P= [82 (1+c) Bt cos 9+ 


sere yas ahs 
Q= a} rs ae Blea) = Bf cos 9+ 5 
i 


i a + (lipo) Pt sin 9, 
4a ( p 


and the radial distribution at O, 


mag cos 0 


T T 





3 


Ve 
Oe) 
a: 


| 


A Orank Disc. 


8. In a very similar manner we can treat the problem of the 
crank disc in so far as it is a problem of plane stress. Omitting the 
radial thrust, already considered, we have a tangential force F at 
the point O on the circumference, an equal and opposite force at the 
centre CU, and a couple Ff at the centre. Taking the initial line in 
the direction of the force F’ at the centre, the last section shows 
that the system 


P=—7- {te (Ito) £ 2} cos 9, 
An lp 





pes {es esr) aes Ft cos 9, 


4, 

F 
v= = 
4 


-{t4 (14+o) £,bsind+ “oR, 
? ™p 


together with the radial distribution at O, 





pence cos. 04 
T r 

Mas 0), 

ea): 


satisfies all the conditions of the problem. 
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Heavy Disc or Roller. 


9. To find the stress in a heavy disc or roller on a horizontal 
plane, consider the following elementary solution expressed zn rect- 
angular coordinates with origin at the centre OC, and axis of « verti- 
cally upwards, 


a 
| 


FWA, 


&Q) 
| 


Swe, 


= 
q 


Se uye 

These give | Pi+U, =, 
U,+, = 9, 

and wage Gy) 


| 


The distribution is therefore due to a uniform vertical (downward) 
force w per unit area, and a uniform vertical (upward) force swk 
over the boundary. Now the radial distribution at O, the point of 
contact of the disc with the plane, corresponding to the pressure 
mw’, gives a uniform downward pressure ;wh over the boundary, 
together with a uniform normal pressure, annulled as before. Hence 
the stress in a heavy dise or roller is pepaaa ene netorc na of the rectangular 
system (origin at centre) 


Pee soe +h), 
(Y = —5w(«—f), 
Oe ae 


and the radial distribution at O 
P= — 2whk? cos O/r, 
Q = 0, 
it 


If we take a horizontal section of the disc, the stress across it is 
directed radially from O, and its magnitude is 


ral (2R cos 6—7r)(2R cos 0+7). 
r 


If we take a radial section through O, the stress across it is a 
horizontal tension of magnitude 


sw (2K cos 6—r). 
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The boundary is entirely free from stress (P=Q=U=0) except 
at O. 


General Problem of Circular Plate or Cylinder. 


10. Consider any number of simple radial distributions with their 
origins on a circle of radius & whose centre is C. Hach one gives 
(§ 4) over the circle a uniform normal tension F' sin a/27R, a uniform 
tangential shear —F'cos a/27R, and a uniform tension #/27f in the 
direction of the radial distribution whose intensity is 29/7, corre- 
sponding to a force F' on the circle in the opposite direction at the 
origin. Now F' sina, F’'cosa are the components of F along radius 
and tangent respectively, at its poit of application. If we take 
moments about OU, we see that SFfcosa = 0, if the forces F form a 
balancing system. The uniform tensions #/27f in the directions of 
the forces F give a zero resultant at each point of the boundary for 
a like reason. We are left with a sum of normal tensions 
SF sin a/27R at each point of the boundary. This we may write 
T/27rR, where T is the sum of the normal (outward) components of 
the applied forces. This uniform tension we get rid of as before, 
and so obtain the following theorem :— 

If a circular plate is acted on by any balancing system of forces 
SF applied to its boundary, the stress at any point is that due to the 
radial distributions, such as 2F'cos 6/7 at the points of application 
of the forces =F’, and in the same directions as those forces, together 
with a uniform pressure of magnitude 7/27R, where T is the sum of 
the normal tensions on the boundary. 

This theorem is due to Hertz,* who gave an analytical proof of a 


Circular Hole in an Infinite Plate. 


11. A similar process can be applied to the problem of any applied 
forces on a circular hole in an infinite plate, provided these forces 
either balance or form a couple. The limitation is not serious, as 
any simple solution giving a resultant force over the hole removes 
it. For example, the solution of § 3 is sufficient for the purpose. 

It is readily shown that the system of radial distributions corre- 
sponding to such.a system of applied forces gives one-valued dis- 
placements in a region not enclosing any of the points of application. 





* Loc. ett. 
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Take one of the distributions 2F' cos (6+a)/zr, and consider thie 


integrals* 
ie IP 
( 
— ds, 
[ di 


| ( Nes =) 
xw— —y——) ds, 





Me ds dn 

0 

(y dP +00P) as 
shen ds dn 


taken over the circle *. 


The first integral vanishes, the second and third are respectively 
—4F sina, —4F'cosa, and these will be the values over any other 
closed curve surrounding the origin. Hence, for the whole system 
of radial distributions, inside the closed curve integrated over, the 
above integrals vanish, for by assumption Sf'sina, Sf cosa vanish. 
The conditions for a one-valued displacement are therefore satisfied. 
Let S be the algebraic sum of the tangential forces over the hole. 
The distribution of stress in the plate is that due to the radial dis- 
tributions 2F' cos 6/z7r, together with a pure circumferential shear of 
magnitude Sit/27p*, a radial tension of magnitude T'R/27p’, and an 
equal circumferential pressure. The last distribution, introduced to 
annul a uniform pressure over the hole, is equivalent to a pure shear 
on planes making an angle of 45° with the radius, and therefore 
gives shear lines in the form of equiangular spirals. It seems prob- 
able that the special curves sometimes produced around a punched 
hole in a plate are due to such a radial pressure produced by the 
lateral spread of the material under the punch. See, for example, 
the frontispiece in Todhunter and Pearson’s History of Elasticity, 
Vol. 11., Part 2.. This explanation would correspond with the theory 
which Tresca has given for the flow of metal around a punch-hole.f 


APPENDIX.{ 
Some Diagrams of Plane Stress. 


The accompanying diagrams are intended to illustrate some of the 
solutions given in my paper on “ Elementary Distributions of Plane 
Stress,” recently communicated to the Society. The stress is 








* Previous paper, Vol. xxxi., p. 108. Pis here the v*p (= P+ Q) of that paper, 
since Q = 0. 

+ Flamant, Résistance des Matériaux, p. 296. 

{ [This Appendix to Mr. Michell’s paper was received in May, 1900; it is 
printed here for convenience of reference.—Sec. | 
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defined by a single function w, the stress-function ; but the construc- 
tion of the curves y = const. would not give a convenient graphical 
representation of the stress, since second derivatives of & are in- 
volved in its expression. The curves y¥, = const., w, = const., which 
are drawn in the present diagrams, indicate the stress at each point 
simply and completely. 

The stress* across the curve y, = const. is everywhere parallel to 
the axis of #, and its intensity at any point is the rate of increase of 
y, along the curve. The stress across a line parallel to the axis of w 
is, of course, conjugate to that across J, = const., that is, it is in the 
direction of the tangent to that curve. Its intensity at any point is 
the normal rate of increase of w, or is measured by the closeness of 
the consecutive curves W, = const. The stress at (a, y) is completely 
defined by these conjugate stresses. It is similarly defined by the 
conjugate stresses across , = const. and # = const. The rectangular 
elements of stress are represented in the figures by the rates of 
increase of w,, wy, In the directions of the axes, viz., 


habe ny) 
J ae dy (W,), 
Bl, 


Me eo, Dg 
U= dx (Wy) ae dy (y,). 


These equations are also conveniently used to determine the signs of 
the conjugate stresses considered. 

The curves were drawn by superposition of those for the ele- 
mentary distributions employed in the solutions of the various cases. 
It will be well to give a list of the component and the final curves. 


Components. 
1. Simple Radial Distribution.—Taking polar coordinates at the 
point of application of the force # and the initial line (axis of x) in 
the direction of that force, 


v= — gene =— eer 
Tv T 
ie fr ¥ 
yi = is (1—cos 24), 
uo 


y= - (20+sin 20). 


Tv 





* See previous paper, Proceedings, Vol. XxxI., p. 110. 
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2. Force at a Point of an Infinite Plate.— 
ee ele ae | Sag Seay PA 
Seger 570 sin 6 + rae a) log r cos 6, 
peel — 98 20) + ee Cleo) (aloe re con 20), 
Aur Sx ae 


vy = — a (20+sin 26) + 5 (1—o) sin 26. 


3. Complementary Linear Stress.— 


Ff 





ces 5B? (1+) 7° cos 6, 
iii Ff 2 2 
Vo = or (1+2)(82’+y’), 
r F 
vy = der (L+o) ay. 
4. Uniform Tension T.— 
wv ees 172, 
Beale 
Wi = fhe 


5. Symmetrical Shear due to Couple L at Origin.— 





DL 
v— ee 6, 
v 27 
ee NG 
ee LCOS 
YS Dar it a 


The Diagrams. 


The axis of # is always taken in the direction of one of the applied 
forces which are indicated in the diagrams by arrowheads. Polar 
coordinates having their origin at the centre of the disc are written 
(0, +), those having their origin at the points of application of the 
forces on the boundary (r, @), suffixes being used where necessary. 
The initial line'at each origin is always in the direction of the axis 
of # as indicated in each diagram. On account of the symmetry 
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with respect to a diameter of the disc, it is sufficient to represent 
the curves W, = const. on one half, and the curves y, = const. on the 
other. This has been done except in the diagrams V. (a), (b). The 
full lines represent curves proceeding by equal differences ; inter- 
mediate curves are drawn as broken lines and their parameters 
indicated. The scale on which the stresses are indicated by the 
numbers in the diagrams is derived by considering a complete 
section of the disc. Thus, in Diagram II., the resultant stress across 
a horizontal section must be equal to one of the applied forces which 
is therefore represented by 27. 


& 
Ss > 
YY , 
\ 
Ss 
2 wy ie S a RR 
% 
Q 
iy 
CO 
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3 
Ss 
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I. Force applied at a Point of an Infinite Plate (« = 1). 


The curves are 


F ae 
ee! (1 — (0) Ba 9 
We = (1—cos 26) + a5 (2 log7+1+cos 26), 


Py eth ae SO Bee 
w, ic (26+ sin 26) + 39, Sin 206. 
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II. foller. 


The applied forces are at opposite ends of a diameter. 
F F F 
! —_— (ee yo \ capamemnit sabe oo eee S 
in) ak (1—cos 26,) on (1—cos 26,) + Tp P C08 © 
eee Og ni 20.) 1 (OPM DA Yo oe nein S. 
2a 2a wh 


where # is the radius of the disc, and the suffix ] refers to the 
moe (y ==) 0, a == ff). 
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III. Disc Wheel. 


Here a force F' at the centre of the disc is balanced by an opposite 
force at the circumference. 


6 


eet Sy Ra a eo 
Yo = 9, cos 26) 4,41 cos 23) a0 n 





(2 log p+1+cos 24) 











~ ae - pcos J, 
y, = — = (264+-8in 26) + = (29 sin 29)— < sn 89 
lr Aur tO BY Ars 
5F 





F 
29+ —— 
— 39--p? p’ sin 29+ - aR? sin J. 
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LIV. Disc-Crank. 


A tangential force F' at the point (# = 0, y=) on the circum- 
ference is balanced by a force and a couple at the centre. 


Uv. = ey (1—cos 26) — 1 ates 29) — pie (2 loge +1+cos 23) 
2a Aur 327 


se 
327 R? 


ie sity 


Derek 


p (2+cos 29) + 





og tr aiid) 4 (29 nein Doyen sin 29 
Qa Aw 327 


woe OF p? sin 29— FR cos 3 


327 R? orp 
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VI. Heavy Disc. 


The disc is in a vertical plane and is supported at its lowest point. 
The stress-function in this case is not very convenient for the repre- 
sentation of the stress, on account of the volume-forces. The figure 
represents a set of conjugate stresses. The stress across any line 
through the point of support is horizontal, and its intensity at any 
point is given by the parameter of the curve on the right which 
passes through the point. The stress across any horizontal line is 
directed radially from the point of support, and its intensity at any 
point is given by the parameter of the curve on the left, which 
passes through the point. 
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A Formula in the Theory of Single Theta-Functions. By A. C. 
Drxon. Communicated February 8th, 1900. Received, in 
revised form, April 16th, 1900. 


The addition-theorem for three arguments in the case of the 
functions sn wu, cn wu, dn wu is perhaps most compactly given by the 


formula 
Au, Hu, Hu, Hu,— Ou, 9u,0u;0u, 
—H(u,t+k)H(u+k)H(u,+Kk) A (w+ K) 
+0 (u,+K)0 (t+ K) 0 (uj+K)0(uy4+K) = 0, 
where 2, w, Us, u, are any four arguments whose sum is zero. For, 
by such substitutions as 
U,+K, u.-—K, Uy, uz, LOK Uy, Usy Us, ta, 
other formule may be derived from this one, and thus the sn, cn, dn 


of u, expressed in terms of those of w,, uv, v3 in many ways. 
For the functions 


Hu: H(w+ 3k): H(w+8K) 
there is a corresponding theorem, namely, that, if u,+u,+u; = 0, then 
Hu, Hu, Hu,+ H(u,+4k) A (u.+3k) A (u,+3Kk ) 
+H(u,+8h) A (u.+8K)A(u,+8K ) = 0. 
[| Quarterly Journal, Vol. xxiv., p. 181 (87a), p. 225 (76). ] 


A . 4: ’ l h . T 
gain, if uy, Us, ..., U, are m angles whose sum 1s oe 


II cos u—II cos (u+ =) +II cos (u+ 22) ... to n terms = 0. 
n n 
These are instances of a general theorem which it is the object of 
this note to investigate, that, if @w is a holomorphic function of ~, 
such that fa) (u+2w) — errs bu, 
6 (w+2w’) = e*™** Ou, 


and having only a simple zero within the parallelogram of the 
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periods 2w, 2w’, namely, when w = 0, and if 6,,« denotes 
exp { —(f4% ) (u sities o) 4 + — (aw—8) +— aw’ —p)} 
m n 


rw . 2s 
oe! (ut a +} =| 
m n 
where 7, s, m, » are any integers, m, n being positive, then 


m-1 n-1 i ‘ mun 
> C1) gees )+ sm (2 - )TL 6... W; = O 
ta 


+—Os=O 
if Uy, Uy, ...5 Umn are mn arguments whose sum 
= (mn—1)(nw+mo’) (mod 2nw, 2mvw’). 


This formula contains implicitly the addition-theorem for mn—]1 
arguments relating to the functions of the type 


6,.,u/Ou 


which are so important in the theory of transformation. 
When m = n = 2 it is possible to express 
m-1 n-1l | 


> Ga as 6... U; 
ne 


r=) s=0 


as the product of factors each a theta-function. This does not appear 
to be possible in general. It can be done when n = 1, m= 2, and 
for a particular value of the modulus when n = 1, m = 3, and, again, 
for the trigonometrical case given above for any value of x. The 
form of the results, especially when mn = 3, seems to show that 
they are exceptional. 


Proof of the Formula. 


Taking periods 2, 2w’, let @u be a theta-function, having only a 
simple zero within the period parallelogram, namely, for the value 0 
of the argument, and such that 


6 (w+2w) = e*"*? Ou, 
6 (w+2w’) = e”"* Oy, 
Then it is known that aw’—a’w = cz, ¢ being the sign of the imaginary 


part of w/w. 
Consider the function 


) 


- (ra/m + sa’/n) u 


Vv 1 


ys =e 
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where m, n, 7, s are any four integers, the first two of which will be 
supposed positive and kept fixed throughout the discussion ; in the 


ee ; 
exceptional case when ——, — are both integral, we shall suppose 
| m2 


Oe , 
the denominator of ¢,,u to be 0” (— ae cod ) ; similarly in like cases 
: NV 12 


throughout. It is then easily found that 
Digit b= Dy 
ci hay ade Cita end 
so that there are only mn functions such as ¢,,w. 
Also 2 


Drs (U+20) , hye 
O(uwt+2w)  6u 


= exp | _ (7 + =| Quota (w+ ate 4+ “e') +B-—-(au+) ‘ 


Vv Nv 





<2 esi 2sur 
n° 





and, in ike manner, 





Ps (w+ 2w’) a Sil N A cade ( mia 2rer 
6 (u4+20) 2 Gu 7 is mm 
Ps U 


Thus the function ant has the two periods 2nw and 2mw’, and with- 
u 


in its parallelogram the mn poles 
2iw-+- 2yu, “(420 Lo a ds 9 0) Lee a 


the same applies to the more general function 


m-1l n-1 
2 Be bau OU, 
r=0.) sa0 
in which the coefficients A are any constants. This function has 
therefore the value zero for mn values of wu, whose sum is 
n-l m-1 


> 3 (2w+2jw’), 
is0 j=0 


that is, mn (n—1) w+nm (m—1) o’, 


this being the sum of the values of w at its poles. Now the mn 
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coefficients A may be so determined that 33 4,,¢,,u shall vanish for 
mn—1 distinct given arguments 


CNET ay Sa ee 
It will then vanish for only one more, namely, u,,,, where 
Uy + gt... FU, = mn (n—1) w+nm (m—1) Ww’, 


so that, if there are mn arguments 
Uy, Ug, see Umns 
whose sum = mn (n—1)w+nm(m—1) (mod Qn, 2m’), 


the determinant of the mn? quantities 
Ps Un 


must vanish; and, conversely, if this determinant vanishes, the sum 
of the arguments is as stated. We may write this determinant as 


> (+ II Pry, sp, un) A 
h=1 


Now, we may put u,+2ko, u;,—2kw for u,, u; without affecting the 
sum of the arguments; the determinant thus becomes 


mn 

k -— 4 + We o— §-)2 : 

A a (%Wj—Uj+2kw) > { AGH 8;) kur/n Ul br, s, a , 
=P 


which must vanish for the values 0,1, 2, ...,27—lofk. From the 
n equations thus derived it follows that the sum of those terms in 
the determinant for which s;—s; (mod 7) has any particular value 
must vanish separately. Any one of the parts into which the whole 
expression is thus divided may now be treated similarly by picking 
out any two arguments, increasing the one by a multiple of 2w or 2’, 
and diminishing the other by an equal quantity. In this way the 
determinant is separated into parts, each of which must vanish 
separately ; in each part all the differences such as s;—s,, 7,—7; are 
the same (mod n, m respectively) in each term, and, using a double 
suffix notation for the arguments, we have the following result :— 


m-1l n-1 m—1l n-1 
ee ( + It i bien ive tis) =a, 
reQ s=0 t= 0 7 =0 
It is now possible to give the proper sign to each term of the ex- 
pression; an addition of 1 to 7 causes cyclic interchanges in ” groups 
of m factors each, and thus changes the sign (m—1) times; by 
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symmetry, an addition of 1 to s changes the sign m(n—1) times. 
Thus the result is 


> S (Semi) Stage cata (n—-1) II Dire, Wi, j = O. 
9” 8 4) 


In this equation put 


ZY hey 
U;; = OR ae WUD ieee 
aati n 
so that Xv = 3s ugtn (m—1) o+m (n-1) oe’ 
tJ tj 


=n (mn—1) o+m (mn—1) w’. 


ba ee (v— 20 tots de) 


m n 
Now AGN AEE RN td 
rs U 
r sa a+r. 4s vi 2Qhw 
=exp{ (4 )1— (7 a4d a’ (o— wo — ‘] )} 
m v7) mM n NN v1) 5) 


x6 (2 + =e | + 6 (ott w42its w’). 


M7 Vt m 1b 


, talm +ja"/n) (Vs; -— (2tw/m) - (27a! . 27 2 , 
Thus Il eN Ne ee Da gas (vy — — Ww— eo) WwW ) 
m nN 
arse it $s Vij 
tJ 


uatal s 


m6 (2°t7y4217* ¥) 


7) mM nN 


exp| (7 +") {n(m—1)w+m(a—1)0} |, 


To compare the denominators in expressions of this type, we have 


It 6 (2°F" 42/48 4) Seu Ie (2 Soy aper v’) 
m n i,j 


1,) M7 70 


, (2° tm p2Its yi) 


Ce Ul m 
Nate (2 w+2/48 4) 
mM n 


=exp > 3 


7=0 j=0 


r-1 n—1 °° . 
(Faw +9128 aw’ +B | 


NV 


= exp | a r @—1) aw+r7 (n—142s) aw’ +278 ; 
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1 6(24 Ay iw ‘) Ea (2= w42 1 «') 


me n J 


hans 6 (22 op 2th ’’) 


2=0 j=0 6 Es) 
11 


VL) 


m-1 s—-l . 
i=0 j=0 ral Nv 


= exp \s (m—1) a’w+ * s(s—l) wu’ +s} 
Hence 


(ta/m+ja’/n)[v_.— (2iw/m) - (2jw')/n1 20 2j “ 
Ile y ia Uae eee es Uy an Oe al wy 
a7 Mm nr 


x16 (“0+ Pw w') Said Ga nee 
1) 


iJ m 
= exp | (= ss sa) {n(m—1)0+m (n—1) wf — a G?—r) aw 


ek Cig Ef a yey en aw’ — sp | 
Nl j 





Sealy {1 (aw —aw ) —mn (s ea SQ (= 1 sw ) 


m n m n 
+nr (aw—) +ms (a’w’—B’) ; 4 


Thus Tien irae (v4,— 2 a w’) 
: rey) Mm : 
= (=1)"T dary x {0 (FE + 2) 2 
a,j mM ) 


mM 


a 0 elialm +Ja’in)[v,5 — (2ten/m) — (2jw’/n)] 0 (Fe ae 2) v) : 

i,j m n 

The part of this expression after the sign + is common to all the 
terms, since it does not contain 7 or s; it may therefore be discarded 


F 2 
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If, then, we write 6,,v for 


parca 2e) pf (48) (Ea) Son 


WM 17 NM 2 





ai Ss (a'w! — B’) ; 
n 
that is, for 
exp{ — (42) (v (w eae 


m nN 


wu) 42 SCO): a ~ (ai —p')} 


x 6 (v oe re ar Zoe, 
we have, finally, 


m-1 n-l 


> (— Bn ee (n-1) tL 6... y,,= 0, 
t= 


r=0 s=0 
If V1, Voy .++) Umn ave nin arguments whose sum 


= (mn—1)(nw+ mw’) (mod 2nw, 2mw’). 


Resolution into Factors. 


Let Finn (%, Vay --+> Umn) Genote the expression 


m—-1 n-1 mn 


> SS (—l)"*™ (m-1)+sm (n -1) if 6,.Vijs 
r=0 s=0 = 
In certain cases this can be expressed as the product of factors. For 
Pp P 
instance, 


ne-1 m 


a 1)" TI cos (1+ " =) cos 3 0%, 
m py 21 
there being in this case only one factor. Before discussing the other 
cases, it may be well to note that the constants a, , a’, 3’ are known 
to be connected by a further relation, which may be found as follows. 


The function 6u/6(—w) has neither pole nor zero within the parallelo- 
gram, and 








OL 20) Peo — o2(- ae) 
eae) 16 (= 
6 (—u—2w’) 50 (=a) ae 


Ou 


Hence Fe Ba has no pole within the parallelogram, and is 
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doubly periodic; therefore it is a constant, say 2«, and 


bu 
6 (—w) 


Now 6u has a simple zero when uw = 0, and therefore 


= Qeut+n. 





log 





: bu 
hn — 

Ears 6 (—w) ; 
or e=—l, 

bu 
“ t} 5 t — — 2K 
so tha rae 
Hence ee = sige Meet STF 
and we may put B = (a+2k) wer ; 
in the same way, jo! = (a! + 2k) w+ em, 


Then the known result in the case m = n = 2 may be written 


; a= ; K(VetVetUs.)-(atale= o ’ 
Te (w, Vos Us5 U4) —_— — J elete kK) Uy +k (Ugt+Ugt+U4) - (a+ 4x)(w +a") 


x6 (AF a Feer eyo’) 6 Bee —v—w') 





x6 (eee 6 (eee 
2 2 


, 
Ea (¢) === de) > 


From this may be derived the expression in the case m = 2, n = 1, 
by writing w’ for v,, +’ for vy, Thus 


Ow’ 6 (w+ ow’) Fy (2, v») 


= pet y—Vtw, 
— — Jola+4x) @ V+, eg ntareg (4 Ug i 
ee 2 2 " 


Uy—Yyto _ ‘ 
x9 (Ee w }). 


In the case m = 3, n= 1, F, can be expressed as the product of 
factors if w'/w has the special value 4 (o—1), where p = e#'7, so that 


w' = p (wto’). 
For, let 6,u, 6,4 now denote 
e78a (+ 3x) +5 (aw - 8) ia] (u+2w), 
e7 a(t +4n) +8 (am-8) Q (u+4w). 


Then the functions 0,7/0u, 0,u/6w have the periods 2w, 6w’, that is, 
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2w, 2pw, 2p’w; their poles are 0, +2w’ or 0, +2(p—1)w. The zeros 
of 6,u/Ou are —2w, —2uw+2(p—1) ow, that is —20, —2pw, —2p’u, 
and those of 6,u/6u are 2u, 20 +2(p—1)o, that is 2w, 2pw, 2p’w. 
Hence 6,u/6u and 6,pu/6pu are functions of w having the same periods, 
poles and zeros ; this is evident in the case of the periods and zeros ; 
a pole of 6,pu/Opu is 2 (p—1) pw, which is equal to 2 (ep—1) w+ 2, 
and therefore equivalent to a pole of 6,u/6u; similarly for the pole 
—2(p—1) pw. Thus 6,pu/Opu only differs from 6,1/6u by a constant 
factor which is found to be p’ on giving ua small value. Thus 





6,pu _ Opu O,pu _.. 
4S ee larly. 
Ga Pee nas similarly 


Each of the fractions in fact 
SOX) {- (a'p’>—a'p—ap) +Ku (p—1) } ate 
W 


5 
For let One { (a’p —a'p?+- ap)-+4u(1—p) | = x (u). 
W 











pou 
Then 
x Crew) oe Louse Oe toe) ee 
Xu A 6 pu 6 (w+ 2), 
xX exp | a (u+w)(a'p—a'p’+ap) +2«w (1—p) } 
= exp { (3a’+a) put 6a'w’ + 6a’w + 38+ B—au—P 
+ (p=) (ute) ap alp tap) Poko (=p) 
also 
x (w+ 20') _ 6 (pu—2w—4w") Ou 
xu e dpu 6 (w+ 2w') 


x exp {(u-+o') (a'p—alp!+ ap) +2kw' (1—p)} 
= exp { —a! (29u— 4w— 6") — 2! —a (pu—2w) —B —a'u—p 
+ (uu) (alo —alp?-+ 0) + 2kw! (1—p) } = 
These reductions depend on the relations 
Bw’ +w = pw, pw =—w—20, aw —aw= er, 


It follows that xu is doubly periodic, and therefore constant, since it 
has no poles. Its value is 1 when w= 0, and hence the statement 
made is proved. 


Now Fy, (v4, Vg Vg) = OV, Ov, v5 + 8,0, - 0, 02-91% + 9,0, - : Us 04 V5. 
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Hence Fy, (%, %, U3), By (rs per p's), Fs (%, p'vs, pvs) only differ by 
an exponential factor, and the zeros of each, as a function of 7,, are 
(mod 2, 6w’), —v— v3, —pv,—p'v,, —p'v.—pry. Now 

2w = — (p—p’) (2 + 4’), 

6w’ = (p—p’)(4w+6o’), 
so that the periods 2w, 6w' are equivalent to (p—p’) 2w, (9—p’) 2w’. 
and the zeros and periods of F’, (v,, v2, v3) coincide with those of 

621 rte ae Us g Mick peste” Vg grit prs Vo Baaly 
p—p p—e pop 





In fact, if 
CUR Us,.0,) == ria eC + pv, +p" sgt it pleat prs 
pe set p—p 





x (p —p") exp| = * {205 + (v2 +05)?} {pata’ (p—p’) § 
—x (Qp’r,—r)—2) | 


it may be verified without difficulty that 


Py (Wy, %, 03) + Ff (M1, Vay Us) 
is unchanged by the following substitutions for x, v, v3, namely, 
0, +20, Vy, V3; V, +6w’, Ug, V3; 0, +20, Vo +20, vz +20; v, +20, vy + 20, 
Vgt2w’; v,, 1, +20, v3—-2w; v,, +20, 4,—20. Hence Fy, +f is a 
doubly periodic function of each of the three arguments, and it is 
never infinite. Thus itis aconstant. Again,if v,= —v, = 4w, this 
constant is readily seen to be 1. Thus F,, =f, that is, when 


wtw' = pe, 
ibe ‘teas 
sian aa tis (Po). eXD [ — 7. (e+ errs)" 5 {oat (O—p") a § 
: poeel K (2p'v, —v,—1's) 


V+ Vy TMs g Ms + Pv, Saint (vcd a PoP ay 
pore. Pp pap 


x6 





This result is simplified by taking @u to be ou, for then « = Q, 
a=a (p—l), and F,, (v,, ¥, v3), that is 


FV, TV, TV, — C7 *'3*2) o (y, + Zw) o (0, + Zw) o (v1; + 30) 
$enininreter2e) g(r, + Sw) o (v,+ Gu) o (v3 +$u) 


UV, +, sees Cit tet p's 6 ty + p'ty t Pvs 
Posty p—p eed oh 
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On Multiply Infinite Series and on an Hutension of Taylor’s 
Series. By M. G. Mrirrac-Lerrrer. Communicated June 
8th, 1899.* 


I have introduced in a former publicationt a new geometrical 
conception, the star-figure. 

In the plane of the complex variable x let an area be generated in 
the following manner :—Round a fixed point a let a vector / (a straight 
line terminated at a) revolve once. On each position of the vector 
determine uniquely a point, say a, at a distance from a greater than 
a given positive quantity, this quantity being the same for all 
positions of the vector. The points thus determined may be at a 
finite or at an infinite distance from a. When the distance between 
a, and a is finite, the part of the vector from a, to infinity is excluded 
from the plane of the variable. 

The star is the region which remains when all these sections 
(coupures) in the plane of # have been made. The fixed point a is 
called the centre of the star. It is convenient to name the points a, 
the swmmits of the star, and to introduce the following definition :— 
One star is inscribed in another, if all the points of the first star 
belong to the second and if the two stars have common sammits ; 
the second star is then circumscribed about the first. 

By the use of the well known notion of a limiting value, the results 
which were obtained in the paper referred to can be stated as follows :— 


Let If (2) A) ene a 2) ae 
be an array of quantities satisfying Cauchy’s condition ;¢ denote by 
Ge (ea) 
the polynomial in x, 
ea 
n 








ae 
b 


: (ly thgt+...+h,) 
En lr, 1 oy ielae ae 
0 (Se ON ig RLY 3 





*« Received, in French, May 4th, 1900. The English translation, made by 
Mr. R. W. H_ _T. Hudson, received from Prof. Mittag-Leffler, June 19th, 1900. 

+ “Sur la représentation analytique d’une branche uniforme d’une fonction 
monogene (premiére note),’’ Acta Mathematica, tome XxII., pp. 43-62. 

t Acta Mathematica, 1.c., pp. 48, 44. 
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which is formed by means of these quantities. Consider the limiting value 


+ Tam Gi, (a | a). 
n= 
There exists a star A, with centre a, which is wniquely determined 
when the quantities F (a), F(a), ..., F(a), ... are once given, and 
which possesses the following properties in relation to the limiting value 


Lim G, (x | a) :— 


nex 
This expression is uniformly convergent for every domain im the interior 
of A, but ts not uniformly convergent for any two-dimensional continuum 
which includes a summit of A. It defines, within A, the branch FA (a) 
of a monogenic function. This branch is reqular within A, but has the 
summits of A for critical pownts. 
Further, vt possesses the property 


( d" FA (x) 


— fr) ae, ¢ 
da )_ =F (2) (#=0,1, 2, ...). 


The functional branch FA(«#) can be defined, not only by G, (@ | a), but 


also by an infinite number of other polynomials 
dn (@ | a) = Se F” (a) (2—a)”, 


in which each of the coefficients c” is a numerical quantity, given in 
terms of v and n, and independent of a, of F(a), F(a), ..., #™ (a), ..., 
and of x, and which possesses in relation to A the same properties as 
Ga(eel. a): 

Among the stars which can be inscribed in the star A is to be 
specially noticed the circle C, centre a, the circumference of which 
passes through the summit of A nearest to the centre, in accordance 
with our definition. Corresponding to this circle we have the limiting 
value ees | 

pits MeN 
which is known as Taylor’s series. 'Taylor’s series possesses in relation 
to the circle C the same properties which I have just stated for 





ne ne nz i) are a; cn a hythgt..thy 
= S Pe " Ythgt... +H, oe Anke 
oo RS perme > (a) (2—*) ; 
merlin O he= 0 bh, = 0 Rs io" se* [ons 


in relation to A, with one very important exception. Every summit 
of A is a singular point of the functional branch F'A (a). This is 
not the case for C with respect to FC (wv). It can be asserted only 
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that there exists at least one summit of C (¢.e., a point on the 
circumference of O) which is a singular point for the branch FC (a). 

But, on the other hand, Taylor’s series possesses in relation to ( 
the property, which cannot in general be attributed to the hmiting 








value 
ole nr (nth h) 2—a hythot...th, 
Let etomeeta Un, a TE 
seer Meee ree hovaas abe i (a) ( n E 
Nees fit= 0 ho=OF~ i = 0 oT ee eee ar 


in relation to A, that it does not converge for any point outside C. 


Now between C and A there exist intermediary stars K, unlimited 
in number, each of which in succession circumscribes the preceding ; 
with each star corresponds a limiting value possessing in relation to it 
the same properties which I have stated for Taylor’s series in relation 
to CO. These new lhmiting values have further the property that 
they include Taylor’s series as a special case. 

There are different classes of expressions which fulfil these con- 
ditions. My intention is to investigate in this note one of these 


classes, as follows :— 
OM. aco al 


i; ° = 0 1, 2 seeg 
Let Peis x i 


Tp. SL ae 


be an n-ply infinite array of functions of a certain number of variables, 


fo 0} fo) 


foo) 
The multiple series Di ieee Bi hha 
I = ON fin O hy =0 


is generally defined as being equal to a single series, the terms of 
which are the different functions f), », 7 


,, made to correspond with the 
integers 0, 1, 2, ..., according to a certain law. 

It is, however, useful to study this series from another point of 
view, which, in spite of its great simplicity and the advantage to be 
obtained from it, does not appear so far to have attracted the attention 


of mathematicians.* 





* See ‘‘Om den analytiska framstillningen, &c., Forsta meddelande, 11 Maj 
1898,’ Vet. Ak. Ofversicht. 
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I make the following definition :-- 
I suppose that the series 


i 3) 
ipo ta a > Tie ’ 


itps é as = Ip ui & 


Si, — 2 yl tala? 
PST a 
=i) 
are all convergent for a certain value of the variables. 
I say then that the series 
f= = iF Sie 6 > Tis Now Ry 


hn =9 
is an n-ply infinite series which is convergent for this value. 


I suppose further that the series 
Fhyho ch hyey ee a hyo? Eee) Say f 


are all uniformly convergent in a common domain B within the 
domain of existence of the functions fy, x, - 

I say then that the series is an n-ply infinite serves which ws wni- 
formly convergent in the domain B. Having laid down this definition, 


I can enunciate the following theorem :—* 


oo | 


Hea Tee, Leh, Oa 
Ree Se= Aid bear amen nite. © 


ihc, ed As. eee 


~~ 


The functions Teh erate) 


being analytic functions of the variables a, ...,&,, uniform and regular 
in the domain B, und the serves 


f= s 3 wee > Limes 


2=0 hy=0 


* This theorem is an immediate consequence of the theorem demonstrated by 
Weierstrass in his memoir ‘‘ Zur Functionenlehre,’’ § 2, Werke, Bd. 11., pp. 205-208. 
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being an n-ply infinite series, which ts uniformly convergent in the 
domain B, then the series represents, in the same domain B, a uniform 
regular function of the variables a,, ..., @n- 

It is easy to see that the conception of an z-ply infinite series is 
very different from the generally received notion of a multiple series, 
and that the region of convergence of the first series is generally of 
much greater extent than that of the second. 


Take as an example 


] 


| OFF a 





Denoting by € a point on the real axis between 0 and —1, we have 
2 J | 
f@)=3 AHO @-O- 


v=0 
This equality holds for | #—€| < | ¢|. 


Then peter 3 . PIQOC= $3 2 Hcae (0) &*. 
soo yl EO eaOe vy adh. 


If we regard the series 


S S : vipade (O) ees 
v=0 ~=0 V. -- 


as a double series in the ordinary sense, we shall have 


1 


v=0 »=0 v! p! 





free 0) Err = SSF” (0) (20), 


) 


and this series will be then convergent only for 05 €>—}. If, 
on the contrary, the series 


a hare (0) Cre 





(ares 1 


is regarded as a doubly infinite series, the convergence holds for 
UPeergree = tb 

It is by an application of my conception of an n-ply infinite series 
in the case where the functions f,,,,..,, involve only one variable « 
that I obtain a class of limiting values possessing the properties 
which I have stated above. 
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We have, in fact, the following theorem :— 


THEOREM.—Let F'(a), F(a), ..., F™ (a), ... be any quantities satis- 
fying Cauchy’s condition, and let 


we @ 2) 
y+ hg tath : hy +g 4 vthn 
Da >? fen > Can Fe +hot.thy) (a) (a—a)" +hgi...thn 
h, =0 h.=0 hyn=0 
be an n-ply infinite series in which Cyr,..n, denote certain numerical con- 
stants, independent of the quantities F (a), F™ (a), ..., F” (a), ... as well 
as of a and of x. 

It is always possible to choose these constants in such a way that the 
series may possess the following properties :— 

It will have a star of convergence A””, such that the series 1s uniformly 
convergent for every domain within A”, but converges nowhere outside 
Aa, 

This star A”) ts inscribed in the star A of the elements* F (a), 
F(a), ..., F™ (a), ..., and when n 5 n, where the postiive integer n is 


taken sufficiently great, 7t contains within ttself any funte domain which 
ts contained in A. 


Further, the star A") cs inscribed in the star A“, when n<i'. 


The equation 


FAG) (x) cat S S ae S rate Flirt het thn) (a) (a—a)h thet hy 
hy=0 hg=0 Ay =0 
holds throughout the interior of A“. For n=1 the series becomes 
Taylor’s series. 

Among the different modes of fixing ¢,,,..,,, I will bring forward 
one, with which corresponds a star of convergence A”), obtained by 
the following simple construction :—Select one vector / through the 
centre a of the star A. Construct a system of circles having their 
Centres A, 1, M5 .--) Mn-1 On J, So that each passes through the centre 
of the preceding. I shall denote the radii by 7, 7, 75, ..., 7,-1. The 
centres 7, My) +5 Y,-1 are chosen in such a manner that each circle 
cuts the preceding in the points of contact of tangents from u to the 
former, and that | y7,—a|=7,=,7. It is evident that, if the radius 
r be taken sufficiently small, this system of circles will be included 
in A. The star A” is obtained by measuring along / the length 





* J.e., the star belonging to the elements F(a), BF" (a), o., F® (a),.... See 
‘* Sur la représentation analytique d’une branche uniforme d’une fonction monogéne 
(premiére note),’? Acta Mathematica, tome xxItl., p. 48. 
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| n,1—-@|+7,-1, then substituting for r its superior limit p and 
making J revolve once round a. With this form of star of conver- 
gence, the coefficients ¢,,,..;,, are 





iI ieee ( o Ih 
=| Sin’ aye, pies a tennis SID 1, 9 





Ciahs sohn ; 
. 1+sin a,_, Relig h,! 
92 hg Qv-2 h, 
Ge ae ee ad) (2"-2)hn-1tn 
h,! in jugue a ah en 
(7 Oy AS); 
sina... = —fsin’a, +t sina,/8+sin*a, (sw = 1, 2, 3, ...), 
Sin = bs 
A Soca 
Niele bi 
The root which occurs in the expression for sina,,, is the positive 
root. 
We have then 
Ch, = s ’ 
nh OR 
Chihe — aks! ’ 
: Ayteh,! 
ho pia ’ 
tte h,!h,! hg! 
lye 1 ( Sin a Nae 4 sin? cay) fees 
tie 0 hy! Aol hee Leno, 1+sin a,/ 
(sina, a aa 
16 


Since the n-ply infinite series 


Sede : 


es Fs thet+..+h,) a 2—aA hy t+hat..+hy, 
Gu Re OM emi Ok Mataig: saan e ae fa) ¢ ) 
A se 22> if fi Dts eee qe *: 





1 Mes 


has a star of convergence in the same sense as Taylor’s series has, 
when n = 1, 2, 3, the question arises whether the same is true for 
n>3. It is not so, if the elements F (a), F" (a), .... F™ (a), ... are 
chosen arbitrarily. It may happen then that the series converge at 
a point « = a’, without converging at « = ax’, a being a real positive 
quantity less than unity. 

This is a new example of the danger in analysis of drawing general 
conclusions from special cases. 
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Cunonical Reduction of Linear Substitutions and Bilinear Forms, 
with a Dynamical Application. By T. J. VA. Bromwicu. 
Received February 7th, 1900. Read February 8th, 1900. 
Received, in recast form with new title, March 15th, 1900. 


The following paper falls into three parts: in the first we solve 
the problem of reducing to a canonical form the generalized linear 
substitution consisting of equations between 2x quantities: the 
second part applies the results of the first to a problem in dynamics— 
that of finding the small oscillations of a system about a state of 
steady motion by Hamilton’s equations; the third part solves the 
problem of the simultaneous reduction of a pair of bilinear forms. 

Owing to the fact that the first and third parts were written inde- 
pendently, there are some differences of notation; but I hope that 
these are not sufficient to cause any confusion. 


1. Reduction of a Generalized Linear Substitution to a Canonical Forn. 


In a note presented to the Society (November, 1899) I gave an 
investigation of a method of reducing a linear substitution to its 
canonical form; in what follows I have investigated a similar method 
for reducing a set of 2 linear equations between n é’s and 2 a’s. 

It will be seen that my method was suggested by Darboux’s 
reduction of two quadratic forms,* which was extended to bilinear 
forms by Stickelberger.t In fact, the forms for the reduced coor- 
dinates will include Stickelberger’s as particular cases. We might 
apply Muth’s methodt and deduce the reduction of the linear sub- 
stitution from that of two simultaneously reduced bilinear forms ; 
but it appears to be easier to reduce the substitution independently, 
owing to the fact that only one set of 2 variables has to be reduced. 

In my reduction I have considered specially two cases of some 
importance; namely when | B | =0 and | A—AB | = O, inthe nota- 
tion of the following work. The need of these special investigations 





* Journal de Mathématiques (Liowville, 2™° série), 1874, t. xIx., pp. 347-396. 
+ Crelle’s Journal fiir die Mathematik (1879), Bd. txxxvi., pp. 20-48. 


+ 


| Theorie und Anwendung der Elementartheier (Leipzig, 1899), Arts. 79, 80. 
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was pointed out by Prof. Burnside, in connexion with the note 
referred to above. 


Suppose that we are given the generalized linear substitution 


Oy hy + eee + inn = by &+ eee =e li Webs 


Oy) vy = eee =} Qn Vy = Onc = eee ae One fae. 


Then, whatever w,, ..., w, may be 
HED Aone pe Pen a Caney Pio od 
and we shall write A=A(w, 2) = 3a,,w,%,, 
Biz, BiG ee bee. 
B (2) =B (w, £) = 3b,.w€, 
so that the equations above yield 
A = B(€).* 


In order to reduce the substitution, we must in the first place divide 
the determinant | A—AB| into its invariant-factors (Hlementar- 
theiler); to do this we divide | A—AB | by the H.C.F. of all its first 
minors; the H.C.F. of all the first minors by that of all the second 
minors, and so on. 

We suppose that (A—c) is a factor of | A—AB|, and let 
€15 Cg) vee) Cxy --. be the indices of (A—c) in the first, second, ..., hk, ... 
quotients as just constructed. Then the corresponding powers of 
(A—c) are the invariant-factors which belong to (A—c). 

Construct the form (A—AB)"' which is reciprocal to (A—AB); 
this can obviously be expanded in a power-series of (A—c), and the 





* It may be useful to point out here, once for all, that in what follows we shall 
suppose the symbolical product of two bilinear forms in w, # to be given by 


or, what is the same thing, by substituting for each z in A the corresponding 
oB 


: ; or, again, by substituting ‘2 for each w in B. 
OW AG 
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first term in the expansion will be (A—c)~*.* Or we may write 
(A—AB) = Di’ +P (t) (e= e,): 
t = A—<, 


where D is a bilinear form which contains no powers of ¢ beyond 
t’-'; and P(t) is a bilinear form which contains no negative powers 
of ¢ But we have 


H = (A—XB)(A—\B)-! = (A—AB)"1(A—AB), 
where Z is the unit-form (Hinhettsform) or 


= W, 8, +... fb Wr tp: 
Hence we have 


Ht = D| A—(c+t)B|+¢P(t)[A—(c+ Bl 
Now write DB = y,tyott... + yet; 
then } DA = DB(é) (by the relation found on p. 80) 
=mtmtt...tnt 
where 7, 1s the same function of the €’s that y, is of the w’s. 


Our equations now yield, if 
P, (t) = P(t) | A—(c+#) B], 
(mtmtit...t me ")—(ett)(mtytt...+yt") = t ee (t) —E] ; 
or, equating coefficients of powers of f, 
NM=Ch, M=Chet+Yy = YtY1 (r= 2,3, ..., e), 
Hitherto we have regarded the symbols involved as bilinear forms ; 
but, if w,,...,w, be now considered as constants, the quantities 
Ms M5 +++> Yr» Yo, »-- Will be the same linear functions of the é’s and a’s 
respectively ; thus the given equations have been reduced to a simple 
set of equations in the manner prescribed. 

It may be convenient, for the purpose of reference, to have the 
values of the y’s written out in a complete form; to do this we note 
that ¢-°‘DB is equal to the first e terms of [ A— (c+t) Bil B; or to 
the first e terms in the result of replacing the x’s in [A—(c+#) B| rs 


by OB ’s. Thus 
w 





* See, for example, Muth’s Hlementartheiler, p. 135; the fact is, however, almost 
intuitive, on examining the construction of (4—AB)-}. 
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(Hit Yott ... +Ye t*-") ¢-*+ terms without negative powers of ¢ 





(Ay — (C48) Dy oe) Gn— (6 +4) On, (Ont +... + Omen) 
ane ih | qe eee S60 A ie aare ann 
as Ay Oni i: (c ale t) Dis eee Ann (c ae t) TSS (bn H+ eee ae Dine) 

10. Te ate 0) | 
in which A, = | A—(c+t) B |. 


The y’s may be slightly generalized by taking 
Y,+Yot+.. + Ye U+... = Qt) (yj tyott... + yet? "), 


where Q(¢) is any power-series of tf with constant coefficients which 
starts with a constant term. 

Referring to previously known reductions, it may be mentioned 
that Stickelberger’s Y,, Y,, ....* are the same as these. If B= H, 
the Y’s are the same as the z’s found in a different form by Prof. 
Burnside (l.c. supra); and they have been given in my note for the 
special case when one w is unity, the remaining w’s being zero. 
Mr. H. F. Bakert has shown that Prof. Burnside’s reduction is given 
by the following :— | 


2) t = x (A, c+2), 
and that x (A, e+4) = ¥(c+t)[A—(c+4 EB], 
where { (c+) is the quotient of | A—(c+t) H| by the H.C.F. of all 


its first minors. This shows that Prof. Burnside’s z’s must be eon- 
tained in the Y’s above. 

In order to proceed to find other reduced equations, we introduce 
the subsidiary form 


X;, = Un +1 (piw,+ see +p),W,) + eee + On ek (py, + . tphw, 
FW er (Gey Hee FQn Gn) Hee $ Wage Qtr +e. + Gen), 


and in this form the p’s and q’s are quite arbitrary, the indices acting 
as additional suffixes and not as exponents. Further 2,4), ..., <i, 
Wnziy see5 Wnsx ave Only to be used in performing the symbolical multi- 
plications which are required; after the products are formed the 
extra 2’s and w’s are all to be put zero. 7 





* Crelle (1879), Bd. Lxxxvi., p. 26, equation (7). 
t Proc. Lond. Math. Soc. (1899), Vol. xxx., pp. 195-198; see also Frobenius, 
Berliner Sitzungsberichte, 1896, pp. 606 et seq. 
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If we form the product [A+X.—(c+4) BX, (on this hypo- 
thesis), it is easily seen to be 


; , k 
dy, Bg Pis seo Ps 0 


, k 
dyry sree 9 hin Pu a) Pn 0 








, | Ox, 
1 N15 aeeg ils 0, eoeg 0, : 
caine Own s1 | > 
A 
oX;,, 
q., sierels as 0, BOS) 0, % 
OWn 


De feat lee Oe se 0 
where A,= | A+ X,—(c+4) B], 
dys ye (c+t) bra 


On expanding this form we see that each term, contains no negative 
powers of ¢. Thus | 4+ X.—(c+#) Bie [A-(c+2) B] can be ex- 
panded in powers of ¢, without negative powers. 


Now we have, as before, 
[| A+X,—(c+t) B]? = Fe*+ PQ) ~ (¢e=en,)). 


where # is a bilinear form containing no powers of ¢ beyond #°'; 
and P(t) contains no negative powers of ¢. 


Hence we find that 

F| A—(c+t) B] =tR (), 

where Ff (t) contains no negative powers of t. Let then 
FB=ytytt..tyt, 
FA=FB(€) (by the original equations) 

=y,tntt...+7,0°7, 
and thus we find by equating coefficients of powers of t, 
m=Yr h=ATYr, w= Yet Cyr (yr = 2,3, ..., esr). 


We may generalize the y’s by multiplying /'B by a power-series with 
any constant coefficients, the series containing no negative powers 
One: 





* The p’s and q’s are determined so that A; is not divisible by a higher power of 
¢ than any kt® minor of Ay; ¢f. Stickelberger’s paper quoted on the last page. 
G 2 


84 Mr. T.J.2?A. Bromwich on Canonical Reduction of [Feb. 8, 


The values of the y’s will be the coefficients of the first e,,, terms 
in the expansion of 





! k 7 
di, eoey din, Pir seey Li; (0,,%,+ <igie + bin®n) 
, k . 
it Onis “00/9 dass Pry se+9 Pns (1%, qrad + Dan Xn) 
Say , , 
A, Vs seey Qn 0, Act) 0, O 
k k : 
qi OT) qi 0, OOUT) 0, 0 
Wen ast ree 0 





in powers of f. 


This agrees with Stickelberger’s result ; but it may be noted that 
the p’s and q’s need not be the same in finding successive sets of y’s 
for the reduction of a lnear substitution ; while in reducing a pair 
of bilinear forms it is necessary that the constants pj,...,p, should 
be the same in the last set of y’s as in the first. 

Proceeding thus for k = 0,1, 2, ..., we get in all (e,+e,+e+4...) 
ys which correspond to the factor (A—c). But e,+e,+... =h is the 
index of (A—c) in | A—AB|. Hence the total number of y’s found 
from all the factors of | A—AB | will be 3A or x; and this ought to 
be the case. 

If | B| =O (and | A—AB| 0 for all values of A), then the 
equation ; 

| dA—AB | al) 
will have one or more roots infinite. To be perfectly general we 
must examine the effect of such roots, although the method above 
requires a very slight modification to apply. | 

Let us suppose that h, is the index of the highest power of A 
which appears in any one of the k minors; then (n—k—h,) roots 
of every k™ minor will be infinite, for the degree in A ought to be 
(n—k). Thus here we have to take 


e, = [n—(k-1)—ky 1 | —[n—k—-ly, | 
= 1thy—hyr. 
Clearly eye) 
if h, = n—k. 
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We now have, writing A = 1/t, and expanding in powers of ¢, 

(A+X,—B/t)"' = F’"*+tP (t) (e=«e), 
where F contains no power of ¢ beyond ¢*-’. Thus, as before, we 
A F (4t—B) =t¢R (0). 
Hence, if FR SY yt ate yet as 

WAS HBA E) 
=n tnt+...tnt, 

we find the equations 

reetiie, piel savas - fp 0 ihe ame ok ote CN 


It will be observed that in the reduction of the substitution just 
investigated we have a number of arbitrary constants at our disposal. 
But it is known that in the reduction of a substitution, the roots of 
the characteristic equation not being repeated, there is only one 
arbitrary constant in the value of each y; by the investigation above 
we have, apparently, x. This disparity is accounted for by a theorem 
of Stickelberger’s ;* which is to the effect that the bilinear form 


} f k-y 7‘ { 
dit, COE) Arias Pi “89°9 Pr ? vy 


, k-] 
diay a) dans Pn ooeg Pn ’ Ly 


i, lie is oor) Din i OE) 0, 0 ’ 


k-1 k-1 
Gi ess Dae 0, | 0, 
Yi fais 9 Yn 0, Se: 0, 








ds = Ays— (C+) By.s, 


when expanded in powers of ¢ has for the coefficient of the 
lowest power of ¢ in the expansion a bilinear form of rank /, 
where / is determined by 


Cees OL tee Sine? a Ce eed > Ch+le 








* Orelle (1879), Bd.» txxxvi., p. 42, Satz. vii.; Muth’s lementartheiler, 
pp. 135-139. 
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Consequently in the case of non-repeated roots the form 


The eoeg he baw te eoe a a ban Ly 


’ 


da, a} Ah § Dnt xy oR ore UP GR 


Wire etl. 0 





Op ee AD 
will contain only one effective arbitrary constant; for here 
eas 
and thus Stickelberger’s theorem shows that the rank is unity. 


The following proof* and generalization of Stickelberger’s theorem 
are new, so far as I am aware. Following Darboux, Stickelberger 
has proved that we have an equation 


Es a ome Xotre 


A ATA Ae 
where F’,., is the bilinear form as defined above; and X;, (Y;) is 
found from F,., by replacing the y’s (a’s) with q*, ..., 7, (pi, +++ Bi)s 
It follows that 


F,, X;, Y; 
BaP = A tt 
Bent Agr A; 


r ? 
AG Va 
Sn-1 NS, 





Now, from the definitions, we shall have 
X,| Ape eet ad et: 
and Y,/A, =M,+M\t+M,P+..., 
Ay) Apel aa ay bee) ene, 
By hypothesis, €, Cp eee er ee 


and hence, on expanding the value of F’,_,/A;,_;, the coefficient of ¢-° 
is a sum of J products of the type L,M,; or the rank of the coefficient 
is 1. Here the products are ordinary, not symbolical. 

The extension which I make is found by considering the coefficient 








* Stickelberger proves only a particular case, referring to a paper by Fro- 
benius ; the reference is to a proof of Sylvester’s theorem (Phil. Mag., 1851) on 
minors of any order. Muth gives a proof (/.c.) which is attributed to Frobenius. 
T have not met with any other proof in the papers I have consulted. 
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of ¢-' in the expansion; this contains e, products from ti Fs 
(X;,Y;,)/(Az-14;), and, in general, e, from (X,.Y,)/(A,_,A,). Srertain 
this coefficient contains products in number ett 


Cnt Cn pit oe. = (hpi —Ax) + (gig) +... = Igy, 


and thus h;,_, is the rank of the coefficient of ¢'in (X,Y;)/(A;,-14,) ; 
and this will be the highest rank of all the first e, terms in the ex- 
pansion of F,_,/A,_).* 

This fact will be of service in counting the number of effective 
arbitrary constants in the reduced forms, 


Suppose, in the next place, that A, B are so related that 
| A-AB | =0 


for all values of A; so that |4|=O=|B|. Then we must 
examine the first, second, third, ... minors of | A—AB|; let us 
suppose that all the (k—1)™ minors are identically zero, but not all 
the k; so that at least one k™ minor is not aero identically. 


Then, if we write 


f py. | 
Gis | One Pris re | | 


, . 
Ani, Rn } Whe Pnrs Payee 





Ay = ; 
Pe Sea page a Ny =e 1d 
Geld) 10 eee 
where d., = A,,—Ab,., 
we shall have fy. SW esa? 9 6 Se he at 
but AVE = Li) 


Now it is well known, by the theory of zero determinants, that we 
can find & sets of quantities (functions of the d’s), such that for each 


set 
frdirt+fodo-t+..-+fin bn» = (% = B 2, Fe 1), 


and these k sets will be independent of each other. We shall 
suppose the i sets so determined that, if ,,...,p, be any quantities 





* In this, /, denotes the index of the highest power of ¢ which divides A,. 
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_ed as functions of A), then the k expressions 
Dit tinder Oa 12, 1B) 


to be each of the lowest possible degree in A. It is then known 
that these k sets of f’s are linearly independent. 


Conseqv 


In like manner we determine k sets of y’s, such that for each set 
Oi Orr Ja iatiecct Oa Urata) ital te) 
and the k expressions 
G91 tee + Inn Cee eres ek 
are each of the lowest possible degree in A. 


Now multiply the first x rows of A, by fi,...,f,,, add the results, and 
replace the first row of A, by the sums so found. In like manner, 
replace the second row by similar quantities obtained by using 


2 5 ; i . 
fry «yf; and so on to the k" row. The determinant so formed will 


be (f.f,--- fi) times Ay. 
Similarly, modify the first & columns by using the k sets of q’s. 


We finally have A, (f,f,...f:)(g,...9;) equal to a determinant of 
the form 


Does Chath BieckeP: 


1 


0, pes 0, Sess Phe A GIES 


/ k 
COOL 0, be Aes RIS) Uitet ian Pr+10 cee Pk+1 


, 
0, eoes O, On uaas oneg Oita. Pn: oeey Pk 
, , , / 
Qi, Oe) Qk, Vi+iy sees Jus 0, hI) 0 





BERL AORITEG Pae Gh OVTat0 
in which we have written 
ESP iliac eee 
Qs OL EGS, 
It follows that A, =H, Hoi. 


} Gy peg hs TBP 





* Here the indices 7 applied to the /’s will distinguish between the sets of ye 8 
they do not refer to powers. 
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where H, = | P | ,a determinant of k rows and columns, FL, = | Q | , 
a determinant of the same form, and F, is the quotient of a certain 
ik minor of (A—AB) by the product (figi...figi). Now E,, BH, will 
not be divisible by any function of \ which does not contain p’s or 
qs; and the denominator of #, will be a function only of A. Hence, 
as A, is an integral function of A, so also is H.* 

On examining the value of P’ it is clear that its degree in A 
depends only on s (not on 7), and let this degree be denoted by a, ; 
similarly, let the degree of Qi be denoted by 8,. Then the numbers 
Gy, «++, @x, (94, -.-5 9, Will be the two sets of Minimalgradzahlen belonging 
to | A—AB | ; and Kronecker’s invariants will be 


2a,4+1, ..., 2a,+1, 28,41, ..., 28,41. 
Let us now suppose a particular set of values of the arbitrary p’s 
are chosen; and to do this let us assume 
Pec eee st () (8 oor Va eae ee Le) 
for all possible values of 7, z.e., from 1 tok. The number of condi- 
tions to determine each set of p’s will be 
(a,+1)+(a,+1)+...4+(a,+1), 
for in P; there are (a,+1) coefficients of the various powers of X. 
Now (a,+a,+...+a,) is the index of the highest power of A in F,, 
and is thus not greater than (n—k), which is the highest power of 


in A,. Thus 
(a, +1)+...+(a,+1) < 23 


and x is the number of p’s in each set, or we have at least enough 
p's to satisfy all the conditions imposed on the’ P’s. 
Now in #H, replace pj, ..., p, by the quantities (6, %,+...+0indn), .065 
2 a,+...+b,,2%,) respectively ; the other p’s retaining the values as 
+; letermined. The value of H, will then be 
BE ORS Oa ee 
HL sO aaa 
Bo ON Le ec 


rT 


88. J 
(not regard: 


are | 





Tee (ah) eens Lan 





+ that it is not necessary (as a rule) to calculate all 
arrange itself in the proper form when we have 


PROC rot ern eres ieee tION. 
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where F, — ee (6,2, > siete uy Din @n) te SOC +fr (6,17, " et + Dan Xn ’ 


and consequently H, will simply reduce to F. The degree of fF, in 
will be the degree of 


fi (by +... One) + +f (Oni ® + oe FOr), 
which is a,, Consequently, if we write | 
Bi =y,+yA+y,V +... 
we shall obtain (a,+1) linear functions of the 2’s. 


But, returning to the original definition of HL, (by the aid of A,), we 
have that the product F, H,H, is equal to A, with the column 9;, ..., p;, 
replaced by (0,,%,+...+ Din@n)s. 0) (Om %+ et Onn%,). Similarly, we 
express ©, H,H,, where ®, is the value of F, with the és replacing 
the 2’s. 

Hence (®,—AF,) H, H; is equal to a determinant of the type A,, but 
with p; replaced by 
(b,. c +... + Din ee) —Ar (6,12, qVraar + Caw.) 

(p81 ee TO pp An) — A (Oy +... FO en 

= 5%, +... +d,,2%n, 
in reducing which we have used the original linear equations; and 
here, as in A,, d,,=,,—\b,,. We now multiply the first, ..., 2 
columns of the last determinant by a,,...,#, and subtract from the 
(n+1)" column. This column then contains 7 zeroes followed by k 
terms of the type —(qja,+...+q"2,). We now expand this deter- 
minant in terms of the elements of the (71+1)™ column; and it will 
be seen that the co-factor of each non-zero element is a determinant 
of the type A;_;, which will by hypothesis vanish identically. 


Hence ®,—AL, = 0, 
OF ein ®, = m+nAt+..., 


we have the (a,+2) equations 


UBT a 0, No a= Yi) sey) Wm = Yms 0 = Yme+d 
where a0 | 
In the same way, if the quantities pj, ..., p, in H, be replaced by 
(by, @ +. + Dinan), 0) (One +. +0,n%,), we shall obtain (a,+1) y’s 


and (a,+1) y’s which must satisfy (a,+2) equations of the type just 
written. 
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In all we get (a,ta,t+...ta,+k) y’s and (a,+a,+... +a, +2hk) 
equations by treating all the various sets of p’s in this way. 

We pass to the consideration of corresponding results due to F, ; 
in the first place, let the q’s be determined in such a way that 


Y=1, gv=0 (12) er er tele:, £). 


We shall, however, require further sets of variables typified by y;, and 
the definition of these will be that 
ee WS A) Ce eo eet ay. 


where [ is formed from the y’s just as Q is from the q’s. The 
argument applied above in determining the number of conditions to 
be satisfied by the p’s will show that we have sufficient q’s and y’s to 
satisfy all these conditions. 

If, now, we take A, and replace one row of q’s (say the 7") by a 
row of y’s (say by yi, ..., yn), the result will be (H, Bs) times H,, the 
corresponding substitution having been madein H#,. But (unless 7 = 1) 
the value of #, will then be zero; for the first and r™ rows will each 
have zeroes in all the spaces except the first. If 7 = 1, the value of 
HE, will be A*. Thus, in general, if the 7" row of q’s in A, be 
replaced by yj, .-., Yn, the result will be zero; but, if the first row be 
similarly replaced, the result is (#,H;) A”. 

Now consider the value of 


, k 
Cine tom Eseries Di, (011 ete ea 


, k > > 
Crls oeeg Crns Pyro eoeg Pn (bX, + ose = Din %n 
ee i A 
Y= Wis ee+ Uns 0, oe) u). 0 ) 
k k 
15 EM) Ano 0, rs); 0 
, t 
Vis seo Yn 0, | 0, 0 








and let us similarly form H from the é’s. Then, taking (H—AY) and 
treating it in a similar way to the determinants before considered, 
we reduce the last column to zeroes, followed by the (k +1) quantities 


"(Git +... + Gn%), 005 — (Gay +e FG An), —(yj@ +... Fan). 


Now, expanding the determinant, we see that the co-factor of the 
last element is A,; while the co-factor of the element —(qia,+...+9,2%n 
will be (—A,) with the quantities (q', ...,q1,) replaced by (yi, ..., v7.) ; 
and these co-factors will accordingly vanish, all but the first. 
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Hence we see that 
H—\Y = BE, #, [ \* (git, + ee + G,%) — (N18 + -- FYnen) | : 
Now the p’s were determined so as to give H, = 1, and thus, if we write* 
SE ia ih AE Ug tees 
H/E, = n+mA+yAW +...5 


we see that the typical equations between the 7’s and y’s are 


No = Yr, Mr = Yr (ry = 3, ..., B,) 
We have thus (8,—1) equations between £, y’s and f, 7’s. 

Similarly, we derive y’s and n’s from each set of y’s. In all we 
obtain (8,+8,+...+,)—k equations between (8,+),+...+/;:) y’s 
and the same number of n’s. 

Combining with the numbers found by using H,, we see that from 
H, and FE, we have obtained altogether (Sa+23+) equations con- 
necting the same number of #’s and of 7’s. But,if e be the highest 
index of A in #,, then Sas ee ee 
for this is the degree of A, in A. Hence we have already obtained 
(n—e) equations amongst (n—e) y’s and the same number of 7’s. 

Passing to H,, we can obtain exactly « more equations by the 
method originally set forth at the beginning of this note; that is, 
we treat H, as if it had been the original A), and thus derive e more 
equations. 

In all, then, we have x reduced equations between x linear functions 
of the w’s and the same functions of the €'s. 


2. Dynamical Application. 


The problem of integrating a system of linear differential equations 
with constant coefficients 1s at once reduced to its simplest form by 
the results of our investigations. As the theory has been considered 
by many writers, it will be sufficient to refer to Herr Muth’s 
Hlementarthetler, § 16, where a list of papers on this subject will be 
found ; amongst others, see Weierstrass, Ges. Werke, Bd. 11., pp. 75-76. 

I wish, however, to examine in more detail a special problem of 
dynamics. This is the problem of small oscillations about a state of 
steady motion, treated by the aid of Hamilton’s canonical equations 
of motion. The suggestion of using Hamilton’s (instead of La- 





* If A is a factor of £3, there will be, in general, terms containing negative 
powers of A in Y/£;; such terms will not, however, affect the results. 
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grange’s) equations is due to Mr. HE. T. Whittaker, who proposed to 
me the problem of reducing (in this case) the Hamiltonian function 
to a canonical form by a contact-transformation. The solution of this 
problem I hope to publish as an appendix to Mr. Whittaker’s paper. 

‘ Inasystem of n degrees of freedom, let us denote by 2, ...,%, the n 
coordinates of the system chosen so as to be zero in the state of 
steady motion; and let &,..., €, be the corresponding momenta. 
Hamilton’s equations are then typified by 
sre ue aes oH (for all suffixes), 
dt o€ dt On 
where H is the sum of the quadratic terms in the Hamiltonian 
function.* 

It will be seen at once that the form of solution is determined by 

the invariant-factors of the determinant | K—AA |, where K is the 
symmetrical bilinear form, in 27 pairs of variables, 


OH OH 
Kas + Sy 
apts elas 


and A is the alternate bilinear form 
Aes > Cay Ee) 


We observe that | 4 | =1, and thus we have no exceptional cases 
of | K—AA | = 0. 

In order that the solution of Hamilton’s equations may contain no 
powers of ¢, it is necessary and sufficient that the invariant-factors of 
| K—\A | should be linear; and, in order that the solution may 
depend only on harmonic functions of t, the roots of | K—AA | =0 
must be pure imaginaries, and not complex. 

I now proceed to show that, if H be never negative for any real 
values of the 2’s and é’s, then both these conditions are satisfied. 
According to this hypothesis, K is a positive definite form, and K 
can be put in the form L’L, where L is any one of an infinity of real 
bilinear forms and L’ is the conjugate of DL [obtained from LZ by 
changing each x (or y) to the corresponding y (ora) and each € (or 7) 
to n (or €)]. This is only another way of stating the fact that H can 
be reduced to a sum of real squares in an infinity of ways. 








* Aug. 11, 1900.—I find that this system of equations has been considered by 
Weierstrass (Berliner Monatsberichte, 1879, p. 430), who obtains results similar to 
mine. This paper has not yet appeared in Weierstrass’s Collected Works, which I 
consulted during my investigations. Weierstrass gives results for alternate forms 
found independently by Mr. Taber (see footnote, p. 95). 
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We shall first prove the following :— 
Lemma.—lf K be a positive definite real form and F' any bilinear 
form with complex coefficients, then, if 


JAR mW), 
where F, is obtained from # by changing +7 to —1, 
we must have Ci Oee and eee): 
For let Lap ee Ge 
then F,=P-iQ and F’= P’+iQ’. 
Hence (P’+7Q') K (P—7Q) = 0 
or PKP+QKQ+4+7 (QKP—PKQ) = 0. 


But, as just explained, K = L’L, and thus 
PK Pies By Rene CEP): 


This form is always positive, unless LP =0; similarly, QYkQ is 
positive, unless LQ =0. Hence F’KF, can only vanish if LP = 0 
and LQ = 0, or if LF =0; and this gives K#'= 0 and also KF, = 0. 
We have further the following theorem (given by Frobenius and 
Stickelberger) :—If A, B are any two bilinear forms such that 
| A-—AB| #0, and if the form (A—AB)~" be expanded in an 
ascending series of powers of (A—c), the first term in the expansion 
is of the form F/(A—c)*, where (A—c)° is the first of a series of 
invariant-factors of the determinant | A—AB |. (Seep. 81, footnote.) 
We apply these theorems to deduce properties of the invariant- 
factors of | K—AA | , where K is a positive definite form, and A is 
an alternate form, such that | K—\A | 40. 
If, then, (A—c)* be the first invariant-factor of | K—AA | , we have 
F G 


K—)A)' = 
\ lige Gh 6) ht a 





or (A—c)’ #H = F(K—2XA) + (A—c) G(K—AA) +... 
= (K—)A) F+ (A—c) (K—AA) G+..., 
where EH is the unit-form.* Now, by the properties of invariant- 
factors, es 1; and thus 
0 = F(K—cA) =(K—cA)F. 








* Einheitsform; = here & (#,y,+ &-nr). 
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If c be complex, and c, be obtained from c by changing +7 to —7/, 
then (A—c,) is also a factor of | K—2XA | , and hence we have 
0= £, (K—G44) = (K—¢, A) 


where J, is obtained from /’ by changing +7 to —7. But, taking the 
forms conjugate to the first pair of equations, we have 


0 = (K’—cA’) F’ = F’(K’—eA); 


but hte Ke Sandy A) 
for K is symmetrical, but A is alternate. 
Hence pele elec oA also —ol Ale, 
and thus ezther Ca Ge On On BVA i) 
If TAPSTRG The O 
we have Tek ==). 


by the lemma proved above (p. 94); hence 


ya \), 
and thus (K—AA) F = 0. 
Now | K—XA | 40; 
thus, if (K—XA) F = 0, 
i 6) 


which is impossible. Hence we have 
ctce, = 0, 
and the real part of ¢ is zero; or the roots of 
| K—AA | = 0 


are pure imaginaries.* 





* This seems to have been noticed for the first time in England by Mr. Henry 
Taber [ Proc. Lond. Math, Soc. (1891), Vol. xx11., pp. 449-469], who has also given a 
proof of the property that the invariant-factors of | H-—AA | are linear (stated in 
the equivalent form ‘‘ nullity = vacuity’’). I had not become acquainted with 
Mr. Taber’s work when this paper was originally written ; I ought to remark that 
Prof. Elliott had arrived at the former result (also independently) (Quar. Jowr. of 
Math., Dec., 1899). In this connexion I may point out that in the above investi- 
gation, if 4 be assumed symmetrical, we get ¢ = ¢,, or cis real. This seems to be 
the shortest arrangement of Prof. Elliott’s proof of the reality of all the roots of 

| K—AA |; similar methods have been used by Cauchy, Thomson and Tait, 
Frobenius, Heaviside, and Taber. Mr. Taber’s results for symmetrical and 
orthogonal forms had been anticipated by Weierstrass [Berliner Monatsberichte 
(1858), p. 215 = Ges. Werke, Bd. 1., p. 241] and Frobenius [ Credle (1878), 
Bd. uxxxiv., p. 53]. See also footnote, p. 93. 
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We have thus that 


bce ally ee a 


a eee 
(vc)! * (Ate) 
and, taking the form conjugate to each side, we obtain, since 


IO Sand “CA va 


F’ i 
K+ AA zd Skat - ¥ as, cas Lae 
( ) (A\—c)’ (A +c¢)° 


Changing the sign of \, we have 
ie 108 
eet 4 ae 
(=A=0)' " (—A+eF 
Thus, on comparison of the two expansions for (I{—AA)~', we have 
Hi) ee 
F’=(—-1) F.. 


(K—\A) = 


But we have 
(A—c)'E = F(K—NA) +(A—c) G (KDA) +... 

= (K—)A) F+(A—c)(K—AA) G+..., 
and thus, if e > 1, we find 

F (k—cA) =0 = (K—cA) F 
and —FA+G (K—cA) = 0 = —AF + (K—CA) G. 
From these we have 

FAF= F (kK—cA)G = 0, 


and thus eT Tee ee). 

But FRE = (—1) FRE, 

and, as we have proved on p. 94, this will only vanish if 
Tera 

or if cH Aga (), 

If, then, c ~ 0, the assumption e>1 leads to 
PALA, 

and so to F(K—\dA) =0 and | K-AA | 40; 


so this equation is untenable. Thus e = 1, unless c = 0, 
We shall now show that if ¢c =0, we may have 


j=, 
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but that e>2 is untenable. For, if c = 0 and e>2, we have 
Be i are 
—FA+GK =0=—AF+KG, 
—GA+HK =0 = —AG+KH.* 
These give (CN GB mes hee ME ees TEM ag med OF 


and, as in the previous work, we show that 


Go (1) Gy; 
So we are to have G, KG = 0, 
which involves Kies Ole Ais 
and thus (K—\A) F= 0, 


which is impossible, since | K—AA | #0. 


Thus | K—\A | may have a first invariant-factor of the form i’; 
but of no higher power of X. 

Now it is well known that every first invariant-factor is divisible 
by every other invariant-factor which belongs to the same root; and 
hence no invariant-factor of | K—XA | can be other than linear, 
except those which belong to a zero root of | K—AA | = 0, and these 
may be of the form 2’. 

Finally, we conclude, on returning to the dynamical problem, 
that the expressions for all the coordinates will contain only simple 
harmonic functions of the time, provided that H (the quadratic terms 
in the Hamiltonian function) is always positive and that | H | 40; 
if | H | =O, then the first power of the time may appear alone (not 
multiplied by sines or cosines). 

This result agrees with Weierstrass’s (see footnote on p. 93), and 
it is verified in the special case when H contains no terms of the type 
w,&, This special case corresponds to small oscillations about a 
position of equilibrium; in this case it has been shown by Weier- 
strasst that the presence of equal periods does not introduce powers 
of t, provided that either H (7,0) or H (0, €)t is always positive (with 








* His not here the Hamiltonian function, but a bilinear form arising from the 
expansion of (K—A.A)-! in powers of A. ; 

Tt Berliner Monatsberichte, 1858, p. 215; 1868, p. 336. Gesammelte Werke, Bd. 1., 
p- 241, and Bd. 11., p. 42. 

t I use H (zx, 0) to denote the value of H when all the ?’s are made zero. 
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the same exception as above in case | H | = 0); and this is always 
satisfied in real dynamical problems. 

Weierstrass’s condition indicates that the condition that H should 
be always positive is sufficient, but not necessary, to ensure the 
absence of powers of ¢ in the case of equal periods, and it is easy to 
show by the examination of a few special problems that this con- 
dition is sufficient, but not necessary, to ensure the reality of the 
periods. It will be necessary to examine cases in which terms of 
the type z,€, do appear; for otherwise our condition simply reduces 
to the condition that the potential energy should be positive, which 
is well known to be the necessary and sufficient condition for real 
periods. 

Take, for example, the case of a top spinning nearly vertically ; if 
(1, m, 1) are the cosines of the axis, the value of Routh’s modified 
Lagrangian function is of the type* 


L=}[ A(P+m)+2B (Im—in) + C (P+m) |, 
where J, m are of course small. 
The condition for stability is readily found to be 
BIS vA. 
by forming the equations of motion in the ordinary way. But 
2H = 2 (pl+qm)—L, 
Mon te 
ol Om 


where 


andthus 2H= 4 (Bm+p)>+ = (Bl—q)’—C (? +m’). 


For this to be always positive we must have C negative and A posi- 
tive, which is sufficient, but not necessary, to ensure 


ip 140) 
or to ensure stability. 


3. The Canonical Reduction of a Pair of Bilinear Forms. 


The problem here considered has been solved in various forms by 
numerous writers ; some of the best known works on the subject are— 


Weierstrass, Berliner Monatsberichie, 1858, p. 207, and i868, p. 310 ; Gesammelte 
Werke, Bd. 1., p. 2383, and Bd. 11., p. 19. 











* A, B, Care here constants of inertia, not bilinear forms. 


or 


a a 
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Jordan, Liowville’s Journal, 1874, t. xx. (2me Série), pp. 35 and 397. 

Darboux, ibid., p. 347. 

Stickelberger, Cvedle’s Journal, 1879, Bd. txxxvi., p. 20. 

Frobenius, idid., p. 202. 

Kronecker, Berliner Monatsberichte, 1868, p. 339; 1874, pp. 59, 149, 206. 
= Gesammelte Werke, Bd.1., pp. 163, 349. Berliner Sitzungsberichte, 1890, 
pp- 1225, 13875; 1891, pp. 9, 33. 

Sauvage, Annales de 1’ Ecole Normale Supérieure, 1891 and 1893. 

Landsberg, Crelle’s Journal, 1896, Bd. cxvi., p. 331. 

Muth, Theorie der Elementartheiler, Leipzig, 1899, §§ 6-8. 


Kronecker’s and Jordan’s methods are in every case based on a 
step-by-step process, which is doubtless very convenient for many 
problems, but is nevertheless subject to some disadvantages in case 
it is desired to put down the complete substitutions. 


Frobenius’s and Landsberg’s methods differ from the rest; but all 
the other authors that I have been able to consult have followed 
Weierstrass in determining the variables of the reduced forms 
(typified by €, 7) as linear functions of the variables of the given 
forms (typified by a, y). In what follows I have expressed (a, y) as 
linear functions of (€,7). Thatis, | have found the substitutions 
reciprocal to those given by the writers alluded to. The theoretical 
investigation of these substitutions is longer than Weierstrass’s ; 
but, on the other hand, the actual calculation of the coefficients 
would be somewhat easier in practical cases. In fact my coefficients 
are found by expanding the quotient of two polynomials in powers 
of a parameter ¢; the substitutions formerly given are obtained by 
expanding, in like manner, the quotient of one polynomial by the 
square root of the product of two others ; and, if the expansion has to 
be carried out to several terms, the difference in the labour of caleu- 
lation may be considerable. There is, however, the disadvantage 
that in my solution certain arbitrary constants have to be chosen so 
as to make certain forms zero. 


Another point of some advantage is that, if 
AS =a Orie aimee). 


the requisite changes in the method are fewer than in the Weier- 
strassian form. 


It may be well to point out here that, if the symbolical product of 
three bilinear forms PAQ be taken in Frobenius’s manner (or of three 


matrices in Cayley’s), the result is equivalent to making two linea: 
9 
H 2 
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substitutions on the variables in A; thus each w of A is replaced by 


OQ 


the corresponding ee, and each y of A by the a This result is 
y ze 


the basis of the whole investigation ; and I have also applied it to 
cases in which P is a linear function of y’s only, and Q of @’s only. 
The product PAQ is then a constant, obtained by writing in A 


OP 


2 = —— =a definite constant 
oy 
Clan : 
and y = ~~ = another definite constant. 
2 


We begin with the simple case of non-repeated roots in 
A, = | A—AB | += 70): 


let the x roots be A, A,, ..., \,, and let R be the adjoint form of 
(A—AB), or let R be Sa,,%,y', where a,, is the minor of (a,,—Ab,,.) in 
| A—AB|. Then we know that 


R(A—AB) = (A—AB) R= AE, 


where the products are to be formed according to Frobenius’s sym- 
bolical method of multiplication,* and EH is the unit form (Hinheits- 
form) x,y, Suppose that R,, ..., &, are the values of R when X is 
replaced by A,, ..., An; then 


R, (A—A,B) = (A—A,B) R, = 0, 
&e. 
Hence R,(A—AB) = (A,\—A) FB, 
(A—\B) R, = (A,—A) BR, 
ce. 
Ic follows that R,(A—AB) R, = [ (A\—A) RB] R, 


= also RB, | (A,.—A) BR, |. 





* That is 4 Pes 
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But the product R,(A—AB) RK, must be linear in A; and it has 
(A,—A), (A,—A) as factors. Thus 

R, (A—AB) R, = 0. 
Similarly Te Am XB) 10 ie ses) 
and R,.(A—AB) BR, = (A,—A) BR, BR, 
In a symbolical product such as R,(A—AB) R,, the final variables 
left in the complete product will be the ws of BR, and the y’s of R,; 
if, then, these are replaced by constants, the resulting product will 
be constant. Let us write S,, (7) for the value of R, when the a’s 
(y’s) are replaced by p’s (q’s). Thus write, for example, 

8S, =6,20,,p,y. (A= A), 

T, = $24,279, (A =A), 


where 6, ¢ are constants. 


Then we have Se (A—\B) T= 07 (nes) 
and S,(A—AB) T, =A,—A, 
provided that the value of the product 6,¢, is adjusted so as to give 
Sy dae a 


If, now, we write ee St GQ) ee 

we shall have P(A—AB)Q= Sieh -S, (A—AB) T, 
= 3 (A,—A) 2, y,, 

by virtue of the relations found above. 


We have, then, simultaneously reduced A, B by the substitutions 
P, Q, so that 
PA Q = > a3 


PBQ = =2,4,, 
which are the canonical forms for the simple case considered. 


This method (or equivalent ones in other notations) has been used 
by many writers. It is only reproduced here by way of introduction 
to what follows. 


Let us now suppose that the roots of 
4,= |A-—AB | =0 


are not all distinct; and let us take \ = ¢ to bea root which appears 
h, times in A, = 0, and h, times in every first minor of A). 
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As before, let R be the adjoint form of (A—AB), and I shall write 
for brevity R (t) to denote the value of R when \ = c-++t; it is con- 
venient to indicate the ¢, as in what follows we make use of both 
R(t) and R(v). In the same way I denote by A, (¢) the value of A, 
when A’ =c+t¢; and it may be remarked that f(t) will be divisible 
by t raised to the power A, and A, (¢) by ¢ to the power /,. 


We now have 
R(t) [A-—(c+)B] =4,() £, 


[A—(c+v) B] R(v) =A, (ce) B, 
or R(t) [A—(c+2) B] B(x) = A, (0) Rw), 
R(é)[A—(c+v) B]R (ve) = A, (v) RE). 

As before, we may replace the 2’s in R(t) by p’s and the y’s in B(x) 
by q’s; let the forms so found be denoted by. S (¢), JT’ (wv) in analogy 
with the former notation ; further, let —A,(t) be the value of R(t) 
when the «’s are replaced by p’s and the y’s by q’s, so that A, (¢) is 
A, (t) bordered by p’s and q’s.* Thus 

S(#) [A-(+t) B] T@) =—4,(0 (2), 

S(t)[A—(e+v) B] Tv) =—A, (7) 4 (), 
and now write SCE AS Ga EE J 

T (v)/A,(v) = G(r), 

where we may observe that F' will contain no power of ¢ as a factor ; 
a similar remark applies to G. Hence 

F() [A—(c+2) B] G (v) =— 4, (1) /A, (t), 

F(t) [A—(c+v) B] G (ve) = —A, (0) /A, (0), 


A, (t) me A, (v) 


or (t—v) F(@) BG (wv) = AuCp Re yn 





oe ee Al a News A, (t) _ , An () 
(t—v) FG@)(A ea aes Tare), 


We may now expand in powers of ¢ and v, writing 
S(f)/A, G) = F(t) se sah tel, 
T (v)/A, (v7) = G(v) = G+Gvo+Gav+..., 





* Not precisely the same as A, given on p. 83; but with the p’s and q’s inter- 
changed (see p. 105). 
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and let us suppose that we have 


Ay (t)/Ay(t) = (6, +B t+... +h. +...). 


The quantities (,, 6, ..., 8., ... will be functions of the coefficients 
(a, b) and of the arbitrary p’s and q’s. Since there are 2n such 
arbitraries we shall always have enough constants to satisfy the 
conditions = ‘ 

(ost WB Tb mem 
and leper iis 
Then the result of dividing the difference 


Ay (t) — Ao (v) 
A(t) A, (v) 





by (t—v) will contain the term 
By Caachi Ue at), 


and no other term in which either ¢ or v is not raised to a higher 
power than (e—1); for the next term in the quotient will be 


Beer (7-1 + ... +0771), 


in which the terms which most nearly satisfy the condition are ¢’v*"' 
and ¢°-'0*. 
Hence we have, if we take the first e terms of F'(¢) and G (v), 


(Fi, +Fyt+... +f.) B(G,+Gv+..+G4.0') =p, (¢'+...4+0°7), 
and, in exactly the same way, 
(F.+ Fyt+...+ ht!) (A—cB) (G+ Gav t+... + Gv") 
== 7, (02 0+... -biv’™*). 
Comparing corresponding terms, we have 
F.BG,=0 (r+s~etl), 
F.BG, =f, (r+s=et+l)), 
F,(A—cB) G,=0 (r+s~et+2), 
Ff. (A—cB) G, =P, (r+s=e+2), 


where of course neither 7 nor s can exceed e. 
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Combining the results just written, we have the three cases 
Ff, (A—AB) G,= (c—A) BP, if r+s=et+l. 
F, (A—)AB) G, = fr, if r+s=e+2, 
F(A —)AB) G, = O* 
for any other combination. 


Next suppose that H (v) is formed in the same way as G@ (wv), but 
from another root of A,, say from A=c’. Then 


F(t)[A—(e+t)B) Hw) =—# (B+yt +...), 
F(t) [A—(¢+v) B] HQ) =—v(P' +ye4...), 
and thus, as c 4c’, we have 
(F4 Fit... + Fit) B (H+ Hyt + Hv) = 0, 
(P+... wpe aaas Vk. é by-pass) 9 iter Teas at 


Thus F,(A—AB) H,=0 Gy e,'s aii: 


Jf now, we write 


Dye S eile are (ea = Ys Ors 
r=] ys 


with P,, Q,, ..< similar forms derived from the other roots of 
A, = | A—AB | =0, 
we shall have 
P, (A—AB) Q, = BB (6—A) (Yet LoYe-1+ --- FLeY;) 
+8 (ey Yet as Ye-1 +... + X42), 
while P, (A—AB) Q, = 0 = P, (A—AB) Q,. 


Hence, if PP Ps ee tees 


P(A—AB) Q will be the sum of a number of groups of terms like 
those just written. 





* Results similar to these are given by Frobenius in a paper on the skew in- 
variants of bilinear and quadratic forms (Credle, 1879, Bd. txxxvi., p. 44, § 6). 
His relate to the expansion of S(¢)/Ay(¢), and are not quite so general as mine ; 
they give F,.(A—AB) G, = 0, only if ++s<e+1. 
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But in general (unless h; = 0 for each root) the form P(Q) will 
not contain » 2’s (y’s), and so we proceed to show how to find similar 
terms from each successive group of minors. 


Take next the bilinear form R,, 
—Nb Abi Os ia 
yy 19 seo Bin in Qin 209 Qo 
Nb Abed, ee ah 
Ay — nqyp 9ee9 Qnn— nny Ans eery dn 9 Yn | 
a 4 { 
Pi eoe9 Pn Q, eeeg 0, O | ? 
K-1 k-1 
Dy 's hee Pn OF ea 


@ 


Zs; ne? oe OF Ear ON 40 








in which the p’s and q’s are arbitrary constants, and the indices do 
not represent powers, but are additional suffixes, when applied to the 
p’s and q’s. A, will denote a corresponding ,determinant with 
Pa A 0s in place of a, ..., @,, and abe Loe Qn TI PACE Ole r, ees Gye: 

Let us suppose that (A—c) to the power h, is a factor of every i: 
minor of | A—AB | , so that this is also a factor of R, and A, ; and 
we write : 


th 


€; = hy y—h, 


so that e, is the index of the & invariant-factor* of | A—AB | 
which belongs to the base (A—c). It will be convenient to denote 
by Ri, (t), 4, (¢) the values of R,, A,, when A = c++. 


Consider the symbolical product 
R, (t) [A—(c+t) B]; 


this is equal to the result of substituting for y, in FR, (t) 
o [ A—(c+?) B| : 
Ox, 


subtract from the last column of the determinant so formed y, times 
the first, y, times the second, ..., y, times the n™. We then see that 
the product can be written in the form 


Se FYE 1N Cry we inn tee Xe CDi th ene Pall Gals 





* Elementartheiler of Weierstrass. 
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where X,, ..., X;_, are linear functions of the k™ minors of | A—AB | 
and of the a’s. 


Let us now multiply by BR, (v), and we find 
R, (t) [ A—(c+t) B] R, (ve) =— A, 1) B,(e), - 
for the product of the remaining terms is found by replacing the a’s 
in fi, (v) by the quantities 
(DEX ts top) aera eee ete tori, Xe 
and is accordingly zero. 


Similarly we have 
R, (t) [A—(c+v) B] R,(v) = — Ara (v) Ri () 


Suppose, now, that S,(¢) is the value of R,(¢), when a, ..., @, are 

replaced by Dis - Pui and 7, (v) that of R,(v), when y,, ..., y, are 
k k . ° 

replaced by q,, .... dn; Then our two equations give 


8, (t)[A—(c+t) B] T, (v) = — 4-1 (0) a). 

S, (t) [A—(c+v) B] 2, (v) = — Ais (v) A: (4), 
for in the bilinear forms on the right both a’s and y’s must be re- 
placed by constants, which gives A, instead of R;. 


We now write 


S, ()/4,@ = F+RIbRE +.., 


T,(v) [ O,() = G+ G,vG, +07 +..., 
and Aer (t)/Ae () = # (B+ Byte FB oe) 
(¢ =e, = hy_4—h,). 
Thus we find that (if, as before, we choose p’, ..., p and q,, ..., 7, 80 
hea Ui axe)... OULU eer 
(PF. + hit... + Ft!) B(G,+Giot+...4+ Gv) | 
=. B, 3+ ?o+...40°74), 
(F,+ Fytt ... + Fit!) (A—cB) (G+ Got... + Gv") 
= B, (tut... 0% 2). 
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Hence, as above, we deduce 
F,(A—AB) G, = (c—A) B,, if r+s=e+tl, 
F. (A~\BY G, = B., if rts =e+2, 
F. (A—\B) G, = 0* 


for any other combination of 7, s. 


In the next place suppose that the G’s are similarly derived from 
A, (v), where let us suppose that />k; then the product 


R,(t) | A—(c +t) B] Bi (v) = — Ax (t) Bi (2). 


Now we have to replace the a’s in fi, (¢) with p’, ..., p*, in order to 
obtain S; (¢); the same substitution must be made in f,(v) on the 
right; and the result will then be zero, for we obtain a determinant 
in which two rows are identical. 


Hence S, (t)[ A—(c+#) B| T,(v) = 0. 
Forming the product 
8, (t)[ A—(c+v) B] 7, (2), 
it will be seen to be of the form = Z, (t) Zi_1(v), where Z;,(t) isa 


linear function of the k minors of | A—(c+#)B|, and Z_, (v) of 
the (J—1)™ minors of | A—(c+v) B|. It follows that 











SIO) lpi) Oe OS ee EOD 
A, (t) acy cape) 2 Neh, UN Tee AeNeeS 


is divisible by 2 (f = e,). 
Consequently, if 
Bit Myth) == Li in CG et 
T,(v)/A,(v) = G+... + Gyet +..., 
we have (F.+..+ ht ') B(G,+..4G 771) =0, 





* See Frobenius -(Cred/e, 1879, Bd. txxxvi., p. 44, §7). His results relate to 
the expansion of 9, (¢)/Ax-1 (¢), and then Ff, (4—AB) G, = 0, only if r+s<e+l1. 
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and thus also 
(f+... +407!) (A—AB)(G,+..64+ G07") = 0, 
which gives Lf (A—XB) Go 0 (7 z en, 8 = €1). 
If the G’s be derived from a different root of | A—AB | =0, this 
equation will also hold; a result which may be deduced by applying 


the arguments previously used for this case, when the /’s and G’s 
were derived from first minors of | A—AB | . 


If, then, we write f BP BO ih hs 
Q=3y,, 
where the summation extends to every root of | d—AB | = 0, and to 


all the forms deduced as above from every minor in which that root 


appears, we shall have 
P(A—XB) Q 


as the sum of a number of groups of the type 


BCX) (Yet ®aYe-1t oe FI) FB Ye Fes Yo-1t +1 +@eY2): 
Here e is the index of the power of (A—c) in the corresponding 
invariant-factor. 


The number of «’s introduced by the root A = c will be 
(hy —hy) + (hy hy) +... = hy, 
and so the total number of z’s in P will be n, as it ought to be. 


We may state our result in another form— 
Take the minors of q*, p* in A, (t¢), and divide each by A, (é) ; 


expand the quotients in powers of ¢ to e, terms, and replace the 
powers of ¢ by different a’s in the former, by y’s in the latter. 
Finally, sum the similar results for all roots of | A—AB | = 0, and 
for every order k of A, (¢); we thus arrive at the linear substitutions 
for w,, y, respectively. When all the variables in A, B are subjected 
to the corresponding substitutions, the forms A, B will be reduced to 
the canonical forms 


Be (ay Yet ve +441) + BE (aye... +24), 


ZB (a Yot..- +41); 
respectively. 


If | B | =0, one or more of the roots of the equation 
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will be infinite. Suppose that infinite roots are present also in the 
minors of | A—AB | ; in fact, take h,-to be the highest index of X 
present in A,; then there will be (7—k—h,) infinite roots in every 
kK minor of | A—AB |; if h,=n-—k, there will be no infinite root, 
and, of course, h, is not greater than (w—/). 


Just as before, we have 
S, ©) [A—B/t] Ti, (wt) = — Ax. (2) Ax (x), 
S, (t)[A—B/v] T, (vw) = — Ay (v) A; (4), 


where now 98; (t), 4, (¢),... denote the values of S;,, A,, 
Nea t/t, 


LW LOLI: 


Thus we have 


S;, (t) [At —B] T.(v) sa a Ay-1 (t) 


=a See — 


A, (¢) A, (v) A, (é) ’ 


S(O) 7 g4y— py Pe @) — _, deal) 
4, () [ Av—B] v 





A, (v) RY 


If tA,_,(t)/A,(¢) be divisible by ¢’(e =e,), it will follow that 
there are e, (= 1+h,—h,_,;) more infinite roots of A,_, than there are 
of A,; or e, has the same meaning as that usually attached to this 
symbol in connexion with finite roots. 


Now let us write 








SO ry ry Rus 
ANC mat 9 Ss eT tr Be e +t ess, 
T, (v) _ , Bi 
WCE nee +..., 


A,_1 (é) ay e-1 a 
bees (t) = t°(B,+B,t+...+8.t '+...); 


then the equations above will yield 
F,.(A—\AB)G,=0, unless (r7+s) =(e+1) or (e+2); 
and F,(A—\AB) G,=—6, if (rt+s) = (e+), 


F, (A—AB) G,= +B, if (r+s) = (e+2), 
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provided that p*, ..., p, and q', ... qj, ave chosen so as to satisfy the 


conditions 


b,= PB, =... = B, =0, B, # 0. 
Exactly as before, we show that 
Ff, (A—XB) G, = 0, 


if G, be derived from minors of an order different from that to which 
F. belongs; or if G, be derived from a root of | A—AB | = 0 which 
is not infinite. 

If, then, we have terms in P, Q of the form 22, Ff,, Sy,G, given by 
the infinite roots of | A—AB|=0O, the corresponding parts of 
P(A—XB) Q will be of the form 


SAB (@eYe + -+- + LeY2)— VP (Uri Yet --- +i): 


It may be useful to point out that this result is equivalent to what 
would have been obtained by taking the equation 


| AA—B| =0 


and working with the corresponding zero roots. It may also be 
pointed out that we are not left with arbitraries g, h, asin Weier- 
strass’s reduction of this case; Weierstrass’s investigation * depends 
on expanding a certain function in descending powers of A, in two 
distinct ways and then equating coefficients; in case | B | = 0, one 
form of the expansion does not take the same shape as it does in the 
general case. In this way it became necessary to replace B by 
(gA+hb), where 
| gA+hB | £0. 


Darboux’s corresponding reduction is left without g, h, and this is 
due to the fact that Darboux does not expand in powers of (1/A), but 
follows a slightly different method for finding the reduced forms. + 

According to an extension of Stickelberger’s theorem to be found 
above (p. 86), it will be seen that the forms /, /, ..., /, (e = e,) 
will contain h;,_, effective arbitrary constants; and the same number 
will appear in G, ..., G., but these have to satisfy e, relations, and 
thus the effective number is | 


2hy-1— ex, = ya t hy. 





« Tn the second paper quoted above; or see Muth’s Elementartheiler, pp. 78-81. 
t+ See §1x. of Darboux’s paper. 
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Thus, in all, we obtain 
hy +2h,+2hy+ ..., 


corresponding to any given root; this number is also equal to 


O) Peg Os ises, een 
+2 (e,+e,+... te) 
+2: (63+ «.: +62) 
ae 
+ 2e, 
= e, +3e,+5e,+... + (2k—1) e,, 


which agrees with the numbers given by Frobenius* and Landsberg.t 
We come. next to the consideration of our problem in case 
| A—AB | = O for all values of A. In order to be perfectly general, 
I shall suppose that A, =VU= A, =A,=... =A,-1, and that A, is not 
identically zero. Then I have shownin Part 1 of this paper that A, 
can be arranged as the product of three determinants D,, D,, D;;t 
where D, consists of k rows and columns containing only p’s, D, con- 
sists of k rows and columns containing only q’s, and D, contains 
neither p’s nor q’s. It has also been proved that by proper choice 
of the p’s and q’s we can make J, and D, each unity; and corre- 
sponding to each set of p's (say p’, ...,p/) there is a set of z's 
(w', ...,7,). Uhe ms have the property that, if (7’, ..., 77) take the 
place of (p’, ..., p’) in D,, then the value of D, is A*(a=a,, one of 
the Minimalqradzahlen) ; but, it (7, ..., 7m) take the place of any 
other set of p’s in D,, then the resulting determinant is identically 
zero. There are in the same way sets of «’s, one corresponding to 
each set of q’s, and possessing properties similar to those of the z’s. 
We denote by &, (r = 1, 2, ..., &) the bilinear form obtained from 
A, by replacing (p', ..., p,) with (a, ...,@) and (q, ..., g,) with 
(4, ---, Yn). Considerthe value of the symbolical product R,(A—AB); 
which is obtained by substituting for (y, ..., yn) in R, the values 


Cees 0A EN 


On, Ox, ey Ox, 02, 








* Orelle, 1878, Bd. txxxtv., p. 29. 
+ Ibid., 1896, Bd. oxvi., p. 349. 
{ Called there 4), £,, E3 (pp. 88 e¢ seq.). 
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Subtract from the column so obtained y, times the first column, y, 
times the second, ..., y, times the n™; we then observe that the re- 
sulting determinant is a linear function of the (k—1)™ minors of 
| A—AB | , and is therefore identically zero. Thus 


R,(A—AB) = 0 = (A—AB) R,, 
by a similar investigation. 


Again, let us denote by U the bilinear form obtained by bordering 
A, with (a, ..-5°@n)s (Yiy.-+0. Yn)» Then (A—AB) U is found by sub- 
stituting for (a, ..., 2,) in U'the values 


(e OB aE eatOn a 


now multiply the first row of the resulting determinant by 2,, the 
second by a, ..., the n™ by a,, and subtract from the last row. Then 


, k 
4, —Abq,, eeeg Q,—Abj,,, "715 EE a) Vis 1 


An — Abn, bees Onn—ABnns Dns no) a Yn 
(A—AB)U = Dis pa Dns Dkr Ma Ry a ONY: S 


pi bee ae WaPo mem ere Clef 
0, gt WOn Pee es clas Gye 








in which we have written 
a r s , Ay : = C aN 
FAO hee PLD at ON ed Ey Gat 
and, as usual, ey et Cn Une 


Expanding the determinant, we have 
k 
(A—AB)U = —A, B+ 3 E,¥,, 
= 


where we have written VY, to denote the linear function derived from 
A, by replacing (q", ..., q7) with (y, ..., yn). It will be convenient to 
use ®, to denote a similar linear function with («,, ..., x,) in place of 
(pis ++ p,) in A,. | 

We shall require in what follows to distinguish between certain of 
our bilinear and linear forms according as they are derived from 
(A— XB) or (A—pB); this will be indicated by writing » or yp in 
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brackets ; thus U (mw) will be a bilinear form derived from (A—jpP) 
in the same way as U (A) (written U above) is derived from (A—AB). 


We proceed to consider the symbolical product 


R,(d)(A—pB) O(n) = — As (Rd) + & RO) [E.G] 


where the quantity in square brackets is a bilinear form to be com- 
bined with #, (A) in the usual way. The product R,. (A) eee (1) | 
is found by replacing (y,, ..., y,) in B,. (A) by the quantities 

PAAR errs igi 


the resulting determinant has two rows the same, unless r =s, and 
so the product is in general zero. Also we see that 


R, 0d) [&%-H)] = % OY (n), 
and thus fi, (A)(A—pB)U(p) = — A, (ue) BR, (A) +, (A) ®, (ph). 
- In this result let us replace the final v's by p’,...,p, and the final 
ys by «, ..., «5 then in the symbolical product on the left only the 


xs of f(A) and the y’s of U(u) are to undergo this substitution. 
Hence, if W, (uw) be the form now found for U7 (p), 


®,(A)(A—uB)W,(u) =0 (rs), 
since we have that Rf, (A), VY, (mu) both vanish if the y’s are replaced 
by «*, ...,«—a result following by the properties of the «’s. But 
when the y’s are replaced by rene ty and the a’s by Pir oy p,, we 


R, (A) = A, i) 
PAY= AA? (=/,). 
V, (um) = pA, «| 


So we now have the equation 


©, (A) (A—pB) W, (4) = Ax (A) Ag Ge) CHP —A") 


let us write then 


have 


®, (A) /A, (A) = Fy 4 RAL... + Bei? 
*% 
W, (1) /Ox (i) = G+ Gam tt Gwe tt... J 


(8 = B,). 





* We observe that ®, (A) will break up into factors, two of which are the same 
as in A; (A); the third will be a function of degree B,inA; while the third factor 
of A, (A) is unity, by the definition of our q’s. 


Wee ERTL — NOLO C. [ 
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Thus 
(F,+ BA+... + Bei) (A—pB) (G+ Gat ... + Gaye t+...) = pF, 
and further, since Rh, (A)(A—AB) = 0, 
we have 
(Fy + ByA +... + Bayi A7) (A—AB)(G,4+ Get... 4+ Gop? 3+...) = 0. 
Hence’ IEE i 10) unless p+o=/,+1, 
tf BGS — 1. if eto = f,4+1, 
and EK AG =e 1 if pto= B,+2, 
eA ee unless pto = ([,+2. 


If, however, the G’s are derived from W, (mu) and not from W, (pz), 
we shall have 
OB Ges 0s— ane oe 
for all values of p, o. 
We can, in the same way, determine more F's and G’s by inter- 
changing the parts played by Rf, and U; and then the #’s will be 
replaced by a’s. We must also consider the value of products 


eis 1 (X)(A—#B) U (uw) = — A.) UA), 
for the product U (A) ke WV, (1) | is always zero. Similarly, 

U (A)(A—AB) U (nw) = — A, (A) TU (pw). 
Let us write V,(A) for the value of U (A) with a, ..., e, replaced by 
igor ne and, as before, W,(A) for its value with y,, ..., y, re- 
placed by «', ...,.«,. Finally, let U,,(A) be its value when both 


substitutions are made; so that 


VA) (AEX WiC) Us (H) 





A, (A) © Ag (H) Ai (H) 
VQ) eure E Wile) = Use 
ond rene HB) Ai (1). sien Sees pha 


Now, in determining p’, ..., p’ as above, we are left with (7 —Xa,—k) 
constants at our disposal; this number is also equal to (y+ 2 ,), if 
we write y to denote the index of the highest power of A in D;.* We 
have the same number of constants left in finding 7’, ..., 7’. So, in 


all, from the k sets of p, 7, q, x, we have 


2k (y+ip+yt+3a) = 2k (u+y—A) 





[* The highest power of A in A; is(n—/) and is also 3a, + SB, + -y.—Sept. 14th, 1900. | 
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constants left at our disposal. We can choose these constants so 
that the expansion of U,,(A)/ 4A; (A) contains no terms after the term 
independent of A, until we reach the (a.+(,+1)™ power of 2d; for, 
in all, this requires us to satisfy 33 (a,+/,) conditions; and this 
number is k(n—k—y). Hence 


O—1) Sy Be HE OMe Ox a+ By) 


But, on expansion, we stop JV, (A) /A, (A) at the term in A*"! (a = a,), 
and W,(p)/A,(u) at p?\(8.= 8). Thus 
(P+ PA+...+ FN) B(G+G au +...4+G,p*-!) = 0, 
or HBG, =0 (p 3'a,,.0; = B,). 
Similarly, PAG a1 





for the same range of values of p, ¢. 
Take now the two forms P= 32,F,, Q = Xy,G,, 


where the summation is to extend to all F’s and G’s just calculated ; 
so that the number of x’s contained in P is 


Za+% (B+1) =k+3a+58 = (n—y); 
and in the same way @ contains (n—y) y’s. Then the reduced form 
P(A—XB) Q= &[(Aqy—2y) yo t (Ad. 2s) Yp-it + At e—te41) | 
+3 [ Am —m) €.+ Ang— 1s) E-rt + OAm— M4) & |: 


In order to complete the expressions for our substitutions, we must 
next return to A, (A); this will contain y factors linear ind. We 
can proceed with these just as if A; (A) were the original determinant 

| A—AB | of our former work; we shall thus obtain y more F’s, 
and the same number of G’s. So that our final expressions for P, Q 
contain n w’s and 7 y’s, as they should; and it is easy to see that the 
additional terms in P(A—AB) Q will be of the types found at the 
beginning of this investigation. 

As a numerical illustration and to explain the process, we take the 
following case, suggested by an example given by Darboux* :— 


Let A = (42, Y, + DY 2+ CY 4) +o Yi +3 Y2 + U4Ys5 
B= MYA MqYyt Mey 





* On p. 395 of the paper already quoted ; see also p. 117 below. 
I 2 
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It is then easy to show that the (general) value of A, (A) will be 
[ ps A—c) + ps] [ita A—a) +95 (A—a) (A—0) |.* 
The conditions specified for the p’s and q’s will give 
p=9, p=, 
ia = Le eee 
n=l, @g=9, g=9, 
Rp eK ena, 
These yield ®, (A) = y,+y, (A—a@) +y; (A—a) (A—D), 
¥, A) = as (A—c) T 4, 
NGA) eal 
We next form U,, (A), which is A, (A), bordered with the z’s and «’s ; 
and, on calculation, this is found to he 
Ky— Ng tr [ p2— (a+A) P| , 


for our previous conditions have not determined ,, p,, 71, 72) Y4) Ky 3 it 
follows that U,, (A) = 0, if we take p,=0, p, =0, «=0, q,=0. 
We have nothing to determine 7,, 7,, but these may be assumed to 
be zero, in order to simplify the reduction as far as possible. 


We have then Vee Yas 
W, (A) = (A42) $ary 


So, on the whole, we get the substitutions 


Y= S | 
y= — ag +s derived from ®, (A), 
a, = ab&—(at+b) Aes) | 
oo pst waneyary 1eo Ohh) 
and lo an, + i | 
s hi ! } from W,(A), 
9 Ni 
Sr TRAN AY e. | from “¥i5(X)t 
LO ae n J 








[* The sign of A,(A) should be changed ; this will reverse the signs of 4, (A), 
w, (A), and explains why the forms of p. 117 differ in sign from those on p. 115.— 
Sept. 14th, 1900. | 
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Thus, finally, we have 
A = y, (AX, +2) $Y, (bit. + 25) +24 (43+ cy) 
= & (an +m) +(—a&4+&) mt sin 
= &mt+ém+ iN 
and B= BY HY Oey 
= § (ani+ 7) + (—a8,+&) i+ din 
=&mt&mt+éim, 
en EE CONS ACRetro} 


which is the canonical form required, agreeing with our general result 


on p. 115. 


I have attempted to construct a similar special case for which it 
would be necessary to work with A,(A); but the work is very 
laborious unless we start with forms simplified so much that the 
reducing substitutions are self-evident. I therefore content myself 
with adding the solution of Darboux’s special case ; which is 


A == G (254, ee ben Yn) +e Yt ee ea U nas 
gi Drie er Unc: 
The (general) value of A, (A) is then found to be 
Pn | Ut+9 (A—4) +... +90 A—a)""* | S* 
so our special values will be 


Ra= 1, Ty, = lf 


H=1, gH=V0=9=...= ds 
a an Po tamed Oa ite IT aoe (Shea) SPN TYE oe 
Thus ® (A) = x, typ (A—a) +... +4 A—a)"), 


A aaa 
and, on further calculation, we find 
—2\ , a—3\ 4. i 
Wee eS ae ; a’ + (ames ape. +n'| ii A 


in which p,, 5, .-.; Pn have all been put zero, for these values of the 
p's will.make U,, (A)=0, if 7, =7, =... =, = 0. 





[* The sign of A, (A) should be changed ; see footnote on p. 116,—Sept. 14th, 1900. ] 
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Hence we find the substitutions 


= on 


l= af, +&,, 
Dra aa lhy | aera + peice Gres lh (") ae rt ek (—1y Eva: | 


all derived from ®, (A) ; and 


Yy, = een ta engt... + m1 


n—3 


oi ani + Gaar a +. Aes 


Yn-r-1 = ( 


derived from W, (A), and further 


Yn = 
from Y, (A). 


We then have 
A—\AB = (€&—)€,) Mr-at eee a (€,— AE -1) m; 


which is the same as Darboux’s result. It will be seen that our 
substitution for the x’s agrees with his, but in his work the n’s are 
given in terms of the y’s, so that the other substitution cannot be 
compared directly. 





Thursday, March 8th, 1900. 
Prof. ELLIOTT, F.R.S., Vice-President, in the Chair. 


Fifteen members present. 
The Chairman announced that, in accordance with a resolution of 


the Council, the meetings in future would be held at 5.30 p.m., 
instead of at 8 p.m. 
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Votes of condolence with the families of the late Prof. Beltrami* 
and Mr. J. J. Walker were carried in silence, and the Senior Secretary 
was directed to convey the announcements to the proper quarters. 

Prof. Lamb read .a paper entitled ‘‘ Problems relating to the 
Impact of Waves on a Spherical Obstacle in an Elastic Medium.” 
Dr. Larmor spoke on the subject. 

Mr. W. F. Sheppard (Prof. Lamb, Vice-President, in the Chair) 
spoke on “The Use of Auxiliary Curves in Statistics, with Tables 
for the Curve of Error.” Messrs. Lamb, MacMahon, and Hargreaves 
joined in a discussion with the author. 

A “ Supplementary Note on the Theory of Automorphic Func- 
tions,” by Prof. A. C. Dixon, was taken as read. 


The following presents were made to the Library :— 

‘* Educational Times,’’ March, 1900. 

‘¢ Indian Engineering,’’ Vol. xxvi1., Nos. 3-6, Jan. 20-Feb. 10, 1900. 

‘¢ Transactions of the American Mathematical Society,’’ Vol. 1., No. 1, 1900. 

‘* Mathematical Gazette,’’ Vol. 1., No. 19. 

‘¢Supplemento al Periodico di Matematica,’’ Anno 3, Fasc. Iv., Feb., 1900; 
Livorno. 

Bechmann, E.—‘‘ Neue Vorrichtungen zum Farben nichtleuchtender Flammen ”’ 
(Spektrallampen), 8vo; Leipzig, 1900. 

De Morgan, A.—‘ Salomon tery Illustrations of the Differential and Titeceal 
Calculus,’’ 8vo ; London, 1899. 

‘* Mathematical Questions and Solutions,’’ Vol. txxu., edited by D. Biddle, 
vo; London, 1900. 


The following exchanges were received :— 

‘* Proceedings of the Royal Society,’’ Vol. uxvr., Nos. 424, 425, 1900. 

‘¢ American Mathematical Society Annual Register’’; New York, January, 
1900. 

‘* Bulletin des Sciences Mathématiques,’’ Tome xx11., Dec., 1899; Paris. 

‘‘ Journal fiir die reine und angewandte Mathematik,’’ Bd. cxx1., Heft 4; 
Berlin, 1900. 

‘* Atti della Reale Accademia dei Lincei—Rendiconti,’’ Vol. 1x., Fasc. 2, 3, 
Sem. 1; Roma, 1900. 

** Berichte iiber die Verhandlungen der Konig]. Sachs. Gesellschaft der Wissen- 
schaften zu Leipzig,’’ No. 6, Bd. ur., Math.-Phys. Theil ; Allgemeiner Theil, 
and Naturwissenschaftlicher Theil; 1899. 

‘¢Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society,’’ Vol. xurm., Pt. 5, Vol. xzrv., Pt. 1; 1898-1899, 1899-1900. 

‘* Acta Mathematica,’’ Vol. xx11., Nos. 1, 2; Stockholm, 1899. 





* Copies (two of different dates) of J/ Giorno and a copy of La Perseveranza, 
sent by Prof. Cremona, were laid on the oe and also a memorial card from 
the Signora Beltrami. : 
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Problems relating to the Impact of Waves on a Spherical Obstacle 
in an Elastic Medium. By Prof. Horack Lams, F.R.S. 
Read and received March 8th, 1900. 


The scattering of elastic waves by a spherical obstacle whose pro- 
perties differ slightly from those of the surrounding medium was dis- 
cussed long ago, and applied to the illustration of optical phenomena, 
by Lord Rayleigh.* The present paper takes up the same problem 
in a more general form; thus in §5 the obstacle is supposed to be 
rigid and fixed; in § 6 it is rigid but movable; we next consider 
the case of a rigid shell containing a vibratory mechanism (§ 7) or a 
gyrostat (§ 8); in §9 the effect of a spherical cavity in the medium 
is examined; finally, in § 10, we have the case of an elastic sphere 
whose density and rigidity may differ to any extent from those of 
the surrounding medium. 

The investigation was undertaken originally with a view of ° 
obtaining a mechanical illustration of the selective absorption of 
light by a gas, on the hypothesis that this (apparent) absorption is 
due to a coincidence between the period of the incident waves and 
that of a free mode of vibration of the molecules. It was found, 
however, that in this field, as well as in others, the electromagnetic 
theory furnishes in some respects a much more complete analogy 
with optical conditions. It has also the advantage of greater mathe- 
matical simplicity. or these reasons the calculations of this paper 
were for a time suspended; they are now completed and published 
in the hope that they may still present some features of dynamical 
interest. 

The point above referred to, having been in the meantime dis- 
cussed at length in the papers cited below, is here treated more 
briefly in $11. It appears that the law of dissipation of radiant 
energy by scattering (when this is a maximum) has the same form 
as in the acoustical analogy considered in a former paper,t viz., we 
find that the ratio (J) which the energy dissipated outwards per 





* Phil. Mag., June, 1871; Scientific Papers, Vol. 1., p. 104. 
t ‘‘A Problem in Resonance, illustrative of the Mechanical Theory of Selective 
Absorption of Light by a Gas,’’ Proc. Lond. Math. Soc., Vol. xxx, p. 11. 
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unit time from the sphere bears to the energy-flux in the incident 
waves is given by | 
a i (1) 


2a 


where » is the wave-length, and » is the index of the spherical 
harmonic belonging to the particular type of free vibration in 
question. It is remarkable that this ratio is independent of the size 
or constitution of the spherical obstacle, and involves only the wave- 
length. The same law (as might be expected from the nature of the 
analysis) is met with in the corresponding electro-magnetic problem,* 
and appears to have a very wide range of generality. 


The notation for the various solutions of the differential equation 


UP 2(n+1) dh 


ee De 
dt? G dé +Ph= 0 (<) 


which are required in investigations such as the present can hardly 
be said to be definitely fixed. In the author’s Hydrodynamics, it 
has been proposed to write 


Bae ee asin ¢ 
AAs ORAS SEY SOEs Fe Gc + G a scatiet ) 
8 ne (ntl) U-» 2 (2n4+3)  2.40n4+3)(Cn+d) 8? 


(3) 





Vv, (¢) = (—)"( a oot 








Cac ieee 
elo Onin eC ¢ oh tent 
Paso. {1 JG eepeny Yh (1—2n) (8 —2n) poy’ 
(4) 
ana Fic (3 bah = he Ot © 5 (5) 


these notations will be adhered to in the present paper. The above 








* Camb. Trans., Vol. xvitt., p. 348. [See also L. Lorenz, Guvres Scientijfiques, 
Copenhagen, 1898, t. 1., p. 499, where the formula (1) is arrived at from a some- 
what different basis. The investigation was published (in Danish) in 1890; the 
writer regrets that he has only recently become acquainted with it.—Sept., 1900. | 

+ §§ 267, 309. 
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functions all satisfy equations of the types 


wi, (f) ss re esi (); (6) 
lyn (C) + (2n+1) vy, (O) = v1 (Q), (7) 


which are frequently required in reductions. We shall also have 
occasion to appeal to the formula 


" dy, =k petteell a dn 
Pn = 2Qn+1 tS dx 4 da a) (8) 








and its companions, where @¢, is a solid harmonic of (positive or 
negative) degree n. 


General Hquations. 


1. The component displacements (wu, v, w) at any point of an in- 
compressible isotropic medium satisfy the equations 








a? U 162 1 dp d?v IT? 1 dp dw IK? u dp 
By Agente atinees eh eT ja PAE) = FVw+— SP 9 
ihe pile dts ome pdy at Bie p dz or 
“ du , dw _ 


10 
dy dz Ge) 
where c is the Bee. connected with the rigidity (u) and 
the density (p) by the relation 


OL LID, (11) 


and p denotes the mean normal traction about the point (a, y, z). 


From these we deduce 
vp aur (12) 


In the case of simple-harmonic motion we assume a time-factor 
eso that 2r/k denotes the wave-length of plane waves of the same 
frequency. The equations (9) then take the forms 


(Sie nes OP (08a) ge ee ee 
pe dx pd be dz 
(13) 


In the problems which we have in view the medium is limited 
internally by a spherical surface (of radius a) described about the 
origin, and the disturbance may be regarded as made up of two parts, 
viz., the extraneous disturbance due to given sources at a distance, 
and the waves scattered outwards by the sphere. 
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If the medium were uninterrupted, the displacements due to the 
extraneous disturbance would be finite at the origin. Hence for the 
incident wave-system we may write 


Ray eS 2 n 
p= —puR S'S, (14) 


i ee 
where 





fell d n z ad TTT na Dada dtd +3 apr a 
[Se oa Si + (2+1) W-1 (Ar) aa Ther rw.) (hr) o 





d A 
+ 0) (yey) Os 





v1, = ay Set (7 +1) W,-1 (kr) : oT, —nk?r 3, ., (kr) = 


y 9 
ue (hee) (: Oe ) eu, 
d 








dex dz 
Ww, == £ 8,4 (n+1) Was : (kr) ,—nler eee Wal (kr) - dh. 
dz 71 
d d 
3) k PS eg ei n | 
+n ( Yer y 2) 0, 


(15) 


The function y, (kr) is defined by (3), and 8,, 7, U,, are spherical 
surface-harmonies of order n. The sign & indicates summation with 
respect to , which may have the values 1, 2, 3, ..... These formule 
make 


vutyv+zw => {nr"S,, +2 (n+1)(2n+1) yw, (kr) alae (16) 


du dv du du\ _ ake 
Nes a) 2 (fe dy) = TBP OD) te (hr) Us. 
(17) 


When the extraneous disturbance consists of a train of plane 
waves, the harmonics 8S, 7',, U,, are determined as follows. Assuming 
that the direction of propagation is that of x-negative, and that the 
vibration is parallel to y, we may write, symbolically, 


ema 


tii) OS 6 ae eto Os (18) 


the time-factor e”’ being omitted, here and elsewhere, for shortness. 
If this be resolved into the sum of a series of disturbances of the 
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type (15), we must have, by (16) and (17), 
5 {nr"S, +n (01) (Qn+1) yn (lr) Dy} = ye, (19) 
Sn (n+1) wy, (kr) 2 U,, = — tkze™. (20) 
Now, if we put 
“e=rcos@, y=rsinfcosw, z=rsin@ sine, (21) 
we have tkye™” = & (2n+1)(ckr)” y, (kr) sin 6 cos wP,, (cos 8), (22) 


where P,, (cos 6) is the ordinary zonal harmonic. We infer, by com- 
parison with (19), that S, = 0, and 


fis en BOOLE sin 6 cos w P’, (cos @). (23) 
n(n+1) 
Similarly, we find 
i Wonk (7k)” sin 6 sin w P,, (cos 6). (24) 
In particular, 
T, =4sin 6 cosw = 4, U, = — 2iksin 9sinw = —3ik—, 
Lr y 
(25) 
T, = 42k sin 6 cos 6 cos w = 41k | U, = 8k’ sin 6 cos 6 sin w = 3h” ig 
? ° 
(26) 


The component tractions p,., Py, Pr On a spherical surface of 
radius r described about the origin are given by 


Dy» = ap + pb (rs —1) utp (ut yo +20) 


Poy = yptu(r© 1) v4 Fag (aut yotau) oO (27) 
Dye = ZpP+ pe ( 2 —1} w+ p— Outed) 
‘ vr dr dz 
The parts of p,., Pry, Pr: Which arise from (%,, Un, W,) may be con- 


veniently denoted by F’,, G,, H,. Their values are written down 
here for reference, although they are not really required until § 6. 
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We have 
wn n+l £ S,, Y y” 7 r 
TE fp A, (hr) = or S,+B,, (kr) 2 ae +0), (hr) Sy aad Bi 
2n+1 £ fb d = 1) an | 
+D, (her) 1S +B, (hr) (y 25g) Ce | 
| 
S | 
Peek (hr) 8,4 By (ler) Pa) <3 Sn 40, (kr) < f, | 
n 
y y 3 y +, (28) 
2n4+1 < Le nl («= me Al! 
+ D,, (kr) sane (kr) oR ak Dn | 
| 
| 
7” Hipp =A, (ker) ey (ee ier <. Sn +, (kr) = es °?T, | 
‘ | 
| 
2n, . fis 2 ad d yl 
+ D,, (kr) 7°"*" nat (kr) (73,- <-| 0 Oy} 
ky? 
where A, (kr) = — ——. +2 (n—1) 
2n+1 . 
Ky? i (29) 
B, (kr) = s— 
ve) 2Qn+1 


CU, (kr) = (n+1) ‘ker Wn_1 (kr) +2 (n—1) Wy - (kr) } } (30) 
D, (kr) = — nk??? {er Wiai (kr) — Wn (kr) } 


Hi, (kr) = kr, (kr) + (n—1) vy, (kr).* (31) 


In the case of plane waves the terms in S,, as we have seen, are 
absent. 


Divergent Waves. 


2. We have next to consider the expressions for the divergent 
waves. For these we have 


p= pies 


ee SU, a eee, TD), 





: (32) 





* The steps of the calculation are indicated in Hydrodynamics, § 306. 
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where 
\ fs An 2 on a De 7 
yo a & ao + (2+ 1) f,-1 (kr) or T. —nker*? f,, (ker ee | 
d d | 
: ke ( Ce as =) .n ae 
OED) heparan tle 
| 
| 
ot eee ee hr) 5D nin? fer) te | 
dy 7 prt dy gt 
| p) 
d d n77 | 
Bettie hn) (2=—-2—) ru, | 
| 
| 
Th a Sn +(n+1) f,,.) (kr) “ rT, —nker ** Fay (ler) © 7 es = 
| 
d d | 
n kr («= — 2) *U,, 
BEC eae art | 


(33) 

i aD being the function defined by (5). The surface-harmonics 

S;, Ln, U, are to be found in terms of S,, T,, U, by means of the 

conditions which hold at the surface r =a. The admissible values 

of n are 1, 2,3, ..., as before, the case » =0 being excluded, since 

the volume enclosed by the spherical boundary will be assumed to be 
constant. These formule ea: 





oat 


a cab Olsauabye (lr) orf (34) 





cu+ yv+zw = > | esis 
dw dv du dw dv du 
“\dy¢ See, Pore 1 n kr a 
Hr ee eae & oy Sn (v+1)f, (kr) 7 
(35) 


Again, if we denote the parts of p,., Pry, Pre Which are due, to 
Gs Uns Wn) by JAS Gry a we find 




















1 BS | 

rF [p= A, (kr) — icxes TS +B, (hr) = - ies (ier) oP, | 

| 

272 + ad fie \ d ad n | 

+D) (kr) 2 i wt t Bar) (ye age) Us| 

| 

| 

ety = TRC eee gy et Buh) ya sot + Os (hr) FD | 
sae +, (36) 

Set galt deed | 

IBS k 2n+1 n i k Se a a n U, 

see er dy 1 net $2, Cpe oa) | 

| 

rHyly = Ay (hr) oy 28,4 B, (er) S Ba +0, (hr) © omy | 

| 

ie d | 

D, kr on+1 © Ei, k (« <) nT 

16 ( Tyr dz 7 mld ( 7) dy eee r Tn | 
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where A, (kr) = — hans 
= is Pate eel 
sae ; (37) 
\ Sro\ eee a i) 2 
By(br) = FP 2 (+2) 
J, (kr) = (n+1) fkrfi-1 (kr) +2 (n—1) fri (ker) } (38) 
Dy (kr) = — nk? Sher fae (kr) —firrat (er) } 
E,, (kr) = krf, (kr) +(n—1) f, (kr) }. (39) 


5. We have to examine the properties of the scattered waves at a 
great distance from the origin. When kr is large, we have 


k —_ ee —tkr . 
tel r) (kryett® ? (40) 


approximately, and therefore, keeping only the most important 
terms, 


d 








e7 kr EE A IS es pep ead BS 5 

eo ye ia sar Gee T — ner i) | 

| 

a” —ikr ad ad ns \ 

+ Genet aera) mos | 

| 

| 

= (2n+1) caus (< Tn — nye" Ty | : 
ae dy { : 
ar Sain ad d rat | ? ( ) 

Goi eam) oc 

if 

| 

= (2n+1) 7 e™ (= oT, — ner TT, | 

Un aa a ye dz n n | 

; | 

as ~tkr a eae “| nTT* | 

a (kry (27, y da t Un | 


where a slight transformation has been effected by means of the 
formula (8). We notice that u,, v,, w, are ultimately of the order 
l/r, whilst the radial displacement (xu, +yv,+zw,)/r 1s zero to the 
present degree of approximation. It is really of the order 1/7’, as 
is easily seen from (34). 

The geometrical interpretation of the two types of terms which 
appear in (41) is very simple. The terms in J), express a state of 
motion in which the particles on a sphere of large radius 7 are 
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vibrating in directions orthogonal to the contour-lines of the harmonic 
T,,, with an amplitude inversely proportional to the distance between 
consecutive contours, if we imagine these to be drawn for equal in- 
finitesimal increments of T;,. The terms-in U,, on the other hand, 
express a vibration along the contour lines of U;,, with a similar law 
of amphtude.* 


For example, if (in accordance with a later notation) we write 











\ \ \ aap 
Cl soe: (42) 
3B ey e+e ENG oe ; 
we have (um, V1, Wy) = =" (| —- A a | 7” (43) 
2k r T es ay 


The particles on a sphere of large radius r are here vibrating in the 
directions of the meridians in which the sphere is cut by planes 
through the axis of y, with an amplitude proportional to the distance 
from this axis. 


On the other hand, if 
rT, =0, 70, = —Stk Che, (44) 


BC, / y a Cae 

. \ \ \ 

we find (14, Vj) W;) = —— (2 ,—7—, 0) ——., (45) 
icy r i 

The lines of motion are circles about the axis of z, and the amplitude, 

for points at the same distance ry from the origin, varies as the dis- 


tance from this axis. 
Again, if rl, = aia a ea), (46) 
we find 





(u}, 03, 3) = — 


5B fy (Pte—2e) a(e+ar—y’) ayz\ e™ 
pace ( a1 1, ; . (47) 
2h 3 ia r r 


fr 


The lines of motion on a sphere of radius r are the orthogonal 
trajectories of the curves in which the sphere is cut by the hyperbolic 
cylinders wy = const. It is easily proved that these trajectories are 
the intersections of the sphere with the cones 2 = A (#—y’), where 
\is a variable parameter. They all pass through the four points 


fi Y 
(oe 751 0). 


The values of F,, Gj, H, at a great distance from the origin are 





* Of. Proc. Lond. Math. Soc., Vol. x1m., p. 194. 
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most easily obtained from (27) and (41). Having regard to the order 
-of magnitude of w,, v,, w, and (vu, + yv, +2w,)/r, we readily find 

Fi =—tkpu,, G,=—thkpv,, Hy, = —tkpw,. (48) 
It appears that the radial stress is relatively very small, as might 


have been anticipated from the fact that the waves tend to become 
ultimately plane. 


Propagation of Energy Outwards. 


4. The formulee (41) and (48) enable us to calculate a very useful 
expression for the rate at which energy is carried off by the system 
of scattered waves represented by (32), (83). If, after restoring the 
time-factor, we take only the real parts of our expressions, the rate 
in question is equal to the mean value (with respect to the time) 


du dv 4 
wee Dr +p +p LS 49 
\| ( dt a4 di "Ot ee ( ) 


taken over the surface of a sphere, of any radius 7, described about 
the origin. For simplicity of calculation we may suppose 7 to be 
infinitely great. 


of the integral 


It appears on examination that, if m and x be distinct, 


du. dv,, dw, 
f ihe —* Go Hoe “s) ds = 0, 50 
(| ( Mle ae Dede ce, 


in virtue of the conjugate property of spherical harmonics of different 
orders, so that the expression (49) reduces to the form 


r , du, , av. aw, 
_— maui nu \. l 
3 || (7, Be +, 4 Hr, Me) ag (51) 





Moreover, it is easily seen that the terms in this expression which 
involve combinations of 7", with U), will disappear.* 


Let us now write in (41) 
TD. = ©, $i. (52) 


Taking real parts, we have, so far as the terms in 7’, are concerned, 


du, 2n+ 1 { (= av 
—- = ke oa - PD, i k t— 
dt (kr)" inn a S08 ene) 





a, (ie ay eae sin k (ct—r+e) ; » (53) 
\ dx r 





* See Camb. Trans., Vol. xvmit., p. 357. 
VOL. Xxxu1.— no. 718. K 
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where e may be 0 or z or +47. Also 





es peas fan (54) 


where the wie in { {are the same as in (53). Hence, so far as 
it depends on T',, the mean value of the expression (51) will be 

















june SN (CG Se) + (Ge ada) (Bee 50.) 
= oe sD f(Y (at) (BAYS 
o(Gh)(Y ee Saps a 
In the same way, if | 
1 Us = Antes | (56) 


we find that the mean value of (51), so far as it depends on U}, 
will be 


























soto ole) 
= ¥lia (| { (Ce) (E+ 
+ (Bes GS + (Me) — us xi} as. (57) 


The expressions under the integral signs in (55) and (57) are the 
sums of the squares of the tangential components of the vectors 
(d®,/dx, d®,/dy, d®,/dz), &c., as might have been foreseen from the 
geometrical interpretation indicated in §38. Now, turning to polar 
coordinates, if ©, be a surface-harmonic of order , we have 


* Z dQ ; dQ 2 ) . Qa us D) . ‘ 
ea alt nm { a ne l Q” 9 ha , 
[ eee i eeaee J sin 6d0 dw = (w+ )| [ sin 6d0dw 


(58) 
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Hence, summing the expressions (55) and (57), we obtain 


‘yes mae!) if [ {(2n+1)'k?|T.2+|U;/?} sin@dodw. (59) 
0 0 


In the case of incident plane waves, the formule (23) and (24) 
suggest that we should write 


\ . Seve) oes 
Le a 5, T, — B, Rie) ota ; ; acc 
; AGE) sin 6 cos w P,, (cos 8), (60) 


ee ‘ aS og 2n+1 7\n 8 o , 
US ete GEaED) (tk)" sin 86 sinw P, (cos @). (61) 


Wah (70 fares 
Since | | fsin 6 cos w P), (cos @) ¢* sin 6 dé dw = 
/9 0 





2rn(n+1) , 
seal Nae io & 62 
2n+1 ” oc 


the expression (59) now takes the form 
mpc (2n+1) {| BL P+|C, Py. (63) 


The proper standard of comparison here is the energy propagated 
per unit time across unit area (of the wave-front) in the primary 
waves represented by (18). This is equal to 4uk’c. Hence, denoting 
by I the ratio which the energy dissipated by the scattered waves 
bears to the energy-flux in the primary waves, we have 


P= 23 (2n+1) {| BP +I O13. (64) 
This has exactly the same form as in the corresponding Elecite: 
magnetic problem.* 
Fixed Rigid Obstacle. 


». We may first suppose that the internal boundary (7 =a) is 
absolutely fixed. The surface-conditions then are 


Sy (Ua, —— Ope Une Ua) —— Omron en 10,.))— 0) (65) 


If we substitute the values of w,, Un, Wns Uns Un, Wn from (15) and (33), 
we deducet 


Spt (a +1) Wn_1 (ka) T+ (n +1) f,-1 (ka) T, = 9, (66) 
—nkary,,., (ka) T+ ae —nka*f,,; (ka) T,, = 0, (67) 


w, (ka) U,+f, (ka) U;, = 0. (68) 











* Camb. Trans., Vol. xvut., p. 358. [See also Lorenz, loc. cit., p. 492. 
t The proof of these and similar inferences in the sequel is indicated in Hydro- 
dynamics, § 307. 
K 2 
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These determine the harmonics S}, 7}, U, in terms of S,, 7, U,, 
which are regarded as given. 

When there is no extraneous disturbance, we have S,, = 0, 7’, = 0, 
U,=0. The free vibrations involving 7, have values of / deter- 


mined by Ali (hae ee (69) 


thus, for n = 2, we find tka = —1. Since the time-factor is e””, this 
gives an “aperiodic” vibration e“”. The free vibrations involving 
U7), have values of k determined by 


piven el) (70) 


The characteristic of all these free vibrations, whether oscillatory or 
not, is that the ‘“‘modulns of decay” is comparable with the time a 
plane wave would take to traverse a distance equal to the radius of 
the sphere. 

In the case of plane incident waves, we have S, = 0; and, if we 
further suppose that the wave-length is large compared with the 
dimensions of the spherical obstacle, ka will be a small quantity. 
Hence, keeping only the most important terms, we find 











VS ae W,,-1 (ka) ea) ( kann ‘ 
O° > Caen f,, (7 
Peer le ery 
= Ww, (ka) ip Cas v.. (72) 


ae t,he {1.3... (Qn—1)}? (Qn 41) 


The most important part of the scattered waves is that repre- 
sented by 7). Since, from (71) and (25), 


T; = —kaT, = —ika = (73) 


the corresponding vibration (wu, vj, w) at a distance from the origin 
is found by making Bj = —ka in (43). This type of vibration is 
familiar in problems such as we are engaged on, but the amplitude 
is now much greater than usual, viz., in a ratio of the order (ka)~’. 
This is accounted for by the abnormal degree of constraint imposed 
on our medium at a rigid and immovable boundary. In the corre- 
sponding acoustical problem,* where plane waves of sound impinge 
on a fixed sphere, there is complete freedom of lateral motion at the 
surface. 








* Lord Rayleigh, Theory of Sound, § 334. 
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The formula (64) gives for the dissipation-ratio in the present case 


Da Oras. (74) 
approximately. 


Rigid Movable Sphere. 


6. Next suppose that a perfectly rigid but movable sphere is em- 
bedded in the medium. The tractions on the surface will reduce to 
a force (X, Y, Z) and a couple (Z, M, N). When the incident wave- 
system is that given by (18), the components Y of force and N of couple 
will (in the absence of gyrostatic influence) be the only ones which 
do not vanish, and the motion of the sphere will consist of a linear 
oscillation in the axis of y and an angular oscillation about the axis 
of z. It is convenient, however, in the first instance, to treat the 
problem more generally. In any case it appears that the only parts 
of our general formule which will contribute anything to the values 
of X, Y, Z, L, M, N are those for which x =1; moreover, that the 
linear and angular motions of the sphere are independent, the former 
depending on the harmonics S,, 7, and the latter on U,. For n>1, 
the determination of S,, 7, U} interms of S,, 7',, U,, will be exactly 
the same as when the sphere was fixed (§ 5). 


We find Neath en) as | 
Y= {[(G,+G@) ds -, (75) 
Z = {{(H,+H;) ds 


L=ff fy(H,+M)—<(G,+ @)} ds 
M =f {2(F,+F))—2#(H,+H})} ds +, (76) 
N= ff {x(G,+G@) -y(F,+ F)} d8 


where the integrations extend over the surface =a. Hence, sub- 
stituting from (28) and (56), we find 


; d ~ l d 1\ 
NG = — Srukas | nS Td, + Oe ne rs; ; 
2 / d / d \ 4 
48a ka { Wi (hue) © rT +fo (Fea) © rT } cry) 


Li = Sapa { yi (ka) per Oth ha Trt} oe 
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with similar equations. We may therefore write 


—Sepka! (s, + % a) + Smmka® {ys (ka) T, +f, (ka) Tt = Xv + Vy + Ze, 
(79) 
—8rpka? fyi (ka) U, +f; (ka) U1} = Le + My + Nz. (80) 


Again, if (a, B, y) and (€, 7, ¢) be the linear and angular displace- 
ments of the sphere, the kinematical relations to be satisfied at the 
surface 7 = a are 


mtu =atne—by, Wty = Pt oa-k&, ww = bee nu. (81) 
Hence, by (16), (17), and (84), (35), 


a (8,-254) +60 {yy (ha) Ty +f, (ka) Ti? =ar+By+yz, (82) 


—a fy, (ka) U,+f, (ba) 02 = Get ny + &. (83) 
It follows also from (15) and (33) that we must have : 
. — Ia? {yy (ka) T, +f, (ka) T}} = 0, (84) 


since the surface-harmonics of order 2, in the values of 7, +2, v, +1, 
w,+w; must cancel. 


We have, further, the dynamical equations 


d*a. @B aye 
aa __ Valp ee eVi bey 
m a= xX, an 7 Dan Z, (85) 
PE oes iit 
==" 17, —— ii eeo wa = N 
Kaa : Ket 7 =) Ca = ' (86) 


where m denotes the mass of the sphere, and K its moment of 
inertia. There is an obvious convenience in writing 


m=«.anrpa’, K =v,4rpa>.2c’. (87) 
Remembering that the time-factor is e”, and that c = p/p, the 
equations (85), (86) give 
Xe+ Yy+Zz2=—k. Sruk'da’ (av+hyt+yz), (88) 
Le+ My+Nz = —v.Srpk’o’ (€e+ ny + 2). (89) 
Hence, from (79) and a, 


(x—1) 8, (2+)! V4.6 («—1) fy (ha) T,-+f, (ka) T3? = 0.- (90) 
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Combined with (84) this gives 
(x1) St { (2e+1) Yo (Kea) — yh (Fea) } 1, 
+ { (2«+1) f, (ka) —9f, (ka)? T} =0, (91) 
where a simplification has been made by means of (6) and (7). 
Similarly, from (80), (83), and (89), we deduce 
{tyka Wy (ka) + (ia) } U,+ favka f, (ke) +f; (ka)} UJ; =0. (92) 


The free rectelinear vibrations which the sphere can execute in the 
absence of extraneous disturbance are found by putting S, = VU, 
T, = 0 in (91), whence 


(2«+1) f, (ka)—9f, (ka) = 0, (93) 
or (Qe +1) (cha)? +9 (tka) +9 = 0. (94) 


If «>, the roots of this quadratic in ¢ka are complex, with a real 
negative part, v1z., 





ys as She gpa ARS ea 


An +2 An-+ 3 Cu 


This indicates a periodic oscillation with a gradually diminishing 
amplitude. When the ratio (x) which the mass of the sphere bears 
to that of an equal volume of the medium is a large number, the 
wave-length corresponding to the period will be large compared with 
the radius of the sphere, and a considerable number of oscillations 
will take placc in the interval required for the amplitude to diminish 
in the ratio 1/e. When «<3, the values of ika are real and negative, 
and the vibration is aperiodic. 

Again, the free rotational vibrations of the sphere are found by 
putting U, = 0 in (92); thus 


gvkaf, (ka) +fi (ka) = 0, (96) 
or » (tka)? + (v +5) (tka)? +15cka +15 = 0. (97) 


When v is large one root of this cubic in tka is —1—}4y, nearly, 
corresponding to an aperiodic motion. The others are given by 


spy desks nicl Sere eee 
tka = — 75 bt y/ (>); (98) 
approximately; and it is to be observed that the modulus of decay 


is, relatively to the period, very much longer than in the case of the 
rectilinear vibrations. 


136 = Prof. Horace Lamb on the Impact of Waves on a [Mar. 8, 


In the case of the plane incident system (18) we have 8, = 0, and 
the values of 7; and U; in terms of T, and U,, respectively, are given 
by (91) and (92). When «x and y have only moderate values, simple 
approximate expressions are easily found for the case where ka is 
small; thus 

Ti = 2 (k—1) kT, Ui = pe (v—1) aU, (99) 
showing that the angular motion of the sphere is of secondary im- 
portance. We must remember that T; is now of equal rank with 77, 
being given by (71). The most important parts of the disturbance 
at a distance are therefore found by putting 


B, = 2 (x—1) K*a®, = BL = — ik’ a’, (100) 
in (43) and (47) respectively. The dissipation-ratio is 
T= § 8 («—1)? +42} 2a? (ka), (101) 


approximately, showing the usual law of dependence upon wave- 
length. 

The expressions (99) vanish, to our present degree of approxima- 
tion, when k=1, v=1. For «=0, v=0O they coincide with the 
results obtained below in § 9 for the case of a spherical cavity in the 
medium. 

When, on the other hand, «x and y are so large as to be com- 
parable with (ka)~*, the above approximation is insufficient. It is 
clear however that, except in the neighbourhood of the critical wave- 
lengths referred to in $11, the results must tend to coincide with 
those obtained in §5 for a fixed sphere, and in particular the 
dissipation-ratio must tend to the value (74). 


igid Shell contacning a Vibratory Mechanism. 


7. The investigation of the preceding section may be readily 
extended in various ways, by imagining that the sphere is hollow 
and contains a dynamical system capable of storing potential and 
kinetic energy. Various arrangements of this kind have been 
suggested by Lord Kelvin. As a sufficient example of a system 
devoid of gyrostatic influence, we may take the case of a rigid 
spherical shell containing a central spherical nucleus attached to it 
by springs. 

To calculate first the linear vibration parallel to y, such as will be 
called into play by waves of the type (18), let m denote the mass of 
the shell, m, that of the nucleus, and let 6, , be the displacements of 
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their centres. If 27/c, be the period of vibration of the nucleus 
when the shell is held fixed, we have 





a? 2 
oe = —o?(8,—8) (102) 
20 2 
and m ue + id mtd (103) 


where Y denotes, as before, the effect of the stresses on the outer 
surface. Writing —k’c? for d’/dt?, and eliminating (3, we find 





_ (m+m,) oj —mk?c? i283 = Y 104. 
o—khe . ie a San 
If we put m=K.anpa>, my = ky. apa’, (105) 


it appears that to adapt the various results of §6 to the present 
circumstances we have merely to replace x by 





,_ (K+) oi —Kkc? a 
k= EEE See (106) 
The limiting form of the result when the inertia of the nucleus is 
very great is obtained by putting «,=0, o,=0, whilst x,o} is 
finite. The shell then behaves as if (in addition to the force Y) 
it were urged to a fixed position by a force varying as the distance. 
Similarly, if the springs resist rotation of the nucleus relatively to 
the containing shell, we have to replace v by 


Vv 





»_ (v+y,) 2 —vkic? 
0 


where the constants v, %, o, have analogous meanings, as regards 
rotation, to those adopted for x, «,, o, in the case of translation. 

It is evident in each case that the approximations we have made 
on the assumption that ka is small will require revision when ka is 
nearly equal to o,a/c. The further consideration of such questions is, 
however, deferred to § 11. 


Ttigid Shell containing a Gyrostat. 


8. To examine the kind of modification that will be introduced 
into our results by gyrostatic influence, we may imagine that the 
sphere of § 6 is replaced by a spherical shell containing a gyrostat in 
rapid rotation. The first part of the investigation proceeds as before, 
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until we come to the dynamical equations of rotation (86). These 
now take the forms 


Es ning it 
Kaa te dt Qa 
Ko ae ae aang es (108) 


dt" dt dt 


eS eae 
K~4+Q=—-P=N 
Mea 


The symbols P, Q, &R here denote the components of angular 
momentum of the gyrostat when the containing shell is at rest in 
its equilibrium position. 

Special interest attaches to the two cases where the axis of the 
gyrostat is parallel and perpendicular, respectively, to the direction 
of propagation of the plane waves. 

In the former case we have Q = R =O, and the equations (108) 
reduce to 


dé dn , pat at pan_ yn 109 
Se Kat A aane Ke dt ee 


The last two are equivalent to 


Add Senate ws 
KS (nti) —iP © (n+ if) = M+iN 
(110) 


K& (gif) +P 4 (nif) = MN 


The rotational oscillations about the axis of x call for no special 
treatment. In the remaining types we have = 0, I = 0, and either 


it ee nee Ty 


dn aa we (111) 
k— selves JB 
with 7p —iP or 
or =-i2w, M=—iN 
a? dn (112) 
with ao Pa =M | 


In the case of (111) we may write 


rU, = B(y—iz), 1U, = B (y—2z). (113) 
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Hence, from (83) and (80), 


9 = — { By, (ka) + BY, (ka) t, (114) 
M = —8rpka' 5 By (ka) +B f; (ka) }. (115) 
If we write eave TOd 0, el ar, (116) 


w being a quantity of the nature of an angular velocity, and if we 
assume the time-factor e*” in (111), we find 


{ by (ka— =") yy (ha) +yf (ka) ; B 
# {a (ha— ©) f(a) +fi (ha) B' =0, (117) 


which is the altered form of (92). 
In the free oscillations of the type (111) we have B= 0, and 


by (ka— =") f, (ha) +f (ha) = 0, (118) 
or bv tka (ka+1) (iha—i =") + (iha)*43ika+3 =0. (119) 
If vis a large number, one root of this is ika =—1, nearly ; this 


indicates a rapidly decaying vibration. If, further, wa/c be small 
compared with ./(15/v), the remaining roots will be 


tka = tha, —tk,a, | (120) 
where LE a is +19", ka= Ms —i de (121) 
ae he 


=D. 


nearly. It may be shown that in the motion corresponding to 
the positive value of k the axis of the gyrostat has a positive 
precessional motion about the axis of x, whilst the negative root 
gives a negative precessional motion. The period (27/k,c or 27/k,c) 
is shorter when the direction of the precessional motion agrees 
with that of the rotation of the gyrostat than when it is opposed 
to it. 

If we substitute from (113) in (41), we find that at a distance 
from the sphere 


. \ . . = S et (ct-r) 
(ui, 0}, wi) = (— EE, cay . (122) 


ker i a | en tha (ctr 
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At points on the axis of # the vibrations are circular; in the wave 
corresponding to k, they have the same sense as aw, and in the wave 
corresponding to k, they have the sense opposite to that of a. 
At points of the plane yz the vibrations are rectilinear, and parallel 
to @. 

The consideration of the system (112) leads to similar con- 
clusions. 

To examine the effect of the obstacle on a system of plane waves 
it is necessary to analyse these into right-handed and left-handed 
circular vibrations. Fora train of right-handed circular vibrations, 
say 

tbe Ove =alg ate ken Oo, (123) 


the formule (113) will apply, provided B = 8k. The value of DB is 
then given by (117), and the scattered waves by 


\ \ Wea s iB vy +z tv AY ik (ct-r) 124. 
(uy, V5 W}) 5 98 || aa a ee é ’ ( oa ) 
k*r r ie eR 


which has just been interpreted. The case of a train of left-handed 
vibrations could be treated in a similar manner, but the result will 
evidently be equivalent to reversing the sign of @ in (117). 

To investigate the case where the axis of the gyrostat is perpen- 
dicular to the direction of propagation of the plane waves, it will be 
sufficient to take the case where the vibrations in these are recti- 
linear, as expressed by (18), and the axis of the gyrostat is parallel 
to the direction of vibration. If we put P=R=0, the equations 
(108) reduce to 


aé Loe Ae ae dE a7 
ee = / (125 
KA -QSa1, Kau, KS+Q4=N. (25) 


So far as the effect of the plane waves is concerned we may suppose 
that 7 = 0, M=0. Also, assuming 


rU, = O2z,° rU, = A'at+ Cz, (126) 
wernt: po f= if, (ays) Cen GUM eagle) 
L= —8mphatAfi(ka), N= —Snuka* {Ov (ka) + Cf} (ka)}. (128) 


Writing Q) = Ko (129) 
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and substituting in (125), we find 
flykaf, (ka) +f; (ka) {AS +4 Biv Of, (ka) O° = —2i Biv © alka) O, (130) 


—liy f, (ka) A+ {Av kaf, (ka) +f; (ka)} CO 
= — jtvka yy, (ka) + (ra) } C, (131) 


whence 
| {avka f (ka) +f; (kat? _ { ay =a 1 (ka) } |4 


= — fy Oe — th (ka) fi (ka) —f, (ka) Wi (ka) t 


. wa l 
a aici 


ie (132) 


and 
| {Arka f, (ha) +71 (ha) }?— {ay ™* 7, (hay bo] S 
— [pr kays(ka)-+9i(ka)} {ka (ka) +f; (ba) } 
<n Ey, (ha) fi (ka) |. (133) 





If we substitute from (126) in (41), the component Se 
at a distance from the origin are given by 








(1, V1, Wi) = 


i (Cy A'2—CO'v = em (34) 


5) 9. awe 
ker \ r r 


For sufficiently small values of w the value of C’ will be sensibly the 
same as in the problem of §6, whilst A‘ will be relatively small. 
The chief effect of the terms in A‘ will be to introduce a small vibra- 
tion parallel to y at points on the axis of z, whilst at points on the 
axis of y the previously rectilinear vibration will become elliptic, the 
elliptic orbits being very elongated, with their major axes parallel 
to the axis of z. 


Spherical Cavity. 


9. By way of contrast with the problem of §5, we may next con- 
sider the case where the inner boundary r =a is free from stress ; 
in other words, there is a spherical cavity in the medium. It 
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appears from (28) and (36) that the surface-conditions 
2 (K+) = 9, 2(G,4+G,) =9, &(H+A,) =0 (135) 


will be satisfied, provided 


A, (ka) 8+ C, (ka) T,+-As (ka) 2" +0. (ka) 2, = =0, (136) 


se 


B,, (ka) 8, + D, (ka) T,, +B), (ka) 





2S" +D, (ka) T,=0, (137) 


EB, (ka) U,+ ES (ka) UT, = 0. (138) 


Leaving aside the ‘“‘ free”’ vibrations, we have, when ka is small, 








ka? 
A, (ka) = 2 (n— = 139 
(ka) =2(n—1), B, (ka) = 525, (139) 
2 (1) nla? 
OK k = fu =a aC TON 
oo) 1.3.5. Qn—D oe) 1.3... (2n+3) 
f , (140) 
TNO Ae i 
# (b8) gare nee) 
Ay (k a aE eC 2 (n+2 141 
IE) ae » (ka) = — (a+ Ny: ( ) 


% 1.3...(2n—8 1 
UC, (ka) = same aaa 





, 1.3... (2n+1) 2 2 , 
niga EtBreyanea | ay 


v7, — _ 1.8...(2n—1) (mn +2 


approximately. Substituting in (136), (137), (188), we find that 


when S,, = 0, as in the case of incident plane waves, 








eee 2n-1 
T= 2 (n?—1) (ka)? T.,, (143) 
11.3... (2n—3) }?(2n—1)(2n*? +1) 


Fe (PE) ie (144) 
1.3... Qn—1) }? Qn41)(n4+2) 
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The case n= 1 is exceptional, and demands a closer approxima- 
tion. We find 


A, (ka) = — 3hta?,  B, (ka) = 3Mta’, (145) 

O, (ka) = —2k’a*, D, (ka) = 7h’o?, EH, (ka) = —75h’*a’, (146) 

Aj (ka) = —4k’a’, Bi (ka) = —6, (147) 

O\(ka)=— 2, Di(ka)= 5, Bi(ka)=—3,, (148) 

and thence Ti = —2h*eT,, Uj =— Aka’. (149) 
Since, from (143), T, = 2k a'T,, y (150) 


it appears that the most important terms in the expressions for the 
scattered wave are those which arise from T; and JT. In the case of 
the wave-system represented by (18), we have 


Ti tisha Lakhol oe (151) 
r r 
the terms in question are therefore obtained by writing B} = — 2°a°, 


B, = 2k*a*, in (43) and (47). And from (64) the dissipation-ratio 
is found to be 


IT = Srk*a’ + g2rkta® = $42a’ (ka)s, (152) 


approximately. This gives the usual law of intensity varying as the 
inverse fourth power of the wave-length. 


Elastic Spherical Obstacle. 


10. In the case of an elastic incompressible sphere of density p, 
and rigidity w, embedded in an incompressible medium of density p 
and rigidity w, we may write 


Co = Mo/os (153) 
and, since the time-factor (e*”) is everywhere the same, - 

ky C= heh (154) 
whence tie enh i eae (155) 
The formule appropriate to the interior of the sphere will be of the 


same character as those of §1, with hk, written for k, and p, for p. 
The typical expressions for the displacements inside the sphere may 
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therefore be taken to be 








Wy = “ SS, +(n+1) Wn-1 (yr) Ty nk fe aR (ky ") = g a 
Zz 





fhe > 

Un = Sy + (041) Yn (kyr). ST nk 208 ga (lyr) a = | 
+, (Ky r)(yS —2 £) “7 | 

dy | 

poe paige Ce (a l)y (Ii r) aye er sy 1 (Ky pe d iB 
n dy n-1 n + ‘dy yntl 
f? 

+, (hy Nei-ag) ret Os | 

| 

| 

| 

| 

| 

| 

a 


d Noy are 
+, (ky) (« a << =) Ue 
(156) 


The corresponding stresses F,’, G, H, on a sphere of radius 7 will 
be as in (28), with », written for u, k, fork, and S;, T\’, U; for 
Si, Dn, Un, respectively. 

The continuity of displacement and stress at the surface r =a 


requires 
tt \ = \N AM bee, \\ a \ \\ 
Un ap Un = Uy, 9 Un Se Un ae Un 9 Wy as Wy = Wy 9 ( 157) 
\ AN \ \\ \ ~ 
ee = FE, = i b] G; te Ce = Ce. t] dak, a dns = Hees qd 58) 


These lead in the usual manner to the formule 


S,+(a+1) Ya (Aa) T+ (nm +1) fr (4a) Th, = Sh + (2 +)) Waa (Aya) TS, 


(159) 

~nl¥at Yyi(ha) T+ - Bn nite? f,41 (ka) Ty = —nBta’ys x (kya) TS, 
(160) 
W, (ha) U, + fn (ha) Un = Wn (kya) OF, (161) 


and 


A, (ha) Se + eOy( ba) Tt Al (ha) 2 Ohare 


aan 


= me's a) SS + py Cn (h a) T’, (162) 


wB,, (ka) S,+ “D, (ha) T+ pB, (lane + uD, (ka) T), 


qmtl 
= py B, (hoa) 8 + yD, (koa) Ts, (163) 
nL, (ka) 0, +p E} (ha) 0} = py By (ga) 0, (164) 
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where the functions A, (4a), A; (ka), &c., have the meanings assigned 
in (29), (30), (31), and (87), (38), (39). 

When the extraneous disturbance consists of plane waves, we 
have S, =0. If, further, ka and f,a be both small, the values of 
T,, and U;, in terms of 7’, and U,, respectively may be approximated 
to without much difficulty. Thus, for n = 1, we find, making use of 
the formule (145) ... (148), 





oT + 2 T — S497, (165) 

— aa, + 3 — ps i= — tee (166) 

—2u aT, — ty Rat 51 2A — 4 alSY—2ukoD, (167 
3h 1 Beha pCa ay Pe ae ahha iS; —seyohy aly, ( ) 
ep MoT, —6u = 14 18H ty Bat! + AemyktaeT, (168) 


ka? 


where nae the most important part of each coefficient has been 
retained. 

The solution of these is facilitated by the consideration that 7’ 
must be of the order /?a* compared with 7\, as is seen from the re- 
sults of § 9, which deals with a particular case of the present problem. 
Moreover 7;' must be of the same order as 7. We thence find, from 
(165) and (166), 
pe Ae he (169) 


Sides o/ Ma Ly: (170) 
Then (167) leads to the result 
Pe akg Mako me HOOD ais, a’ (2. —1) T, (171) 
bo p 


by (155). This agrees with (149) if we put p, = 0.* 
Similarly, the approximate forms of (161) and (164) are 


LU, + a5 = BN, (172) 
Dea: De en eS 173 
Te BY ota tT 16 aaa TM» ot U1, (173) 





* It is to be noticed that the equations (167) and (168) cannot be assumed to be 
sufficiently accurate for the determination of Sn and fe owing tothe approximate 
cancelling of the second and third terms in (168). The inain interest lies, however, 
in the determination of 7}. 


VOUS RIN LY, L 
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leading to T = Aka? ( " 1) ae (174) 


which also may be compared with (149). 

It appears, on reference to (99), that the values of T} and JU; are, 
to our present degree of approximation, the same as if the sphere 
were absolutely rigid. This might have been foreseen, for the terms 
in Ty’ represent, when f,a@ is small, a mere translation of the sphere as 
a whole, whilst those in U;‘ represent a pure rotation. 


Form >1; I find 





cee 2 (n° —1) (Hy— #) (ha) 7 
Tt = — 0 fhe Vers) 
2 (nv? —1) pot (2? +1) $1.3... (2n—38) {' >(2n—1) wile) 





0 = — (n—1)(H—») (ka) 
: (n—1) pot (M42) mw §1.3... Qn—1) PQn4+)) Be, sOuaty 


These coincide with (143), (144), if we put », = 90. In particular 
\ 2 Za (Ue pb) a3 Mo + = 
he ST Dee pe 
IES Gp, + 9u a Us Ee Oi, Sea ae 


The most important part of the disturbance at a distance in the 
scattered waves is therefore obtained by writing 


B =3(%—-1) Ba’, By = — ae a’, (178) 
0 


in the formule (43) and (47), respectively. The approximate value 
of the dissipation-ratio is 


t=\ 4 Tid h pom) + Mtoe 2 (hq). 179 
27 ( p (6+ 9n)? 7a ( a) ( ) 


Liffect of Synchronism. 


1]. In the various problems above considered, general formule 
have been obtained for the disturbance produced in a train of plane 
waves by a spherical obstacle constituted in various ways; but no 


* When (0)—p)/po and (uy—p)/u are small, we have 





Fri 9a OE Tee igs ae 
p ra 
If we substitute the values of 7, and 7, from (25) and (26), and work out the ex- 
pressions for the component rotations of the medium, in the scattered wave, we 
reproduce results given by Lord Rayleigh in a paper already cited (p. 120). 
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special examination has been made of cases where there is coincidence, 
or approximate coincidence, between the period of the waves and a 
natural period of vibration of the sphere. In this respect interest 
attaches chiefly to cases where the free period in question corresponds 
to a wave-length large in comparison with the circumference of the 
sphere, but our results will not be altogether dependent on this 
supposition. 

The first instance where a free period of this character was met 
with was in the rectilinear vibrations of a rigid but movable sphere 
($6) whose inertia bears a large ratio («) to that of an equal volume 
of the surrounding medium. If in (91) we put S, = 0, the accurate 
formula for the scattered waves of type 7; takes the form 








Ty _ _ (e+) vo (ta)— 9, (ka) __ g(a) agg) 
qT (2e+1) fy (ka) —9f, (ka) Ta) —ig (ka y 
where 
a = (2«+1) p, (ka) — 9, ce (ha) = (2x+1) ¥, (ka) —9Y, (ka). 
(181) 


The modulus of the expression in the last member of (180) is never 
greater than unity; but it attains the value unity, and the amplitude 
of the scattered waves is therefore a maximum, when 

Cha) = 0s (182) 


If we substitute the values of W, (4a), ¥, (4a) from (4), this equation 
reduces to 





tan ka = * £2 fa - (ass) 
The situation of the roots is easily found by a graphical construction, 
and it appears that when « is large there is a small root given mee a 
first approximation) by 


Oe ree 184 
dips e-=8) | ait. 
a result which may be compared with (95). When (182) is satisfied 
exactly, we have pei, (185) 
Hence, putting B} = — 7 in (64), we have, for the dissipation-ratio, 
| Om Os 
oy ge Meee 186 
i jie Doral oes 


where A is the wave-length. 
L.2 
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A similar argument applies to the rotational vibrations. We find, 


from (92), Ui sila WOO east (187) 
U, — @ (ka) —ig (ha)’ 
where 


g (ka) = tvhaw, (ka) +vi (ka), G (ka) = tv ha¥, (ha) +¥i (ka). (188) 


The wave-length of maximum dissipation is determined, as before, by 
G (ta) = 0, or 
1 Ska 


ORIN 1 tate eer ae DL 
nee On sweo 15 


(189) 


The dissipation-ratio, when this is exactly satisfied, is given again 
by (186). 

It is evident that the form of (180) or (187) is quite independent 
of the special hypotheses here made, or of the value of x. The general 
value of the dissipation-ratio [, when this is a maximum, is 





fee elas yS (190) 
On 


where 7 is the order of the spherical harmonic involved. 


The wave-lengths of maximum scattering are in all cases sharply 
defined. It would be easy to institute calculations showing the effect 
of a shght deviation from a critical period ; but this point has per- 
haps been sufficiently illustrated in the former paper.* 


12, The particular example, just referred to, of a rigid sphere em- 
bedded in the medium is in one respect unfitted for the illustration 
of optical phenomena. In order to obtain a free period large com- 
pared with a/c, it was necessary to ascribe to the sphere a great 
relative inertia. It appears from §5 that this implies a very con- 
siderable general scattering of incident waves, independently of any 
approximation to the critical wave-length. The dissipation, as given 
by (74), is, in fact, of the order (A/a)* compared with what we know 
to be consistent with the actual degree of transparency of the 
atmosphere.t 

The difficulty may be met, though perhaps rather artificially, if 
we have recourse to the more general suppositions of § 7. Let us 





* Proc. Lond. Math. Soc., Vol. xxxi1., p. 18. 
ft Lord Rayleigh, Phil. Mag., April, 1899. 
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suppose, for simplicity, that. we have a rigid massless shell enclosing 
a nucleus attached to it by spriugs. Putting « =0 in (106), we have 


9 


, kK, oO. 
ye le 
—Ke 


(191) 





2 
0 


If we substitute this for « in (94), we obtain the equation to deter-. 
mine the free periods, viz., 





245% 2.2 OQ, ws 
(1+ 7) Hat —9ika—9 = 0, (192) 
If the stiffness of the springs and the mass of the nucleus be so 
adjusted that o,a/c is small, this will be satisfied approximately by 


Se aa | aes 
ita = Te + (14922) (193) 


The wave-length of this free period is large compared with a, inde- 
pendently of the value of ky. 

To determine the forced oscillations we find from (180), with «’ 
written for «, and from (193), 


T Ce (els 


AL Welk ACT hy neinuers 8 | 
dp: (2«°+ 1) Pa? —Vka—9 fe eee 





provided the value of 4a does not approximate to that given by 
(193). The dissipation-ratio will then be of the usual form 


I= Ca? (ka), (195) 
where CU is a moderate numerical factor. 


| | Again, we might employ the hypothesis of an elastic sphere, con- 
sidered in §10. To obtain free periods with wave-lengths large 
compared with a, we must suppose the constants so adjusted that ¢,, 
defined by (153), is small compared with c; in other words, we must 
have p/p, small compared with p/p. Since we are precluded, for the 
reason above given, from assigning any great relative inertia to the 
sphere, the only assumption left to us is to imagine that p, is small . 
compared with pu. 

_ With molecules adjusted in this manner we might build up a 
model of a gaseous assemblage freely transparent to radiation 


* This indicates that the frequency of vibration of the nucleus is less than if the 


Bits 
containing shell were held fixed, in the ratio (1 +2 rein) 
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generally, but with strong absorption for definite wave-lengths. It 
is to‘ be noticed, however, that in reconciling these requirements we’ 
have made it impossible to get rid of that constituent of the general 
scattered light which is dependent on the harmonic 7) and is repre- 
sented by the formule (47).* If we survey the various problems of 
this paper, we find that this constituent is always important (with an 
amplitude proportional to k’a*/r) except in the case of § 10, where it 
can be annulled (approximately) by making p=. This is, how- 
ever, inadmissible for the reason just explained. |t 


Hip | 


‘: Thursday, April 5th, 1900. | 
Lt.-Col. A. J. C. CUNNINGHAM, R.E., Vice-President, 


or in the Chair. 
. Nineteen members present. . GY 
Mr. F. W. B. Frankland, B.A, Fellow of Clare College, Gombedee 
was elected a member. 
The following persons were admitted into the Society :—Miss 
B. M. Cave Browne Cave, Miss F. H. Cave Browne Cave; and Mr, 
R. W. H. T. Hudson. Nas 
‘Mr. Tucker read a letter from Mrs. J. J. Walker, thanking the 
Society for its vote of condolence with her on the Meise of her 
husbarid. =: Pe 
Mr. Macdonald read a note “On the Addition-Theorem for the 
Bessel Functions,” and Mr. Basset made a communication on ** “ti 
Orthoptic Loci of Curves of a given class.” 
Prof. Love gave a proof of “ The Uniform Convergence of Fourier’s 
we ee 


* Major MacMahon spoke on “ An Extension of Orthogonal and 
Boolian Covariants.”’ fe 





* For the argument that this constituent is absent from the light scattered by 
finely divided particles, see’ Lord Rayleigh, Scientyic Papers, Vol. 1., p. 107. 
t Added Sept., 1900. 
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Messrs. Macaulay, R. W. H. T. Hudson, Whittaker, and the Chair- 
man spoke to one or more of the papers. 

A paper by Mr. Bromwich, entitled ‘‘ Note on Weierstrass’s Re- 
duction of a Family of Bilinear Forms,” was received. 

The Chairman announced that the May meeting would be made 
‘“ special,” as announced by letter to the members of the Society. 


The following presents were made to the Library :— 


‘* Educational Times,’’ April, 1900. __ 

** Indian Engineering,’’ Vol. xxvi1., Nos. 7-10, Feb. 17-Mar. 10, 1900. 

‘¢ Nautical Almanac for 1903,’’ 8vo; Edinburgh, 1900. From Nautieal 
Almanac Office. 

‘* Mathematical Gazette,’’ Vol. 1., No. 20; 1900. 

‘¢ Periodico di Matematica,’’ Serie 2, Vol. 11., Fasc. 5; Livorno, 1900. 

‘¢ Supplemento al Periodico di Matematica,’’ Anno 111., Fasc. 5; Livorno, 1900. 

Darboux, G.—‘‘ Sur la Déformation des Surfaces du second degré,”’ 4to; Paris, 
1900. 

Ostwald, W.—‘‘ Periodische Erscheinungen bei der Auflésung des Chroms in 
Sauren,’’ 8vo; Leipzig, 1900. , 

Rice, H.—‘‘The Theory and Practice of Interpolation,’ 8vo; Lynn, Mass., 
1900. From the author. 

‘‘ Transactions of the American Mathematical Society,’’ Vol. 1., No. 1; 1900. 

‘‘Memoirs of the National Academy of Sciences,’’ Vol. viu1., Memoir 4 ; 
Washington, 1899. 

‘‘Grundlage der Geometrie’’ (3 pp.), and ‘‘ Euklidische Grundlage der Geo- 
metrie’’ (7 pp.), from the author, Dr. W. Veltmann. 

‘Report on the Progress of the Solution of the Problem of Three Bodies,’’ by 
E. T. Whittaker (reprint from ‘“‘ British Association Report,’’ 1899). 


The following exchanges were received :— 


‘¢ Proceedings of the Royal Society,’’ Vol. txv1., Nos. 426, 427; 1900. 

‘¢ Beiblatter zu den Annalen der Physik und Chemie,’’ Bd. xxtv., St. 2, 3; 
Leipzig, 1900. 

*¢ Annales de la Faculté des Sciences de Toulouse,’ Série 2, Tomer., 3™¢ Fascicule ; 
£399: 
‘‘ Bulletin of the American Mathematical Society,’’ Series 2, Vol. v1., Nos. 5, 6, 
Feb.—Mar., 1900; New York. 

‘¢ Bulletin des Sciences Mathématiques,’’ Tome xxtv., Jan., 1900; Paris. 

‘*Rendiconto dell’ Accademia delle Scienze Fisiche e Matematiche,’”’ Serie 3, 
Vol. v1., Nos. 1, 2; Napoli, 1900. 

‘“ Atti della Reale Accademia dei Lincei—Rendiconti,’’ Sem. 1, Vol. Ix., 
Fasc. 4, 5; Roma, 1900. 

‘‘Nyt Tidsskrift for Matematik,’’ B. Aargang x1., Nr. 1 ; Copenhagen, 1900. 

‘« Sitzungsberichte der Kénigl. Preuss. Akademie der Wissenschaften zu Berlin,”’ 
Nos. 46, 47 ; Nov., 1897. 
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The Addition-Theorem for the Bessel Functions. By HH. M. 
_ Macponatp. Read and received April 5th, 1900. 


The addition-theorems for J,(R) and Y, (f), where 


Rt =r’ +r —2rr, cos 8, 
have been given by Neumann, the addition-theorem for Jn Fou by 
Gegenbauer and Sonine, and that for K, (\R)/R* by Heine. - The 
object of the following paper is the development of a method by 
ne and q En nC” 


which the addition-theorems for can be obtained. 


In the first section an integral, which is es; by the integral 
obtained in a previous paper (Proceedings, Vol. xxx., p. 170), for the 
product K,, (a) K,,(b) is discussed. In the second section this 
integral is employed to obtain the addition-theorems. 





LArhe aaa | Up [(a* + baat] T (2) = 
ty 
Writing iv =| git [oe ot (ees | 
v% 


where the path of integration is subjected to the condition that, if it 
is not closed, the points at which it ends are independent of a and 8, 
it follows that 


42 
Cu Mad uf aa (a Ba: 


Ca? = @ Ca a 
4 dt if 2 n ab 
tate, it - [(a* +b )/26] eons goals, ALS raat ; 
=| uF bles t aE te a 1,( 2) 
: (pos 2ab , (@ a ” | 
TS ve [ee t eee lt (“ t. 


provided, as will subsequently appear, that this integral is conver- 
gent. Now 
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therefore 
On 1 ou n 
oy he . 
pales a sal 
=(' et-teennnn dt § (eel. +1) I (2°) - tly () i 
t, t ? t baat Eee Nabe). 
that is, 


1 eu a i") uy = Qed lr) () = i Pel: 
Ou? a Ca a : 
Now the expression on the right-hand side vanishes, provided that 
the real parts of (a+b) are positive, the real part of nis greater 
than —1, and t, ¢, have for values two of the quantities 0, c+4, 
c—oot, where ¢ is some real positive quantity; further, all the 
integrals involved in the above process are then convergent; hence, 
denoting by 7, ,, “, the three functions u which correspond to the 
three sets of values of ¢, and ¢,, 


ty) = C—Os, een bon to 9 OU 
ty =C—O4, A are). 
eh i = C+ 01, 


any one of them satisfies the differential equation 


au 1 du 
da: gate. a da 


and also, from the symmetry of the expression, the equation 


+ (1- = )w=0, 


1 du ( nr 
1-7, | yy 
ait = ae | Rlgh 


Therefore u =f, (b) J, (a) +f, (6) J_» (a), 
where, since ~ satisfies the second differential equation above, 
fi (0) = Ad, (6) + BI, (8), 
fy (0) = AY, (0) + BI, (0), 
and. hence 
u=J, (a) {AJ,(b) + BI_,, (6) } +I, (a) {AT, (02) + BI, (b)}. 


It remains to determine the values of the constants A, B, A’, BD’ 
belonging to each of the functions 1, t, U3: Taking first the ieee al 


, =| [(a? +62) en 7 (2) =, 
; fed it 


c—al 
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it appears that a tends to a finite limit as b tends to zero; hence 


B= Be 
and therefore Uy =O) wh (a) + A'S_,, (a) me 





Now Less = er 
anes, le ree 

by 2 TT a 
but also Lye a= ro ae j SAS, (4)+AJ_,, (a)? cas 
hence | fee ee Pe lt 
and therefore U, = Ame J, (a) J, (0); 


that is, os (a) AK (b) = eis ve ebt - (a? +0*)/26] ik. (=) dt : 
fei TL 


~c-al 7 t 


This integral can immediately be transformed into the integral given 
by Sonine as follows :— | 


J, (a) J, (0) 





l c+al a It Sg ah” 
_ 9 edt La? + 0?) 2¢] pa | > 7 7 z, (cos e)/t gin 2n 9 dé ; 
at Tey ) NT, 
2 


c-awl 
whence, changing the order of integration and integrating, 


a"b” | J.5 /(a?+b?—2ab cos Dee 


J, (a) Jn (b) = 
ge 2” ./m Il (n—4F) J wel a+b? 846 008 8) }" 


sin” 6 dé. 








In the case of m, suppose that |a|< |b |; then — tends to a 
a 


finite limit as a tends to zero, for in the neighbourhood of t =0 the 
integrand tends to zero, and at every other point of the path of 
integration to a finite limit ; therefore 





Al IB a 50r 
and hence uy = J, (a) } AJ, (b) + BJ_,,(b)}. 

1 ay jt - [ (a? + b?)/2¢] ab\ dt 
Now ee yah = =Lto | Ty (= )S = 


n 0 
that is, ities ms — b’ prs pit WIR dt 
a c-ot 


2” TI II (n) t+ ile 
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. AP ee z nr Ne 
or | a=0 Pp I (n) sin ie ae (b) e | J, (b) 5 ’ ai 
but Ti seis ied denn dG) tee 





3 ~ 2 1 (m ) (i 





£_,(b) eI, (b)} J; (a). 


therefore Uy = —- 
sin Ls 


Hence it follows that 





ru es (b) —e"" J, wy) i vn [ et [(a* +6") /2¢] Ik: Ce dt , | 
sin nr ae ; F a 
—nere [0 
that is, “J, (a) K,() =— 55" | et tomnny, (8) 


where |a| <|6|. Similarly it can be shown that 





{F,(b)—e-"™ J, (b)} J (a) = [ TT prerinn 15() 


sin Ne t 


where |a|< |6|. The relation given in the Proceedings, Vol. xxx., 
p. 170, and other similar relations, can be obtained in an analogous 
manner. 


2. The Addition-Theorems. 


The addition-theorem pot Jy ee) can be at once deduced from the 


integral relation first established as follows :— 


ne ); 


The function is given ae the relation 





(2) a et 
Tie Dart pred? 


e-wel 


that is, writing | R= at b?—2ab cos 6, 





! 2 2 ? 
4p ; / (a + b 2ab COs 6) 5 23 k (as ot - [(a?-+6*)/2¢] +(ab t) cose dt f 
: a ’ 
5 /(a? + b’ — 2ab cos 6)?” 2tre } oat eek 








* Proceedings, Volk. xx1x., p. 110. 
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Tas (= ) 


Now* li cose — gn-1 1 (n—1) 3 (n+ k) CO; (cos 0) ae 
yale n+k 

fe): 

I, 


(7) 


where n is not zero and O:(cos 0) is the coefficient of h* in the ex- 
pansion of (1—2h cos 6+ h?)~” in powers of h. Hence it follows that 


J, § /(a+b?—2ab cos 6) ‘ 
{ /(a?+ b’— 2ab cos 8) }” 


or elt cone — OP TT (a — 1) = (n+k) O; (cos 6) 





=: Dynal I (n—1) "Ss (n+k) bs (cos 6) 1 er lt = [a2 908) (20) T ; (2°) dt 
k=0 7 ab” Dre nt t t 5 


c-~aol 


n #0, that is, since 


“he ees At - [ (a? + 67)/2¢] 2°) dt ie 
ge |" Tey 22) ST Cal) Ses, (0); 


J, 4 /(a’+b?—2ab cos 6)} 
 / (a+ b?—2ab cos 6) }” 
Soper ah) = (n+k) ge ey C” (cos 6), 


€=al 








n#0. When n=O, it can be easily shown that 
genome 1: (8) 42 5 T, (<") cos £6, 
and hence, as above, that 
Jy { /(a +b? —2ab cos )} = J,(a) J,(b) +2 3 J,(a) J.(b) cos 6. 


These results agree with those given by N eumann, Gegenbauer, and 
Sonine. 


The addition-theorem for se) isobtained as follows:—From the 
relation 
oe (Rf) —e"™ Ji, (ft) eer oie . e2- [(a 24 p2— Babeon OY At A dt 
2: sin nr R” ls) ee nel? 





* Sonine, Math. Ann., Vol. xv1. 
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where the real part of ” is greater than —1, it follows that 
Roe (Sy J, CB) 
sin 27 sin nm ¢ Rk" Re * 
= 2°TI (n—1) gy (n tie Tie CO, . (cos 0) | eit - L(at+ b)/2¢] 1h (“*) dt 
arb” Paes Fi f 
n #0; that is, by §1 
Ff Fu(B) _ geet (BD) 
sin aT Rk" 


ae J 


; : k=n gia rf) 
= 21 (w—1) ¥ (n+h) eae 


x \ foie (0) aginst) “4: diay (b) } ae (a) 
b” b” ? 
where | a| < | b|, or, as it may be written, 


K, {e/ (a +?—2ab cos 6) } 
{ / (a? +b? — 2ab cos 6) * . 








ght 





= 2" IT (w—1) 2 et) (n+ k) Bux (0b) 2a) 0" ( 





a cos 6). 
This includes, as a particular case (n = 4), Heine’s result 
1 Ki, fe/ (a? +b? —2ab cos 6) } 
-/ (27) 





{ / (a? +b?—2ab cos 6) }4 
Q 76M (a +b? - 2ab cos 4) 


a / (a? + b? — 2ab cos 0) SS 





k=0 ee 

Sotto (ep) Mars C8) Ses) p (e086) 
k=0 bt ar 

and, when x = 0, it takes the form 


K, {¢./(@ +0? —2ab cos 6) } 


= K, (tb) Jy (a) +2 3 b* K;, (0b) J; (a) cos kO 
; 1 
which is equivalent to Neumann 


’s result. Addition-theorems. for 
any other solution of Bessel’s equation can be obtained in a similar 
way.. 
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Note on Weierstrass’s Reduction o fi a Family of Bilinear Forms. 
By T. J. VA. Bromwicu. EE April 2nd, 1900, and 
communicated April 5th, 1900. | 


In Weierstrass’s original memoir (Berliner Berichte, 1868, p. 310; 
Gesammelte Werke, Vol. 11., p. 19) the method of reduction of the 
family (Schaar) of forms Ge B) requires that the determinants |-4 |, 

| B| should not be zero. In case | A | =0, or | B| =0 while 

| 7A—B | 40, Weierstrass replaces the fundamental forms A, B by 
others, gA +B, g'A+h’B, whose ‘determinants are not zero. Stickel- 
berger [ Orelle, Vol. txxxvi. (1878), p. 20] has shown that in dealing 
with the non-infinite roots of | rA—B | = Othe restriction | A | #0 
is unnecessary ; he has not, however, considered what modification of 
the general process is required in order to include the effect of the 
infinite roots. 

In what follows a method of investigation is given which provides 
anew proof of part of the Weierstrass-Stickelberger investigation, 
as well as indicating the terms which have. to be added on account 
of the infinite roots of | rd—B |= 0; these terms are (as might be 
anticipated) the same as those given by the zero roots of | A—sB | =0 
(cf. a previous paper, Proc. Lond. Math. Soc., p. 78 above, § 3). 

If | A | = 0, the coefficient of a, y, in the reciprocal bilinear form 
(rA—B)~' will be a fraction in 7, the numerator being in general of 
higher degree (or at least not of lower degree) than the denominator. 
Thus, on expanding in powers of (1/7), we can write 


(@A—B) = Lr? +... + Tyr D+ M, (l/r) +, Ajr)*+ 
where m > 0, and the coefficients of the powers of r will be various 
bilinear forms. Thus, multiplying by (rAd —B), we find that 
E = (rA—B)(Lyr" +...) = (yar +...)(rA—B). 


Now equate coefficients of 7, (1/r), and the, term independent of 7; 
then 
AL,—BL,=0= L,A—L,B, AMIE BM, = 0= M,A—M,B, 


AM,—BL, = E= M,A—1L,B. 
Hence AM,A = A(B+1L,B) = A+ BL,B, 
AM,A = AM,B = B+B1,B, 
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or A= AM,A—BL,B, B= AM,A—BL,B. 


In these forms for A, B the terms AM,4, AM,A are respectively the 
coefficients of (1/7), (1/r)?in the expansion of A (rAd —B)~'A in powers 
of (1/r). Now A (rA—B) ‘A can be split up into partial fraetions 
corresponding to each finite root. of | r4—B | = 0, just as in Weier- 
strass’s investigation ;* and each fraction can be expanded in powers 
of (1/r). So that Weierstrass’s reduced forms for A, B hold even if 
| A | =0, | B| =0, so far as the finite roots are concerned (cf. 
Stickelberger, l.c., pp. 34-37). It follows that the infinite roots of 
|rA—B|=0O must naturally correspond to the terms — BL, B, 
—BL,B in A and B. Now BL,B, bL,B are respectively the co- 
efficient of r and the term imdependent of + in the expansion of 
B(A—B)'B in powers of (1/r). It will be proved that these 
terms can also be reduced to forms similar to the Weierstrassian 
types; we now proceed to the evaluation of these forms. 
We can expand the form B(rA—f)'B in the way given by 
Weierstrass (l.c.), Darboux ( Leowville, Vol. x1x., Sér. 2, 1874, p. 347), 
or Stickelberger (l.c.) as a sum of terms of the type 


—ULV,/w.1.w., 


using Stickelberger’s notation. In order to make the results per- 
fectly clear, I write out the complete meanings of our symbols :— 











ny =a -s i 
We have B (rA—B)'°B=— W,/w, 
: OB | 
ya / a-l 
Ty, sails sisieks TAyy — Din, Vig seey VI a 
Yi 
: / 2-1 OB 
TOAnj—Only 2009 TAnn Onn, Ung see Un 5 ane 
Yn 
where : W,, = 
, f. 
Ur, bag tbns On rmn 6 
a-l a-l 
Uy, o) eeeg Un * QO, ones 0, O 
OB OB 
a Ges swe tths pent! 
Ox, Ox, 





* Weierstrass does not introduce the condition | 4 | 0 in breaking up 
A (rA—B)~' A into partial fractions, so that his process is legitimate here. He 
makes the restriction | 4 | == 0 in showing that 4, B will be the coefficients of 
(1/), (1/r)2 in the expansion of these partial fractions. 
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U, is the value of W,., with the last column replaced by 
Di A et ee), eae 

V,, the value of W,_, with the last row replaced by 
UU), Ser RUA Cs eee 


w, 1s the value of W,_, when both the last row and the last column 
are so replaced. For uniformity w,= |rd—B|, and W, is W._, 
-without any w’s or v’s. . 

The w’s and v’s are arbitrary constants to be determined in the 
step-by-step way indicated by Stickelberger; of course this has to be 
appropriately modified here, as the root of w, =O in question is 
infinite. The rule will accordingly be as follows :—Let the index of 
the highest power of r in W, be A,; then choose w/, ..., wh, Ui) «+25 Uny SO 
that the coefficient of the corresponding power of r in w, does not 
vanish ; having determined these, consider W,; let the index of the 
highest power of 7 in W, be A,; then choose Us, en he vis ‘is B BO 
that the coefficient of this power in w, does not vanish; keeping 
Ups Wey Ves Ve the same, let the index of the highest power of r in W, 
be A,; then w%, vg are to be chosen so that the coefficient of this power 
in w, 1s not zero; and so on until all the constants are determined. 
For uniformity, A, is the index of the highest power of r in w. 

We follow Stickelberger’s process closely, and it will be sufficient 
to state the main results, pointing out the differences from his in- 
vestigations. Just as proved by him, we shall have that W, is not 
identically zero, if a<(n+1). Taking the identity [ Stickelberger’s 
(1) SSS eT .6.4 

W.w.-1 = W,.1w.— U,V., 
we note that here the highest power of ron the left is the (A,-1+,.1)", 
and that on the right is at most the (2A,)". Hence 


; None a zy 2d 


a’ 
b.On, Aw Ag1 S atta 


It will be convenient to write e, = 1+A,—2,_, (the reason for adding 
unity will appear below), and then the inequality is 


Ca > Ca+l- 


Under ordinary circumstances A, = n—a, and then e,=0. It is 
clear that A, } (n—«a), and, if (n—a) >A,, we have (~—a)—A, in- 
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finite roots of every a minor; calling this number p,, we now have 
€, = Ma-1—M.. Suppose that we take the series A, A,_1, ..., and let 
the first \ which does not satisfy the condition A,=n—a be d 
then A,_; < ~—(«—1) (as is obvious from definition of 4,_,), and 


een las 


é, =1+A,—-A,_; =n—K+1—A,_, > 0 
Hence ¢ > e SS Gye a SSA We) ec ts dy mig os amg 
and, further, we have 


Pine tig ay 0) este 


It follows that the »’s follow the lines of Stickelberger’s \’s, and the 
e's behave in the same way as the indices of ordinary (finite) in- 
variant-factors (Hlementarthevler). 


Now, returning to the identity 


pee A028 


9 
Wo W,-1W,, 


we can write —w,_,w,/r%=-1t*« in the form of a series of powers of 
(1/7), starting with a constant term; and this can be divided into 
the product of two similar series p,, q.. 


Now write U./p. = 0" (X,+X,/r+X4/7+..-], 
Vide =r (Yt Yo /r+¥,/7 +... 1, 


where. \,, X,, ... are linear functions of 2, ..., %,; and Y,, Y,,... of 
Yi, ++ Yn» Then we have 


— UV ,/(w,-1¥.) = pire Aa-a) [X,4+X,/r+...][¥i+ Y,/rt+...] 
= aD XX /et... [Ya + Ya/r-+:.: ]- 


The quantities we require are the coefficient of r, and the term in- 
dependent of 7 in the expansion of 


—W,/w) = — 2UV./ (Wa-1Wa)- 
Thus the parts of BL, B, BL, B from the term — U,V,/w,-1w, will be 


(i BIRO Nae XY Rye kel, eae 


(in BL,B), X,Y,-:+X,Y.-.+... + Xe-1%4 
VOU XS NO Pe: M 
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Hence, finally, the parts of A, B (in their reduced forms) which 
belong to the root r = «© of | rd—B| will be 


AWS CXEY eee ay 
BS otS (NYS eee) 


the summations extending to all the e’s which differ from zero. 

Again, following Stickelberger, it may be proved without difficulty 
that A, is the index of the highest power of 7 that occurs in any a™ 
minor of |rA—B|; and thus our problem is completely solved 
(cf. Stickelberger, § 2, Satz, 1., 11., I11.). 

In conclusion it may be pointed out that the reduced parts so 
arrived at are precisely the same as would be found from the zero 
roots of | sB—A |= 0, a fact which may be seen by inspection of 
our forms for the X’s and Y’s. 


| Note added 11th May, 1900.—Since the above was completed I 
have received from Herr Alfred Loewy an advance copy of his 
valuable paper in Credle, Vol. cxxir., p. 53, ‘‘ Ueber Scharen reeller 
quadratischer und Hermitescher Formen.” Applying our results, 
we obtain the following theorem, deduced from the one in §1 of 
Loewy’s paper by including the effect of infinite invariant-factors. 

If A, B are real quadratic forms (whose determinants may or may 
not vanish), and if q’ denote the characteristic* of B, then the indices 
of the invariant-factors of | rA—B| must satisfy the inequality 


q Cas eae GA)+3 EB is (I—1)%, 


where 2s is-the sum of the indices of the invariant-factors corre- 
sponding to complex roots of | rA—B | =0; h represents the index 
of any invariant-factor corresponding to a real root (r = 0 excluded, 
but r= included, the indices for 7 =o being the e’s as found 
above); / is the index of any invariant-factor to base r. The 
symbols ‘H (zh), H {3 (J—1)} denote the greatest integers contained 
in 3h, = (l—1) respectively. The number of invariant-factors to 
base 7 is independent of A and equal to the defect* of B; the 
number corresponding to r= is independent of B and equal to 
the defect of A. 








* Ifa form S be brought to the sum of p positive and g negative squares, the 
numbers p, ¢ are invariants of the form (Sylvester and Jacobi); Loewy calls the 
smaller of p, ¢ the characteristic of S, (p4-q) the rank, (p—q) the signature, n—(p+q) 
the defect. 
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An equivalent statement is the following (employing the notation 
above) :— 
Let o be the absolute value of the s¢gnature of B; then 


o < (the number of odd h’s) + (the number of even l’s). 


Herr Loewy gives two special cases of this, in his theorems (a), (0), 


§ 2.] 


Thursday, May 10th, 1900. 
Prof. ELLIOTT, F.R.S., Vice-President, in the Chair. 


Twenty-two members present. 


SPECIAL GENERAL MEnTING. 

The Chairman, having read the By-laws bearing upon the subject 
of the meeting, announced that it was proposed “that By-law tv., 1 
(By-laws, p. xiii.) be amended by substituting the words “ half-past 
5 o’clock in the afternoon” for ‘8 o’clock in the evening.” The 
motion having been seconded by Dr. Larmor, and there being no 
other action taken, the Chairman declared the motion to be carried 


unanimously. 
ORDINARY GENERAL MEETING. 


Dr. Glaisher communicated ‘‘ A Congruence Theorem relating to 
.Hulerian Numbers and other Coefficients.” 
Prof. Lamb spoke briefly ‘“‘On a Peculiarity of the Wave System 
due to the Free Vibrations of a Nucleus in an Extended Medium.” 
Prof. Love gave a description of Mr. Michell’s “ Diagrams illus- 
trating Distributions of Stress in Two Dimensions” (a paper com- 
municated at the January meeting).* 


The following papers were taken as read :— 


The Differential Equation whose Solution is the Ratio of Two 
Solutions of a Linear Differential Equation: M. W. J. Fry. 

Note on the Quinquisectional Equation: Prof. L. J. Rogers. 

On the Differentiation of Single Theta-Functions: Rev. M. M.U. 
Wilkinson. 

Linear Substitutions Commutative with a Given Substitution : 


Dr. L. E. Dickson. 





* Of. supra, pp. 53-61. 
M 2 
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Lt.-Col. Cunningham showed that numbers which are expressible 
in the two different forms N = (pa?+vy?)/a = (we?+ry")/v are 
usually composite, when py = p'v’; and showed how to reduce them 
to the forms N = X*+pvY* = X”"+pvY”, the factorization of which 
is known from Huler’s researches. 


The following presents were made to the Library :— 


‘¢ Kducational Times,’’ May, 1900. 

‘‘ Indian Engineering,’’ Vol. xxvu1., Nos. 11-15, March 17—April 14, 1900. 

‘“ Queen’s College, Galway, Calendar for 1899-1900’’; Dublin, 1900. 

‘‘ Matematisch-Naturwissenschaftliche Mitteilungen,’’ Serie 2, Bd. 1., Heft 2 ; 
tuttgart, 1900. 

‘‘Supplemento al Periodico di Matematica,’’ Anno 111., Fasc. 6, 7; Livorno, 

1900. 
‘¢ Wiadomosci Matematyczne,’’ Tom iv., Zeszyt 1-3; Warsaw, 1900. 
‘* Annals of Mathematics,’’ Series 2, Vol. 1., No. 3; 1900. 


The following exchanges were received :— 


‘* Proceedings of the Royal Society,’’ Vol. txvz., No. 428; 1900. 

‘¢ Beiblatter zu den Annalen der Physik und Chemie,’’ Bd. xxiv., St. 4; 
Leipzig, 1900. 

‘¢Rendiconti del Circolo Matematico di Palermo,’ 
‘¢ Annuario, 1900.”’ 

‘¢ Bulletin de la Société Mathématique de France,’’ Tome xxvur., Fasc. 1 ; Paris, 
1900. 

‘* Bulletin of the American Mathematical Society,’’ Series 2, Vol. v1., No. 7,. 
April, 1900; New York. 

‘* Jornal de Sciencias Mathematicas e Astronomicas,’’ Vol. xtv., No.1; Coimbra,. 
1900. 

‘Atti del R. Istituto Veneto,’?’ Tomo tv1., Disp. 8-10; Tomo uvu., Atti 
(345 pp.); Tomo tvim., Disp. 1-5; Tomo ux., Disp. 1, 2: Supplemento al 
Tomo tvit.; 1897-1900. 

‘¢Monatshefte fiir Mathematik und Physik,’? Jahrgang x1., No. 2; Wien,. 
1900. 

‘* Bulletin des Sciences Mathématiques,’’ Tome xxiv., Fev., 1900; Paris. 

** Annali di Matematica,’’ Tomo tv., Fasc. 1, 2; Milano, 1900. 

‘¢ Archives Néerlandaises,’’ Série 2, Tome m1., Livr. 3, 4; La Haye, 1900. 

‘* Atti della Reale Accademia dei Lincei—Rendiconti,’? Sem. 1, Vol. rx.,. 
Fasc. 6, 7; Roma, 1900. 

‘* Berichte tiber die Verhandlungen der Kénigl. Siichs. Gesellschaft der Wissen- 
schaften zu Leipzig,’’ No. 1, Bd. uz. ; 1900. 

‘*Nyt Tidsskrift for Matematik,’’ A. Aargang x1., Nos. 3, 4; Copenhagen,. 
1900. 

‘¢ Journal of the Institute of Actuaries,’’ Vol. xxxv., Pt. 3; April, 1900. 

‘¢ Vierteljahrsschrift der Naturforschenden Gesellschaft in Ziirich,’’ Vol. xu1v.,. 
Hefte 3, 4; 1900. 


“y Lomo xiv,, \Fase-s15 12. 
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‘¢ Memoirs and Proceedings of the Manchester Literary and Philosophical Society,”’ 
Vol. xurv., Pts: 2;:37 1900. 

‘¢ Proceedings of the Royal Irish Academy,’’ Series 3, Vol. v., No. 4; Dublin, 
1900. 





Linear Substitutions Commutative with a Given Substitution. 
By L. B. Dickson, Ph.D. Received May 8th, 1900. Com- 
municated May 10th, 1900. 


1. The object of this‘note is to determine the explicit form of all 
m-ary linear homogeneous substitutions 7’ with coefficients in the 
GF [ p"| which are commutative with a particular one 8S. For the 
case n = 1, the number of such substitutions 7’ has been determined 
by M. Jordan,* whose method of proof was, however, limited to the 
consideration of a particular example. By the use of convenient 
notations, we may treat the general case with equal ease and, more- 
over, avoid the separation of the proof into two successive stages. 
' Following M. Jordan, I first give to S its canonical formy §,. 


2. Let the characteristic determinant of S be 
A (kK) = (F.C) ]* LEB. (m=kat+lp+...), 


where I, (i), /,(K), ... are distinct polynomials belonging to, and 
irreducible in, the GF'[p"|. We may exhibit the roots of F,(i) =0 
and of F(Z) = 0 in the following notation :— 


n (K-1) 
} 


Ki Ky = Be 1d Ry vee 


n (¢-1) 


L 


0? 


HIRE BLS ice Mpa SIP 


= 0 
To simplify the formule, we suppose that fF, and F, are the only 
irreducible factors of A(i). The method is, however, seen to be 
general. 

Corresponding to each partition of a and (@ into positive integers, 





* Traité des Substitutions, pp. 128-138. 

t+ ‘*Canonical Form of a Linear Homogeneous Substitution in a Galois Field,’’ 
American Journal of Mathematies, Vol. xx11., No. 2, April, 1900. The proof of the 
generalization of Jordan’s theorem is there made by induction. 
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we obtain a canonical form of an m-ary substitution in the GF[p"]. 


Let 
Oh ge eee yeas (3 = b+by+... +0541. 


It will be convenient to let e denote any one of the integers 
(e) 1, atl, at4+a41, ..., aq+tat...+a 41; 
and H any one of the remaining integers <a. Let b denote any one 


of the integers 1, 6, +1, .... b,+6,+...+6,+1; and B any one of the 


remaining integers < £. The general canonical form may now be 


written : 
ny = Kin; (4 = 0,1,...,4—1; 7 any e) 
9 Ni; = Kin Kony 0 ds. rl anya) 
= os; = Didi (= 0,1,...,J-1; gj any 6) 


Cty srl Gap + Gy tt any), 


3. An arbitrary linear homogeneous substitution on these indices 
may be exhibited as follows: 


Nis Varhie Borotee US Oe kL pal, 4, ) 
(T;): , ij Ape ; ; 
NGG, Sts yon See ee = Lee), 


. where, as. henceforth, the summation indices t, u, v, w run through 
the series 


bOI ee, 1s a OT Leen nL eer ok ed ee 

We investigate the conditions under which 7) is commutative with 
S,.  Hquating the functions by which 7,8, and §,7, replace 7;,, 
we get 


ie . Z ce i 
K; 2 Cty Nut K; = Beis Cie = >» Oy 5 K, Neu + San Ky Nt B-1 
7 tb ; 


v, w t, 


ESB Penenus ues La lgewre. 
v, B 


v, w 


This identity in the variables y and ¢ requires 


Ky atg> Kae (u-& H—1), 
ere, = Ki a; uit Ke 0; es 
KB =L, fies (w= B—1), 


K; ees = D, p. Se +L, ick. 


For t=7, the first two equations give merely. ajy=0. For t=7, 
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K;4~K,, and the first equation gives ay ~1— Une beng any integer > 1 
of the set (e). If e’—1 is an H, the second equation gives dey = 0; 
in the contrary case, e’-—2 = H—1, and the same result follows from 
the first equation. Next, according as e’—2 is or is not an H, the 
second or first equation gives ai, 5=0. Proceeding thus, we find that 
every a\°=0 (¢41, ¢ arbitrary). 

Since K; 4 L,, the third and fourth equations require, for similar 
reasons, that every 2, = 0 (c arbitrary). 

lt follows that 7, replaces 7;, by 3a; ie 


Denote by e, (or by e;) an arbitrary e such that e,+1 is an H, and 
by é, any one of the remaining e’s, so that é,+1 is an e. Hquating 
the functions by which 78, and 8,7; replace 7;...1, we get 


heat ~ ie fou 
eS ore Meas Os, Met Ke > Bow buw 
t,u e V, 2 
~~ ie, +1 At 1é,+1 ie,+1 
=2 Gs, K, Mut % ay Kin z- 1+ > Bes Di, Sow b> Box Lseeeer 
. 1 


EKquating the coefficients of the ¢’s, we find, as above, that every 


Bier =0 (c arbitrary). In the second sum of the second member, 
H extends over every H =e;+1 and every H’ not ane+1. Hence 


Wig yUeedgs 101, fh ic dee MUL 0 LL), 
aS 6 (ti, u# B-1), 
K,a'o*) — K, apne rio dpa (Ge ara e 
Applying the above argument, the last two equations give 
AOU cael) Cea Geanlyaet, 1). 
Hence 7’, affects »;, and n;.,, as follows :— 
Nie, = Save Nie Ne = Sais Nie 


te,+1 


+e; 
Thiet Liang See Niet UAje, Ni e’y+1° 
e", 


Denote by e, (or by e,) an arbitrary e, such that e,+2 is an H, and 
by é any one of the remaining e,’s so that every é,+2 is an e. 
Equating the functions by which 7,8, and §,7;, replace n;.,42, we get 
KR ai Newt Ki S Bose Sow tS aie” Met Sie Mies 


tiu 


== = Sao’ K, eS a cr ne eS Ba tle Charis Beau Lee Cone Ie 
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Equating the coefficients of the ¢’s, we find, as above, that 


Be? =0 (v=0,1,.. syb — SG =e eee as 
Equating the coefficients of n;,, (¢41), we find, as formerly, that every 


eae ao 1b) fee Seely 


For ¢=72, we note that 


4 @,+2 i @y+2 €2+2 4 €n+2 
Baz iE) = Dit +1 “PH +3 aie, +2 Mier + % Oi zy Ni E’-15 


ey 


where H’ runs over the series of H’s not of the forms é, +1 or e+2. 
But an ¢6,+2=(@,+1)+1 is an e+1, and an ¢,+2 is not an ZH. 
Hence H’ extends over those integers = « which are of none of the 
forms e, e, +1, e,+2, all three of which are distinct. Hence every 


4@,+1 t @n+2 té@,+1 ty 

re Mae er sem 0, fe = 30); 
Rua ae t @o+2 ie, +2 
Cli eg = Ai e425 “Sip == O. 


Hence T’, affects the indices ,;,, ;.41, 1;¢42 a8 follows :— 


/ ie, 
Nié, = Day. Nie» 


e; 


y i éy 
[ae = aj Nie 


, we, oe 
| LOVER ee = aj, ; ié + Bare Niey+ls 


e 


, > v Cg 
Nj 2 po Ci e', Ni e's 


e's 


, ie,+1 
UP a Wee id Nie, $Ruie 2 Viegtls 


e) 


, 4 €,+2 % @o+ 
Ire, +2 == Jase Nie eat, Nie, at daie, Ni e+ 2° 
é, 


e 


Proceeding as before, we separate the e, into the categories e, and 
é,, such that every e,+3 is an H and every é+3 is an e. We find 
that no simplification takes place in j3, Miz) Ma+1, NOLIN Ney Ness 
Nie.+2 When e, is an é Simplifications arise when e, is an é, viz. : 


, aa, veg 
n; es CaF 2 a; (Vo n; e’ 39 
, cad ie,+] At Es 
UB PSD am = a; €s Nie = (; es ni s+ 
C2 e's 
, ood 4 @3+2 teg+1 a es 
Ni¢, <2. > Aire, Nie, AE > ie, Miegtl + Qj of, Nie, +29 
e, Cy e's 


, ie3+3 ee iég+1 Ve ' 
Ni e343 — > ie Neeots cia Cl; Nie, at2 Cy Gh Neeg hk a; e, Ni e,43° 
e. 


& e 


1900. ] Commutative with a Given Substitution. 169 


The law of the formation of the nj; is now evident, and may be 
verified by simple induction. In particular, 7, replaces each n;; by 
a function of the »,, alone. Similarly, 7; replaces each ¢Z,; by a 
function of the ¢;,, only. 


4, Consider, as an example, a substitution S, which involves only 
the indices »;;, and for which a, = 3, a,=3, a,=2. ‘hen 


Cis eee ee 2 oOo * 
Cea eee nO G:C als Ae one en Ores 


The most general substitution 7, commutative with S, has the form 





























Nil Nia Ni7 Ni 2 Nid Nis Nis Ni6 | 
| 
a ae. ee) |e | 
| 
AINE ot ae i | 
eo 2 Oot ia ley | 
AL i8 is is i7 i7 i7 
i Qi; Ayy Gjiq Qj, Aig jz 
ipa at il il 
thy = a5) Ay4 
rae ee i2 i2 12 il i 
n2 = Aj, Qe Aj7 Q;; Aj4 
, slaw 73 13 i3 72 12 42 a1 41 
43 = Qj, Aye G7 a; QAj4 ~a;7 Qj, ays 
, Ss a4 a4 
Nis Qey Gia 
ae id is i5 i4 i4 
6.— Aj, Aj, Aj7 Gj, 4 | 
| 
ee i6 i6 AG is i5 id i4 i4 
6. Qi, GQjq Azz Q;; GAjg Aj7 Gj, aj4 








holding for 7=0,1,...,k—1. By inspection, its determinant equals 


a1 el 3 
5 a; 
( i7,9 Cj} U4 
(57) p d 
a4 a4 
Qj1 4 


5. The indices n;;, ..., »;, are linear functions of the initial indices 
é,...,é,, having as coefficients polynomials in K;. Likewise, ¢;1, ..., Si ¢ 
are linear functions of &, ..., &, involving D;. Let us return from 
the indices ;;, ;; to the initial indices é;. By hypothesis, S, becomes 
S, a substitution having its coefficients in the GF[p"]. Let T, 
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become 7. Under what conditions will 7 have its coefficients in the 
same field? Remembering that 7, replaces n;;, ¢;; by functions of 
the respective forms 


a cy} B 
> Chu vas 29 > & w ee w> 
wal w= 


it is evidently necessary and sheer that a\’ be the same function 
Ors Ketone, =e ie eh at ay, is of K,, and that 6 6,2, be the same 
function of L; for i=1,..., —1 that 4”, is of [,. Expressed other- 
wise, these conditions are 


Aiy = = (a3), é; = ay (65 oan 
Hence Tis completely determined from the functions by which it 
replaces m; (j7 =1,...,a) and 4%; (j=1,...,8). The final theorem 
is as follows :-— 
To determine the most general m-ary linear homogeneous substitution 
T with coefficients in the GE' | p"| which ts commutative with a particular 
one 8S, we give to S its canomcal form S,, which may be expressed as a 
product, 
Sy Sty Ui se an ence aia 
Yi, 2, denoting the respective substitutions— 
Yi: Nie) Da Nese ne ee (ni p+niz-1)s 
ay: Gipice wince Ciz =i; (659+; p-1)- 
Then must T, (T written in the indices n;;, 6;;) be expressible as a product 
jae Vee emi e Ziylot. 
where Y, affects only the indices no, the coefficients being given by the 
law explained at the end of § 3, and where Y, ts obtained from Y, by 


raising its coefficients to the power p"; with similar remarks for the 
substitutions Z;. 
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A Congruence Theorem relating to Eulerian Numbers and other 
Coefficients. By J. W. L. Guaisupr. Read May 10th, 1900. 
Received May 28th, 1900. 


1. In the Comptes Rendus for 1861* Sylvester gave without proof 
the theorem that, if (p—1) p' is a factor of 2n, then, if p is a prime 
of the form 44+1, p**! will be a factor of H,, and, if p is of the form 
Ak—1, p**! will be a factor of (—1)""'2+H#,, where #,, is the n™ 
Kulerian number. ' 

The principal object of this paper is to prove two general theorems, 
from either of which Sylvester’s results in the case 7 =O may be 
deduced, as well as corresponding results relating to the J-numbers 
and other coefficients. 

In the latter portion of the paper (§$§ 39-65) these general theorems 
are applied to obtain the residues, mod p, of various systems of series 
containing $(p—35) terms. 


I. Residues of the Bernoullian Functions with Uneven Suffixes, and 
Applications (§§ 2-38). 
2. Let p be any uneven prime, and let A, denote the sum of the 


products of the numbers 1, 2, ...,p—1 taken r together. Then we 
have evidently 


a4 Ag? 2+ Ana 34+... +A, +A, = (7+1)(#+2) Sita: (7+p—1). 


In a recent paper in the Quarterly Journaly it has been shown that, 
if ris even and <p—l, A, is divisible by p, and that, if is uneven 
and >1, A, is divisible by p’, and that the residues of the quotients 





are 1 
Alo hae 1B; | ies 
Bee iene = I Paes d ~ 
a 5p mode (¢< PS), 
Ae eesti ga 
ae aly Ore Es, mod p (t>0). 








#7 V ol nil, Dy. 163. 

t **On the Residues of the Sums of Products of the first »—1 Numbers and 
their Products to Modulus yp? or p’,’’ Vol. xxx1., pp. 321-353. The formule 
quoted occur on pp. 326, 327. 
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It was also shown that 
Apath — J, mod p, 
p 


where B, is the ¢ Bernoullian number and 
J=—14+(—)i0 By way + om 
P 


The value of A, is 4p (p—1), so that it is divisible by p only. 


3. Multiplying the equation in §2 by a and dividing by p, we 
therefore find 





OP Saye aot es Cae 20-3) Pa v-s) 48 Ay-1,, 
Ly 5 @ ay oR ..+(-1) none a : x 
— &(@t+1) ... Grpoly rode 


jv 


Now the Bernoullian function B, (#), 2 being uneven, is defined by 
the equation 








B, («) = n Agi 14 n—1 Bia? (a Dee 2a) Bya4 .., 


2! 


py (eee oT ay eS ee 
and therefore 
xe? a oP FTES 
B, (a) = — —4a? tS a? + 2 Pf + (129 By) @, mod p: 
p 2 4. 


Substituting in the preceding congruence, we find 





B, (a) (Tt Be een = © OE CL ods 
p P 
Now 


— , A,,_ 
(eB yeas ey, 


= (ee) k Pee eet = mod p, 


SS (ee Dat aa ee ee), 0d, 
== —1, mod yp; 


so that the congruence becomes 





Bala) Che) / @+p—I) mod p. 
ry 
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4. When « is a positive integer prime to p, one of the p consecu- 
tive numbers #,a#+1, ....~7+p—1 must be divisible by p, and the 
other p—1 numbers must have residues 1, 2, 3, ..., p—1 with respect 
to p. 

If therefore « = kp+t, t being <p, the formula gives 

B, (#)—«x = —(k+1), mod p, 
and in particular, if « be any number <p, 
| B, (#) =a—1, mod p. 

5. These formule can be readily verified, for, when a is a positive 

integer, 


B, (@) = 1"? 4.2714 3°14... + (@—1)"!; 


and therefore, since r’?-'= 1, mod p, unless r is a multiple of p, 
we have, if «<p, 

B, (x) =«-—I1, mod p, 
and, if « = kp +t, 

B, (#) =x-1—k, mod p, 


since the k terms p”"', (2p)?"', ..., (kp)”~' are = 0, not 1, mod p. 


1 : eee 
6. Now let « = —, where ¢ is a positive integer prime to p. 
': 


The general formula 





B,.(e) 2+ 2 (w7+1)... (@@+p—1) 


mod p, 
Pp ; 


then becomes 





ap Dap pas ve 1 
“B, (=) sssypha ta aie!) 2 te) Svea mod p, 
Mf ih 
*+1)(2r+1)... —l 1: 
cera re eB, {+ ye 14 )(2r+1) eae aa ate 
(fe 


7. Since ris prime to p, the numbers 7, 2r, ..., (p—1) 7 have to 
mod p the system of residues 1, 2,...,9—1; and therefore the 
numbers r+1, 27+1,...,(p—l)r+1 have the system of residues 
2,3, ....p—1,p; that is to say, one of the numbers r+1, 27+], ..., 
(p—1)r+1 is divisible by p, and the other numbers give the resi- 
dues 2, 3, ..., p—l. 

To determine which is the factor divisible by p, we notice that, if 
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Ar+1 is this factor, we must have Ar+1—=qp, where g<r and 
3 
P 
and therefore we have the formula 


= modyr. The product of the factors 2, 3, ....9—l= —1, mody, 


? 


7B, ( J =1—g, mod », 


, 
where gq is the least positive residue of ne , mod +. 


8. We may conveniently express the least positive residue of any 
quantity a, mod 7, by [a],. 
Using this notation, the result just obtained may be written 


VB (—) =1]- =| , mod p. 
Lr ptr 


; 1 
9. This formula enables us to assign the residue of r’B, ( —}, 
; : Y ! 
mod », for all values of r and all (prime) values of p. 
In general, if p = r+s, where s<r and is necessarily prime to +, 


since p 1s prime, 
=| =(=] 
pay aa 


Thus the number of residues of r?B, ( = is equal to the number. of 


admissible values of s, that is, to the number of numbers less than r 
and prime to it. 


10, The: residue of 7° B, (=) may be expressed in an exactly 
, 











similar manner; for, putting «= = in § 6, 7 being prime to 7, we 
have ‘ 

/ L(r+l)(2r+l)... $(p—1) r+l 

r’B, (-—) —_ [y?-1 + (0 )¢ Gaur ) . (p , ar Sa mod D, 
r P 
L(rt+D Qr+D ... $(p—1l) rth} - 
By RAGAN) Gin tbe REG See OP ray 
Pp 


Now, of the » numbers J, r+], 2r+l, ... NG ls) r+lh, one, say Ar+ 1, 
is divisible by p, and the others = 2, 3, ...,9—1, mod, so that 
we find 


Be (—) = l1—q, mod »p,, 


1900.] relating to Hulerian Numbers and other Coefficients. 175 


where gq is the least root of the congruence pa = 1, mod 7; or, using 


the notation of § 8, 
» aha l * 
r°B, (—| Sal L i mod p. 


1l. It is known that 
B;, = Ban» (@), ,mod p,t 


and therefore re D+? Beep (@) == 7 By (x), mod p. 
Putting «= Me and replacing / by /—1 in this formula, we have 
2 
(iis ia geed BP Le ap (—) eS (lb (—) — fas: | = | 5 mod p. 
ie ie par 


It has thus been shown that, if p be an uneven prime, and p—1 bea 
divisor of 2n, then, if l<p+r7, 


L \ l 
220 + 1 Bas : ( ‘hist 1 ey! j | ; 1 
9 Oy et es } Dp moda p 


Y 


I 





if I= ptr, the formula requires modification in the manner in- 


dicated in the note to the last section. 
12. As special values of 7””*' Bn 4, (= ie we havet 
y 
42" +1 epee (4) —_ (— Dele 


aed MS iy es (4) = (—1)"*"'T,, 
C2 bar, @) = Cay Ls 








* This congruence holds good so long as /<p+v7, but for greater values of / it 
requires modification, g; not being then, necessarily, the least root of the con- 
gruence px =l,mod7. In general it can be shown that, if 7 =kp+t, where 
t>0 and <y, then ] 

WB, ( “| = (—¢,, mod py, 
if 
where q, is not #, the least root of the congruence px = /, mod 7, but 2, +m, mr 
being such a multiple of 7 as will bring 2, + mr within the range of numbers / +1, 
k+2,...,k+7, i.e., gq is that root of the congruence px =/, mod +r, which les 
between 4+1 and 4+, both inclusive. The value of g, may be expressed in terms 
of k and t by £+ x 
: 

In most of the applications of the theorem 7 is, or can be so chosen as to be, 

<p+r,; the principal exceptions in this paper occur in §§ 33-38 and 60-65. 
; E(r+Z)(2r +7)... —l1)r 
[ The residue of - ( : Gee, UP nM Bu 





, mod p, that is, the value of ¢,, 


P 
forms the subject of the first part of a paper ‘‘ Residue of the Product of y Numbers 
in Arithmetical Progression, mod p? and p*’’ (Messenger of Mathematics, Vol. xxx., 
pp. 71-92), which has been written since this paper was communicated to the 
Society. | 
t Proc. Lond. Math. Soc., Vol. xxx1., p. 206. 
} Quarterly Journal, Vol. xx1x., pp. 31, 35, 44, or Messenger, Vol. xxvi., p. 179. 
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where Z#,, is the n Eulerian number, and J, and J,,are the numbers 
so denoted in Vol. xxx1., pp. 216, 228 of the Proceedings, viz., En, In, 


J, ave the coefficients in the expansions 

















il fae Hi, Hi, ot i, 6 4 ; 
aoe tO py lie ae, Gate 
1 24 Bes ale stad Ae } 
——— mee red 1 x 7 & PAN &e. ’ 
DcoRw ile a ot 2! su 4)! aa er aa 5 
2 cos @ 7 Jaime a. Ie 6 ; 
. _ J. “lap —— eRe, XC. . 
2 cod Be] Such Ome G1 ee 


13. It is convenient to call the admissible values of p the Staudt 
factors for n, 7.e., the Staudt factors for are those values of p for 
which p—1 isa divisor of 2n. Thus a number pis a Staudt factor 
for n, if (1.) p 1s prime, (11.) p—1 1s a divisor of 2n.* 


14. Using the formula 


r°B, (=) =l1—- Ea E mod p, 


hi 


and taking the case r = 4, we have 
=| = {1],= 1, if pas of the form 44-1, 
Lo 


and lp OF t. i, Ak +3, 
Thus, p being any uneven Staudt factor for n, 

EH, =0 or (—1)”2, mod p, 
according as p 1s of the form 44+1 or 44+3. 


This is the case 7 = O of Sylvester’s theorem referred to in § 1. 


15. For r= 3, we have 


i = [1], = Loi pis-of the formesh i, 


3 


and —— [4 ]s = 2, ” ” 3k +2, 





* In previous papers (Messenger, Vol. xx1x., pp. 49, 129; Quarterly Journal, 
Vol. xxxI., p. 261) I have called values of py which satisfy these conditions Staudt 
Jactors of By. As the connexion is solely between the numbers p and », it seems 
unnecessary to introduce B,. The Staudt factors for » are the prime factors whose 
product forms the denominator of B,. 
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so that, p being any uneven Staudt factor for n, 
IT, =0 or (—1)”, mod p, 
according as p is of the form 3k+1 or 3k+2. 


16. The quantities J, formed the subject of a paper in the last 
volume of the Proceedings.* That paper contains a table of the first 
thirteen I’s, by means of which I have verified the theorem up to 
m= 13. : 

The numbers 2 and 3 are Staudt factors for all values of m. The 
number 2 is excluded, as the modulus is always supposed to be an 
uneven prime. The number 3 is excluded in this case, as r= 3 and 
ry must be prime to py. The residues given by the theorem with re- 
spect to the other Staudt factors are as follows :— 


I, =1, mod 5, 

I, =0, mod 7, 

I, =1, mod 5, 

I; =— 1, mod 11, 

I, =0, mods 7, 13, =1, mod 5, 
I, (no admissible Staudt factor), 
T= lo emods'oy<1.7, 

I, =0, mods 7, 19, 

I,,= 1, mods 5, 11, 


Ss 


,=—1, mod 23, 
I= 0, mods 7, 13, = 1, mod 5, 
I; (no admissible Staudt factor). 
These residues agree with those obtained from the table of J,. 
17. For r= 6 we have 
(=| — [1], = 1, ifp is of the form 6%+1, 
te 


6 


and = [1], =5, z » Ok+5; 








* <¢On a Set of Coefficients analogous to the Eulerian Numbers,’’ Vol. xxx1., 
pp. 216-235. 
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so that J, =0 or (—1)”4, mod yg, 
according as p is of the form 6k+1 or 64+5. 
This result may be derived from § 15 by means of the formula 
NP ee AD IE 
for, when p—1 is a divisor of 2n, 2° = 1, mod p, and therefore 


J, = 41,, mod p. 


18. The Bernoullian function A}, (#), when » is uneven, may be 
defined by the equation 
Ai, (x) = B, (x) —2”"B,, 4x).* 
Thus we derive from § 6 
At 2 a (r+1)(2r4+]1)... }(p—-l r4+1} 
r ; 

















. 2 
(2r+1)(4r+1) ... $2 (p—1) r+1} 
— oe , mod p, 
ig 
and therefore (peal (+) =q—4q, mod p, 
ss 
where qg, q are the least residues given by the congruences 
px =1, mods, 
on = ly mod-2r, 
respectively. | 
This result may be expressed by the formula 
Toe (=) = [=] —[=| , mod p. 
r lone) goal 
19. More generally we have in the same manner 
tt we Ue eee S(p—l)rt+l} 
Lr AG (—) = 
yi P 
_ 1 (rt+) r+)... {2 (p—l1)rt+l} casey 
iy 
: ae t Y l 
whence we find vA, ( = | — | — =| nod p.+ 
Yr p oy Ww , 





* The expression for Aj, («) in powers of # was given in Proc. Lond. Math. Soc., 
Vol. xxx1., p. 203. 

+ In this formula 7 must be <y+7; otherwise a modification is requisite of the 
same kind as that stated in the note to § 10. 
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20. It is not necessary that J should be prime to 2r, but, if Z be 
even, = 2/1’, then 





1 (2r-+1) (40+ 1) 6 {2 (p—1)r4l} 
We 


me op) WHI) Gr +7) ie S(p-l)r+l} aes oa , mod p;* 
p Dias 





so that in this case the formula may be written 
xP A, (-) =2 EA — [=], mod p. 
a i ee 


21. The expression [=| -|=] 
P 42 Pd; 





can only have the values zero and7; for the expression is a—/, 
where a is the least root of the congruence 


po 1; smod2r; 
and 3 is the least root of the congruence 
Diae— ee OUer: 


Now, if a<r, itis clear that 8 must =a, and, if a>r, we must 
have B =a—r. Thusa—# has the value O or 7 according as the 
least root of the congruence px = 1, mod 2r, is < or > 1. 








* This reasoning is general and shows that, if 7 = mi’, then 


/ 
=| =m = | . 
p LJ mr p Y 


We may easily prove this formula directly, for +] is the least value of x 


Pp mr 
given by the congruence px = 7, mod mr, and, if 7= ml’, the congruence becomes 
7 


p Boi ss ’, mod 7, from which the least value of x is m |= | : 
m DP Ir 


+ If the least root of the congruence px = /, mod 27, is=7, we must have 
pr = 1, mod 27, and therefore / must be an uneven multiple of , = mr say, ™ being 
uneven, in which case 


mr [ m m 
“+= (2],-(-Gs]-T-* 
: Lp Jor Pir lp 2 Pit 


N 2 
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22. The result obtained in § 19 therefore shows that 
PA, (=) =0or yr, mod p, 
‘ 

according as the least root of the congruence 


. pe=tl, mod 2r, 


is< ror>r. The residue is zero if the root is equal to 7. 


23. If we put (5 ).= Pe pier a ’ 


then the symbol () denotes 0 if the least root of the congruence 
ve 


2a 


pe =, mod 2r, 


is < r or =7, and denotes r ifthe least root > 7. We may therefore 
express the result of § 19 in the convenient form 


uA (=) = (—) , mod p. 
r P 2r 
24. Since Ay eA ans mod TDs 


we can, by proceeding as in §11, apply the results obtained in §§19 
and 22 to show that, if p is any uneven prime, and y—l1 is a divisor 
of 2n-: (that is, if p is an uneven Staudt factor for 7), then 


A 1 l l 
pet oe (— = | =| _— [=| 4 mod 3 
ae Ns ) P 2 Par : 


= Ce mod p, 


2r 


the expression on the right-hand side being zero or 7 according as 


[LE] So or 


If Lis not < ptr, the formula requires modification in the manner 
indicated in the note to § 19. 





* Proc. Lond. Math. Soc., Vol. xxx1., p. 204. 
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25. As special values of r"*! Aj, ,, ear we have* 
Ta 
ee Aye (4) — (—1)” E., 
eo Ags (4) aoe (—1)" 20s 
Be Am. (&) = (—1)" EF, 


Q2n4+1 
Oa Asn. (3) —— (—y= ta, 


where P,, and H,, are defined as coefficients in the expansions 


COS @ Sys i ee phe agterat 





2 
fo eel oy At et 
1 =3} es atl ag eee ) 
Perma Se oT eb can tan ay Sa eae 


26. We thus have, p being any uneven Staudt factor for n, 
HH, = (—1)" (=) , mod p, 
pls 


ee ahys 


oo 





™—" a ae 
a 


my 

II 

a 
Saeco 


BEES wisp 
es iteiap :3 
2 ou) 12 
27. If p= 4k+1, (=) ai 
pia 


for the least root of «=1, mod 4, is x=1, which <2, and, if 
p = 4k4+3, 
Gy 
je 
for the least root of 3% = 1, mod 4, is « = 3, which > 2. 


The first congruence in § 26 therefore gives FH, =O or (—1)"2, 
mod p, according as p is of the form 44k+1 or 4k+3 (§ 14). 











* Quarterly Journal, Vol. xx1x., p. 107; and Messenger, Vol. xxvi., p. 178. 
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28. Taking now the last of the four congruences in § 26, we have 


(=) =0, if p=12k+1 or 12k+5, 
p /is 


and =6, if p=12k4+7 or 12k+11, 
for the least roots of the congruences 
2=1, '¢=1, 7@=1, lla=1, modl2, 


are 1,5, 7, 11 respectively, of which the first two < 6, and the last 
two > 6. 

Thus the right-hand side of the congruence is 0 or (—1)”6 accord- 
ing as 7 1s of the form 4441 or 4k+3. 


This result agrees with § 14, for, if pis a Staudt factor for x, 


awa Bs ap lees 
pe > 2 








0, 2 mod. 


29. The third congruence of § 26 gives 
H, =0 or (—1)"3, mod y, 
according as p is of the form 6k+1 or 6k +5. 
This result agrees with § 15, for 
H, = 2" +1) hi; 
so that, p being any uneven Staudt factor for 
HH, = 3I,, mod p. 


= 


db, 


30. Considering now the second congruence in § 26, we have 
ty me A) py eh ya Eo 
8 


and =4, if p=8k+5 or 8k+7, 
for the least roots of the congruences 
eel, 8e=1, 5¢=1, 7e=1, mod 8, 
are respectively 1, 3, 5, 7. 
Thus we find that 
=O, Jor RCSL) eee os 


according as p is of the forms 8k+1 and 8k+3, or of the forms 
8k+5 and 8k+7. 
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Sl. Since 3 is a Staudt factor for all values of n, this theorem 
shows that all the P’s must be divisible by 3. With respect to the 
other Staudt factors, it shows that 


ts mod 5, 
P,=—2, mod 7, 


Pe 2, mod 5, 
ee () mod 11, 
aoe mods 5, 7, 13. 


These results I have verified. The values of the first five P’s were 
given in the Quarterly Journal, Vol. xx1x., p. 63.* The value of P, 
(viz., Py = 7828053417) was calculated for the purpose of this 
verification. 


32. The principal formule which have been established in this 
paper are 
i 


(.) »B, (—) =1- Fale moodle 10): 


Ging. (—) = Gk mod p. (§ 23). 


These results combined with those obtained in a previous paper have 


} l l 
enabled us to assign the residues of 7°"*' Ba, 44 (—) andi?) Abn —) 
r r 


for any uneven Staudt factor for n as modulus (§§ 11, 24). 
The principal particular cases of the formule (i.) and (ii1.) are 


(1) Byip-1) =O or —2, mod p, 
according as p is of the form 4k+1 or 4443 (§ 14). 

C2) lay = 0 SOre (i) eS vaalen hod», 
according as p is of the form 3k+1 or 3442 (§ 15). 

(3) 7 Pre-w = Op0t (ae 2; mod 7, 


according as p is of the forms 8k+1 and 8k+3, or of the forms 
8k+-5 and 8k+7 (§ 30). 


* They are P, = 3, P, = 57, P, = 2763, Py.= 250737, P; = 36581523. 
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33. I now proceed to consider the expansions in which the quanti- 
ee ee b b 
ties Bos ) and a?"*!A),,,(—] are the coefficients, in order 
a a 


to determine the most general expansions in which the residues of 


the coefficients can be assigned by the formule (i.) and (ii.). We 
know that 





i 2a 2 Oh 
@ sin (2b a)# 4 asp, ( 


2 sin ax a 


on (20)? )& Cor 
) ge eB e a aa 
Putting 2b—a =, so that b = $(c+a), we have 


a since ¢ Byte (a42) (2a)? WB, (4) (227g 
2 sinax ray 2a 2! as 2a/ 4! 











Similarly, we have 


a cos (2b—a) & = adi(2) wa; (2) 
a PNG 


y COS ax 








Jd)? ; 4\4 
(gt vest) GP tas 


giving 


@ Cosc® _ G@ _ sar = (2a) es (= (22)* 
2 COS AX 2 ey 5 ( 2a JA +a As ou AN — &e. 











We thus find, a and c being unrestricted, 








a sin cw C (2a)? (2a)* 
Nee ee eee > --— &e., 
2 sinax 2 a gO te 4! : 
Q@ COS CH a eer (2e)* 
= = —O0 ~ 0, —& Z 
Oboe ae sa Otemne a M2 
where A, —_ Gan Dams (=), 
2a 
Py , +c 
OF = eats (25°) : 
vai SO 
Since Bae (1l—z) — on Bonar Cr) 
and Aus (1—2) = Aa (2), 
we have also Avi oe Das (=) 
2a 
0, a Qradaee (7=*) 
LO 








* Proc. Lond. Math. Soc., Vol. xxX1., P. 207. 
ip AA es Pais 
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34. If aandc are both even integers or both uneven integers, so 
that 4 (a+c) is an integer, the residues of A,,,_;, and O,(,-1) are given 
directly by G.) and (i1.), vi 


— 


Zu 
aL p, 
Ayip-1) = 3 (a+e)— ene mod p, 


a (2 eta) 


mod p ; 
P 


0; (p-1) 


2a 


but, if @ and c are one even and one uneven, we have to use the 
mul (i.) and (ii.) in a shghtly modified form. 


35. To obtain this modified form, put r = ma, / = 6 in (1.) and (i1.) 
of § 32. We thus find 
— [—] ymod 7p; 
p ma _ 


mab, (—) 
na 
(E)= (2s amp 
Pp 2mna 


mea? A 
whence GU)) yetep (| Buel je mAb oA i ,. mod p, 
™m ma 


Ma 


lI 


ne 


ey wd: (—.) =t (=) 0) aaeeilys 


Teh 


36. Applying these formule to the case when a and ¢ are one even 
and one uneven, we have 


Ayana { atc— Lael } , mod p, 





O; ~-1) =F ( D 


These formule also include the case of a+c even (§ 34), for, if b 1s 
divisible by any number m, = m/3 say, then, by §$ 19 and 23, 


ll aa 


= (2) =(4] 
WM P the a P oa 


| 
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37. In general, therefore, if p be any uneven Staudt factor for n, 


A, =i pf} ato—[ Ste) } ». mod, 
I 


2a 





whether a+c be even or uneven. If a+c¢ is even, we may replace 


et. 


38. Similarly, if p be any uneven Staudt factor for n, 


whether a+c be even or uneven. If a+c is even, the congruence 
may be written 
Ane (2 (a+c) 


, mod‘p. 
Pp 2a 


Thus the residue of ©,, mod p, can only have the values 0 and a; 
and it has the former or latter of these values according as 


Ca z or > 2a.* 
a p 4a 





II. Residues of certain Serves containing 4 (p—38) terms (§§ 39-65). 


59. In Vol. xxxt., p. 214, of the Proceedings, a general congruence 
theorem was given connecting the first 4(p—1) coefficients in a 
general expansion formula; and the two following formule were 
given as particular cases :— 


(i) H,— H,4+ H,—...+(—-1)? "By ea = 0, mod p, 
(12. ik cn ib + I,—...4(-12%°? 3D, (y-1) = 0, mod p, 


the last term in the second series having the coefficient 3. The 
values to be assigned to H, and J, are respectively 1 and 4. 

Since F,,,_,) = 0 or —2, mod p, according as p is of the form 4k+41 
ov 44+3 (§ 14) and J,,,-1)=0 or (—1}}”°”, mod p, according as p is 





* * The formule for the residues of the A’s and ©’s require RS CE if 
p < ¢—a (see notes to §§ 10, 19). 
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of the form 3k+1 or 3k+2 (§ 15), these formule show that 

ASR rte yr rt seg = UP Or = 4, mod 'p, 
according as p is of the form 4k+1 or 4k+38, and 

Gi.) Q—-L+L—...+(—1}?-? Ly-3 = 0 or —3, mod p, 
according as p is of the form 3k+1 or 3h+2. | 


40. These results may be generalised by means of the formule (i.) 
and (1i.) of §32, so that we may obtain the residues of similar ex- 
pressions in which the coefficients of the expansion are multiplied by 
successive even powers of any number m; e.g., we may assign the 
residue, mod p, of 


Hy—m HE, +m H,—...+(— 12° Pm? ? Hyg). 


41. To obtain these general results we start with the formula 
2 i B, (™") eB (esis) i 


= B,(—) +(p—1,(raor*B, (+) 


+(p—1), (rx)*7?“*B,_4 (=) + &e., 
We 


where (p—1), denotes the number of combinations of p—1 things 
taken ¢ together.* 

Since (p—1); =1, mod p, we find, by transposing to the left-hand 
side the first term on the right-hand side, and writing the terms on 
the right-hand side in the reverse order, 


afr, (2) rn, (A=) } ve (2) 


, ve 








) + (ra)? 9 Bs ( : ) +...+(7a)? 7?-? By» (=) , mod p. 
: fe \ 


Y 


1 


Y 


ary Pp, ( 


* This formula may be derived from the first formula on p. 155 of Vol. xxrx. of 
the Quarterly Journal by putting » = py, using the relation 


Von+1 (x) = (2n+ 1) Bons (a) 
to replace V’s by B’s, and dividing throughout by p. 
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Putting 72 = = and noticing that m’-'=1, mod p, we obtain the 
ms 


formula 
vB, (=) + mir'B, i) aR ah & eae, CB yor =) 
Vp Lr tf r 
=1) yp m+ 1\_ i» ont) ' — 7? (= 
"4 < By ( rm aye ( rm es r ) ody 


42. Now, by § 382, the right-hand side 


w r jm+1—[E2] (rl) m—14 [Comet } 
P rm p a 


~ Im 
ll 
-1+/—], mod p, 
P tt 


ee Reet ase —[™+s) rnb +f], mod p; 
2m Pp rm LL. p rm pr 


and we thus obtain the formula 


vB, (=) +mB, (=) + mB; (=) +...4m?*r??B,_» (=) 
=— ae + le | [tlt ey = al } + | — | : mod p. 
2 2m P rm P rm pP Jr 


Thus the residue of the series depends upon r and m and upon the 
residue of p, mod 7m. 


43. Since 2°"*'B,, ., (4) = 0, the left-hand side is zero when r = 2; 
and it is easy to see that the right-hand side also is equal to zero. 
44. Since 4+) Bouya (4) = (—1" HL, =(§ 12), 
we find, by putting + = 4, 
E,—w*H, +m H,—...+(—1)}§?® F, 3) 


ao4] ([m+l] _f8mt1] 2_[ 1], mods, 
2m p 4m p 4m p 4 


which gives the residue of 
EH, —m'°H, + m*H,— ... + (—1)P°>? m?? By ops) 


for all integral values of m. 
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45. For m = 1 the right-hand side of the congruence 
Lal 
-1{(2]-[4]-E 
VE pls 
=e {2(2] a2] 2] 
ps 
“810 
pls Lpte 
Now || always = 1, and [=] = 1 or 3, according as p is of the 
edt Pas 
form 4k+1 or 4k+38. Therefore 
Tiger ietetam see + (——1)t” He Oor —2, mod. p, 
according as p is of the form 44+1 or 4k+3. This formula was 
given in § 39. 
46. Putting m = 2 in § 44, we have 


oe ee eg net Cohn 2?" He 


=eea{{21-[7,}-[h], te 


The residue =] = 1 or 3, according as p is of the form 44+ 1 or 
ps 


' 4k+3. The other residues are given for the different forms ‘of p by 
the following congruences :— 


1p oh ile ie 3. Od O. Clvingwan, — 3, * 


p) 


wv 


ll 
~J 


> — . 
9 99 99 9 vy ery, 7 b 


if p=8k+3, 32 


3, mod 8, 
4 ee Sank fs if re IP 
up = 8k+5, b2= 3 moda; civine 7, — 7, 
” oF) De = 7, ” ” GS 3 ) 


uf p=8k+7,, 7@=.3, mod 8, giving 2, = 5, 


A gs / eine 
” ” (2 = (, ” ” ate Ihe 





* x, will always be used to denote the least root of the congruence in question. 
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The residue of the series is therefore, in the four cases, 
2+14(8-—7)—-1=0, 
eile geek gy Es LG) 
2+1(7—3)—1 = 2, 
2+4(5—1)—3=0, 
respectively. ‘Therefore 
E,—@H, + 4H, —... +(—1)2?-? 2°? By 3) = 0, —2, 2, 0, mod p, 
peconding Asp =21)3).0; (mod, | | 


47. Putting m = 3, we have 
HE, —-3H,+3'1H,—...+(—1)?? 93"? B, -3) 


-244{o[4] [2] -[2], ome 


The congruences giving the first two residues are 
if p =12k+1, ¢ = Lemed:3,)civing.2, — 1; 
a ¥ ay wilh, 245) eae 
TE Op = 12h-3. 4 soa nod orrolvang) a, 12. 
7 Ot =O. 80d Omens “ait. == Le 
ip = 1l2k-+%, (a= amod a, civing yee) 
s, ‘2 (0 =O MAO Ore sy, oh SS ae 
tp 12k 1 Vie emod:3, siving a) —— 2) 
7 & Lie] 5 samod ib; 5. toe Al 


Thus in the four cases the residue of the series = 0, 2, —2, 0, re- 
spectively ; and therefore 


Hy—3'H, + 34H, —...+(—1)??-9 3°? By ys = 0, 2, —2, 0, mod p, 
according as p = 1, 5, 7, 11, mod 12. 


48. Similarly, putting m= 4, 
Hy—¥#, + 44H, — ace -+ (— 1) 32-8) 4e-? Hy (p—3) 


-e+u[8],-P]}- [2], oe 
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By considering as in the two preceding sections the values of the 
residues according to the different forms of p, we find that 
Ey —4¥ B+ 4B... + (—1)2% 9 4? By 

= 0, —2, 0, —2, 2, 0, 2,0, mod p, 
according as p = 1, 3, 5, 7, 9, 11, 18, 15, mod 16. 


49. Putting now r=3 in the general congruence of § 42, and 
using the formula 


Sd Boo ee (4) — (—15* I, (§ 12), 
we find 


I,—mI, +m*I,— Ss (—1)! Petia: Len 
ae 1] m+ 1 Im ae 1 : [ 1 ] 
=o Le —a = ala 
eo 2m { L p ii | p x ? . mod fay 


50. By putting m=1, 2, 3, 4, and determining the separate 
residues exactly as in the case of r= 4, we obtain the following 
results :— 


We eect laces tC kT ey OO 3 0d. 7, 








according as p is of the form 3k+1 or 3k+2. This formula has been 
already given in § 39. 


; Gi.) [,—272,4+ 24,—...+(—1)??-9 2°? 5, .,.5 = 0, mod p, 
for all values of p. . 
Gi.) 1-3, +3*hR—...+(-1)2? 93? PG y_s) 
= 0, —3, 0, 0, 3, 0, mod », 
according as p = 1, 2, 4, 5, 7, 8, mod 9. 
(iv.) I-41, sre ic ee Col) Aree (p-3) 
= 0, —3, 3, 0, mod p, 
according as p = 1, 5, 7, 11, mod 12. 
51. It may be remarked that in general, if p is of the form krm+1, 


rB, (= +m*B, (=) +B; (=) +... 


pete foe Deca (=) = Q,. mod p; 
r 
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for in this case the value of the right-hand side of the formula in § 42 


=— a 5. S(r—1) m+1—(m+1)}4+1=0. 


52. The A’-formula corresponding to the B-formula of § 41 is 


pfs (2) 4a (EY) Pra (2) 


= (r)P7 At (+ ) + (rape 298 (= ) ho (ra) 2y, (=), modp, 


1 
whence, putting rz = —, 
m 








rAy (= ) eee 2 +m*r’A; (= Jobe. +m? 3 P - Ai, ee) 
Yt) \ ae 
410A (ME) +, A’ (ee eee yA! e ), ae 


53. By § 35 the right-hand side 


aL fimtly (met 2 _ (1) | mad: 
i 2m \ Pp a p ayes p i mo Ps; 


and therefore we find that 





Ai (2) + mid; (=) +mieds (=) +... merry» (—) 
r Y ae 


Se eare —C, mod », 
2m 





where A=0 or rm according as the least root of pr=m+l, 
mod 27m, is a or >rm; B=O0 or rm, according as the least root of 


pe = (r—1) m+1, mod 2rm, is = or >rm; andc=0 orr, according 


as the least root of px = 1, mod 2r, is es Oe ase 


54. Since 2”) Arner (4) = (— 1)" &, (§ 25), 
the formula becomes, by putting = 2, 


2 — CU, mod », 
m 


HK, —w FE, +* BF, — ... +(— 18° mm? B, (p_3) = 
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4m, 


where A=0O or 2m according as mee] < or > 2m, 
a 


O= O-or 2 ie ~ [—| <#OPe> a! 
Pa 


Thus C = 0 or 2, according as p is of the form 44 +1 or 44+3. 


sf sate es iy BES (=) ae (ard itieret omaha ceriett= (0) or 
4 


Pp 
—2, mod p, according as p is of the form 4k+1 or 4k-+3. 


Where 0 4 =) , which = 0, 0,4, 4, according as p = 1,3, 
p/s 
5,7, mod 8. Therefore the series = 0, —2, 2, 0, mod p, according as 
p = 1,3, 5, 7, mod 8. 
When m= 3, A= (=) = 0 or 6, according as p is of the form 
po / 12 
3k+1 or 3k+2. Therefore the series = 0, 2, —2, 0, mod p, according 
as p =1, 5, 7, 11, mod 12. 
WS a (2) Rich 230 pee ta eaeod 16 sand 
p16 
=8 if p = 9, 11, 13,15, mod 16. Therefore the series = 0, —2, 0, 
—2,2, 0, 2, 0, mod p, according as p=1, 3, 5, 7, 9, 11, 13, 15, 
mod 16. 
These results agree with those already obtained in §§ 45-48. It 
will be seen that the second formula ($53) is simpler than the 
first* (§ 44). 





* Comparing the two formule of §§$44 and 53, we find that they lead to the 


equation 
; i 9 ; 
E ae ‘] ce | 3m od bi E + 2 | ory 
p 4m eee 27 4m P 4m 


This relation may be proved independently ; for, if p = 4hm+h, h being < 4m and 
prime to it, and if a, ,, ¢, be the least roots of the respective congruences 





he=m+1, he =3m4+1, hx =2m+2, mod 4m, 
then h (a+ 6,—¢;) = 2m+r.4m, 


2A +1 
whence a+b,—¢, = — F 2m = yv.2m, 
D 


y being an uneven integer. Now itis obvious that y cannot be > 1, for a, d,, ¢ 
are all = 4m, so that a,+0,—¢, cannot exceed 8m, and therefore we must have y = 1. 
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56. Since Aer) Aone (4) = (—1)” 2P,, (§ 25), 
we find, by putting r = 4, 
Py—m?P,+m'P,—... + (— 12? am? ? Py y_s) * 


SG iia! om) dae (—) 
7: Am nf Pp ) + ( Pp a z Pp a ce P> 


NIP eh mod p, 
4m 








es 
where A=0O or 4m, according as | met < or > 4m, 
ae 


8m 


B=0 or 4m, " 53 [ate < or > 4m, 
p Bn 
Coren coe [| eos at 
: pls 


As particular cases we find 
G.) P,—P,+P,—...+(—-1?° Py -s = 0, 1, —2, —1, mod p, 
according as p= 1, 3, 5, 7, mod 8. 
Gi.) P)—2?P,+2*P,—... 4+ (—1)?%- 92° P, 93) 
= 0, 1, —1, —2, 2, 1, —1, 0, mod p, 
according as p= 1, 3, 5, 7, 9, 11, 18, 15, mod 16. 
(Gp). 4, — 3°P, 31h, eee ie oie? Pre 
= 0, —1, —1, 2, —2, 1, 1, 0, mod p, 
according as p = 1, 5, 7, 11, 13, 17, 19, 23, mod 24. 


57. For r= 3 the formula of § 55 gives 
Hy,—w'H, +m*H,—... +(—1)?®-9 m?-? Ay «3 


“3 (2H) + RE) } (Ly aote, 
2m p/m ye 6m p /6 


from which we obtain the particular cases : 
Gi.) H,—H,+ H,—...+(—1)!”” Ay -3, = 0 or —3, mod p, 
according as p is of the form 3k+1 or 3k+4+2. 








* The value of Po is 1 (§ 25). 
t The value of Hp is 2 ($25). The values of H;,, up to = 13 were given in 
Proc. Lond. Math. Soc., Vol. Xxx1., p. 229. 
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(ii.) H,— 27H, 4 a Bees ak ( = Dye He 


= 0, —3, 3,.0, mod p, 
according as p= 1, 5, 7, 11, mod 12. 


Qu.) H,—3*H,+ 3*H,—...+(—1)?®-93°-? A, 5) 
= 0, — 3, 3, —3, 3, 0, mod p, 
according as p = 1, 5, 7, 11, 13, 17, mod 18. 
08. If p is of the form 2krm+l, the right-hand member of the 


general formula is zero, for in this case each of the quantities A, B, 
C (§ 53) is zero, so that we have 


rAy (—) +mrA; (— ) mA; (= : +... +m? Ay» (= : he = 0, mod p. 
7 r r 
The corresponding B-formula was given in § 51. 


59. I have verified numerically all the formule involving Zs, 
Is, P’s, and H’s in §§ 45-50 and §§ 55-57 for the values 5, 7, 11, 
13 of p. 


60. If in §§ 41 and 52 we put re =m (instead of =), we obtain 


similar series, but in which the coefficients are descending powers of 
Mm, viz.,.m?*, m?* mm? , ..., mm. Since m’"*= 1; mod p, we may also 


: ie HE 1 
write these coefficients 1, —,, —7, .... —- 
mm” m m 
We thus find 


] 1 l 1 1 we" 1 
rB,(—-)+ ort (2) + a7 () +--+ apa Bea (=) 


0 m* 





ap (mt+l : m+r—1\) Atk 
<4 {vv (222) en 24221) } on (2), wet 





ial 1 rel 1 1 ean =| 
ri(2) + Joras() + Leas () tot vata (2 


= 44 04, (™E*) + 0a; (mtr) } — 7A} (—), mod p; 
va r r 


Onze 
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whence, by § 32, 


3 L) Lp, (1) 42 n,(1) 1 wotB,.(4) 
oe) rB, (—) + =57°Bs ( egy als Laue By» 


r r 


r “Em+r—1 m+I1 ] 
=— +4}| | -[2 |b +E], mea p, 
2 aa p r p r p tr i 


PRIMO a kat calegeie al Laas (L) Lwi,.(2 
(i1.) ri (—) 4+ —91 As (—)+—3 A; (— a! a eel A, -» —) 


r 


{(=+*) +(@42—*) i (—| , mod p. 
p le ‘0 ap p |e 


61. It will be seen that in the formule (i.) and (1i.) the classifica- 
tion of » is much simpler than in the corresponding formule of 
§§ 42 and 53, viz., the different cases depend upon the residue of », 
mod 7 or mod 27, instead of upon the residue of p, mod mr or 
mod 2m7. Thus the number of cases is only @ (7) or 9 (2r) instead 
_of ¢ (mr) or ¢ (2mr), where @ (7) denotes the number of numbers less 
than n and prime to it. Not only therefore is the number of cases 
smaller, but the cases themselves are independent of m; so that for 
any given values of p and m the residue of the series, mod p, depends 
only upon the residues of » and m, mod r or mod 27. 











II} 


Nie 


62. Putting r= 4 in (1.), we have 





=2+4 | ae Has ve ee ° mod p. 


Denoting the right-hand side by R, we find, by putting successively 
m = 1, 2, 3, 4, that, if p = 44+1, then 


1] iL a 
Ei Goes Pi sates eres ie 1) : Lis (y-3) 





hk =0, 2, 2,0, according as m = 1, 2, 3, 4, mod 4, 
and that, if p= 4k+5, then 
EK =,.— 2,,\—2, 0,0, according asm = 1) 2,13;4) mod 4. 
Thus the residue of 





1 aes Te ie 
Ly me ts + wis ye Si +(—1) : ? m?a=3 Lh, (p-3) 
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is given by the following table :— 


m=1l|m==2|m=3|\!m=e4 





























Pn = HO 0 





n which the headings of the columns are the residues of m, mod 4, 
and the arguments of the lines are the residues of p, mod 4. 


Thus, for example, since 7 = 3, mod 4, the table shows that 


es i jaa a ee) N Pole a8 ame = 2 or 0, mod Ps 


qe 7 
according as p is of the form 4k+1 or 4k+3. 


63. It is to be noticed that p must not be equal to m, and that the 
formula and the results given by the table require modification if 
p<m. For in §10 it was necessary that / should be < p+vr, which 
in this case gives m+3 < p+A4, that is, p > m—1. 


64. Putting r = 2, the formula (11.) of § 60 gives 
1 1 ] 





E,— Spe ae Port Trt Ehe-8 
=("2) (2), mat 
De atthe 


from which we may derive, and in a simpler manner, the results 
given in § 62.* 

I have verified these results numerically for the values 1, 2, 3, 4, 
5, 6, 7 of m, and the values 5, 7, 11, 18 of p. 


* Comparing the two formule, we obtain the relation 


Ea he Ea Re [eat? | +2, 
p 4 p 4 p 4 


which may be proved independently by the same reasoning as that employed to 
prove the similar theorem in the note to § 55. 
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65. Putting 7 = 3 in (1.) of § 60, we have 


Tater eet weap 
fom eT Te. PI ies 


Lol eae mee) |= +- [=] d 
eau ee 3 P ss pelea E 


From this formula we obtain the following table giving the residue 
of the series according to the residues of m and p, mod 3:— 








i) 





Wiese Wh) 7) S| ie Se 





RS 
III 
— 
=) 

Ne) {¢>) 
oS 











eS 
III 
bo 
| 
[Ne] {¢>) 
Ss 
© 














Thus, for example, for m = 5, which = 2, mod 3, we have 


1 1 ead 
ives “= ier 7 Ta eae ae hea = 8 or 0, mod », 





according as pis of the form 3k+1 or 3k+2. 
U have verified the table for m = 1, 2,3, 4,5 and p = 5, 7, Ll, 13. 
The results require modification if p < m. 


66. In this paper I have restricted myself to the consideration of 
the Bernoullian functions B, (#) and Aj (a), when the suffix n is 
uneven. I have obtained also the residues of these functions in the 
case when 7 is even, but the results are more complicated, and I 
reserve their consideration for a separate paper. 
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Note on the Quinguisectional Hquation. By L. J. Roaurs. 
Received and communicated May 10th, 1900. 


It has been shown by Gauss and Lebesgue that the tri- and quadri- 
sectional equations for a prime p can be made to depend upon the 
resolution of p into certain quadratic forms, the former depending 
on an identity 4p = M’+27N’, and the latter on an identity 
An Be 

It is proposed here to establish a similar method for the derivation 
of the quinquisectional equation for primes of the form 5A+1. 

In Vol. xviu., p. 215, Prof. Lloyd Tanner adopts the following 


notation :— 


Fo = X,+0X,+w'X,+w°X,+01X,, 


where the X’s are the roots of the quinquisectional equation and w 
is a fifth root of unity. Thus Mw = (w*,7r) of Bachmann’s Kreis- 
theilungslehre. 
Moreover, gw denotes Fw*/(Hw)*, whence, by the general theorem 
of Jacobi’s, 
qu .gu' = p. 
Thus, putting qv = QHtnetQne +qge+q0%, 
’ we have (see Vol. xviu., p. 217) 
HPtatrnt+at+u=—1, 
Goi +42 + 29st %s94+ GG = —A, 
G2 NIs +t 94st WP Un = —A,; 
Ht tatty, = 4A +1. 
These give 
16p = (49-4 —%— Is— G4) + 5 (M$ — G2 98 + Ys)” 
+ 10 (qi gu)" + 10 (G2 9s)" 


and (4¢).—G—42— 9s — 44) (1-2 — Fs + U4) AM 
= — (4-4) —4* (41-44) (92-98) + (92-95)? 

i.e., 16p = a? +50? +10 (2 +4’) , (2) 

where ab = — c’?'—Acd +a’ 
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and a = 49)—-U—G-%—- Us = OQ +I, 
b= U-u—- Gt UW 
Cie Ad A oage a) 
= Go—75s 


Equations (2), however, are not a unique representation of p in this 
form, since the cyclic symmetry in the q’s shows that similar ex- 
pressions may be obtained by rotating the suffixes, so that a might 
= 5¢,+1, 6 = %—G—GU+% &e. Moreover, if we were to treat the 
trisectional complexes in a similar way, we should only obtain the 
representation of 4p in the form m*+3n’, which is not definite enough 
to establish the trisectional equation. 

Passing on to p. 221 in Vol. xvim., we find a modification of the 
above results, depending on the fact that 


X? =a, X +0, X,+a0,X%, +a, X,-+0,X,, 
where the a’s are all integers. 
The connexion between the a’s and the q’s is shown on p. 222, viz., 
da, = —2 +3q,—4A, 
da, = + 2q,+ gs—4A, 
da, = 2q,+ g,—4A, 
Das = 2qst+ gy— 4A, 
Saz= 2qyt qa—H, 
which gives q;—4—43+4, = 5 (a,—a,—a,+a,) = 51, say, 
2 (1-4) — (2-4) = 5 (a, — a4) = dm, say, 
(%1-9) +2 (G2—4s) = 5 (aga) = 5n, say. 


Hence equation (2) becomes 


l6p = a? +1257 +50 (m?+n’) | (3) 
al = m*—4mn—n? i 

We see then that every prime of the form 5\+1 can be expressed as 
the sixteenth of the sum of such multiples of four squares, which are 
connected by a single further relation. 

It remains only to show that such a relation is unique, and that, if 
it has once been obtained, by trial or otherwise, then the quinqui- 
sectional equation can be derived from it without ambiguity. When 
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p is not large, (3) can be found by inspection, but, in most cases, this 
paper does not profess to offer an essentially simpler method than 
those established by Prof. Lloyd Tanner. 

To show that the representation is unique, we may“observe that, if 


Prony: piel ; 
l6p= {a+5V/514+275 (w?—o0') m 42/5 (w—w') n} 
xX {at5 /5I-2 75 (w?—0*) m—2 V5 (w— 0) 0} 
= @ +1251? +50 (m+n?) +1075 (al—m? +4:mn— 2’). 
Moreover, if a, 8, y, 6 be any integers, we have identically 
fat 5V/5I+2/5 (w?—w') m+2V5 (ww!) 2} 
x {a+5 V5A—2 V5 (w?— 0°) w—2-V5 (w—w4) v} 
= (aa+1251+ 50mp+ 50nv) 
+5 V5 (ad+al—2mpt 4inv + 4uv + 2nv) 
+275 (w?—w*) f —ap+am-+5l (u—2v)—5A(m—2n)} 
+2:/5 (w—w') { —av+an--51(2u+v)+ 5dr (2m+n)} 
= A+5/75.042V75 (w?—w*) M+2/5 (w—o') N, say. (4) 
If, then, also, 16p = a? +125? +. 50 (pw? +7), 
where ah = vw’ —Apy—v’, 


we see that, by interchanging italic and Greek letters in the left- 
~ hand side of (4) and multiplying the four factors together, we have 


256p* = {a®+1257 +50 (m?+n*)t fa? +1252 +50](u? +r) } 
= A’+1251*+50 (M' +N"), 

where AL = M’—LMN—N’, 
Again, if we change w into w, we get 

l6ép= ja—5V51-2V75 (w—4) MH 2/5 (ww) 2} 

x fa—5 M5142 75 (ww) MH 2V5 (w?—w*) nf. 
Now, if instead of w = e¢"’, we suppose that 
w+u>+ov7+w+1=0, mod p, 

and V5 = wot 0*— w*— 0’, 


it is clear that one of the factors in each of the products representing 
16p must = 0. 
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Without loss of generality, we may assume 
at5V51=2V5 (w’?—w*) m+2/5 (w—o') n, 
a—5/d1 = 2/75 (w—w*) m—2 V5 (w*?—0*) 1, 
and, similarly, | 
at5VJS5X = 2/59 (w’—w*) w+ 24/5 (w—o) v, 
a—5V5A= 2V5 (w—o') u—2 V5 (w?—w?) v. 
From these four congruences, we see that 
(a+d9V751)(a+5 /S5A)+(a—5 V5 1) (a-5 V5 A) 
= 5 [4 (owt 4 (w—et)*? (ptm), 
t.€., aa+ 1251+ 50 (mp+nyv) = 0, 
while (a+5vV751)(a+5 V5 X)— (a—5 51) (a—5 V5) 
= 40 (ww) (w—o') (my + pn) 
+20 (ut —08)?—(w—0)} (mp—ny) 
= —40 V5 (mv +pn) +20./5 (mp—nyv), 
4.0. ad+al+4 (mvt pun) +2mpp—2Qnyv = 0. 
Thus A= Oetand sa 0: 
and, since, In consequence, 


W+N?=0 and M—4MN—N* = 0, 


we see that Mie Oe Nv (), 

Let A: Up) lek oem ey pa 

so that 256p? = p® (U2? +125 X?+ 50 Y? +5027), 
256 = U*+125 X*+50Y?+502?, 

where UX = Y’—4YZ— 7. 


The only possible solution for these equations is 

Uv==91 6s eds Se oY ce en 
so that aa +1251. +50 (mp+nv) = 16p, (5) 
while cat IV Ns 


These last three equations give the ratios of a, A, w, vy uniquely in 
terms of a, 1, m,n, and, by inspection, we see 


Bsmt OI i FST Nc WaT me et 
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But this reduces (5) to 
k (a? +125? + 50m?+50n?) = 16p ; 
therefore Hkemnka he . 


Hence we see that the representation of 16p is unique. 


2. We may now obtain the quinquisectional equation in terms of 
u,l,m,n. Onp. 227, Vol. xvul., it is given in the form 

Y°—10p. ¥°—5p3 qu Y*+5p (p—qoqu’) Y—pSquququ' =0, (1) 
where Y has for roots 5X,+1, 5X,+1, &e. 


Since qu qu* = Pp, 
we may put qu = J/pe, gu,= /p—e™, 
and, similarly, gu® = V/ pe, gu? = Vp e-™, 


where we may suppose vp to be the positive square root. Then 
qu = 2/p (cos 4, + cos 6.) 
Sququw’ = 4p cos 8, cos 6, 
S qu qu qw® = 2p V/p } cos (26,4 8,) +-cos (6,—26,) . (2) 
= 2p /p }(2cos 6, cos 6.—1) (cos 6, + cos 6,) 
—2 sin @, sin 6, (cos 6,—cos 6,) } 
~ Moreover, if Fo =V/p ee, Fut =J/pe™, 
Moue=nip ee) Hap eaten 
then equations (8) and (9) on p. 217 are equivalent to 


29, rie O,+9,, 
2%, = O,—1, 
whence o, = + (26,4 4,), 
?, = $ (20,—9,), 
while Y, =o" Fo+o” Fo? + 0°" fe’® + ow” Ft 
=2vp § cos (— 1) +e0s (.— Zr), (3) 


where 7 = 0, 1, 2, 3,-4. 


This shows that any equation of form (1), whether quinquisectional 
or not, whose coefficients depend on (2), can be solved trigonometric- 
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ally by the quinquisection of an angle 26,+6, or 26,—0, depending 
on the coefficients. 


Now J/pei=qu and V/pe* = qu’, 
v at 1 





whence /p cos 6; = q+ (q+ anes POA RCE) bars yen 


=4$(a+5Vv5 1) 
/p cos 6, = + (a—5V/51) 


/psin§, = (q,— g4) Sin — = + (qo— qs) Sin = : 


: Pac sees 
V/psin 6, = (q,—4q,4) sin ts — (q,— 3) sin ee ; 


therefore psin§@, siné, = 


5 (-ed-@) [». §1 2)] 


v5 (m?+mn—n’). 





By these relations the equation (1) reduces to 
Y°—10pY*—5paY?+5p {p—2 (?—1257)} Y 


a |< (a?—6252)— aoe = Ima } Sa) 


We may now return to our supposition that numerical solutions 
for a, 1, m,n have been found in the equations §1 (3). In applying 
them to (4), it will readily be seen that a certain ambiguity arises as 
to the proper sign to be taken for a and lmn. The choice, however, 
can be easily determined from the following considerations. Since 


a=dq,t1l=1, mod 5, 
there is no ambiguity in its value; and, if (/, m, 7”) is a correct 
solution of § 1 (3), the only other sets of solutions are (J, —m, —n), 


(—l, n, —m), and (—l, —n, m), all of which yield the same product 
lmn, so that (4) 1s not altered by these alternative choices. 


For instance, 16 x 331 = 612+125.1?+50 (5?+2%), 


where 61 = 5°+4.10—4, 
so that a= 6] im od). 
Let then b= Ah aS) ae 2 


so that lmn = — 10; 
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~~ 


we see by the above reasoning that all other possible choices of 
values for J, m, 2 would have given the same value for the product. 


3. It may be noticed that the representation of 16p in §1 (3) 
depends upon the fact that p, a rational quantity, is found to be the 
product of two irrational factors qw.qw*, which in general, for un- 


restricted values of the q’s, would involve terms containing the square 
root of 5. 


The result may be generalized by supposing a case in which some 
rational quantity can be expressed as the product of two linear func- 
tions of a quadrisectional equation. 


Let » be any prime of the form 4k+1 whose quadrisectional 
‘roots are 


4 8 
M =r trite s..., 
Sy 9° 4 9? 
We eee pit Gwe te eh Sah 
2 6 10 
UP restaaiien cee (esp 
3 7 ALL 
jh ss 7 to ty + pak 
where ee 
and g is a primitive root of n; and let us suppose that 
P = (8) +8771 + 82% + $53) (SoM +81 M3 + $2 +837) 
and the s’s are rational. 
Let y+yt" +y,0"+n,0" be written Fv”, where 
wee), 1273. eid. 


so that Fl=—l1, 
ane dn) = —1+ Fi+FO+ PX, 
dn, = — 1 i Fi FE +B, 
dq, = —1— Fit FO- FS, 
dng = —1+1Fi— Fe Fe. 


Moreover, if s,+s,7"+s,7'"+8,2°" be written s:”, where 


1M = UPL 2, Oy mod &, 


we have 
16P = 16 (symp + 81% + Sym +5393) (So + 81s +530 + 851} 
= (—sl4+s0Ri+sP kt + st Fv) (—-sl—sP lt + sv be — sil’) 
= (—sl4s? Pi)? — (sh Fi + sik’)? 
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Now F% is the (wt"""”, g) of Bachmann’s Kreistheilungslehre, p. 84, and 
Vi No + Ny—Y — 23 = VD, 


while (Fr)? = (a+bt) Fi’, 
where C+h=p, 
and Bi hPa (eas), 


Hence 16P = (—sl+s? /p)?— (si)? (a+b2) /p—(st)? (a—bi) /p 
—sv?.st (—1)*"-) p. 
Equating rational and irrational terms, we have 
16P = (sy ts, ts,+85)? +” (sy—s,;+5,—83)” 


—2n (1) § (s,—s,)?-+ (6, —5,)*t, 
while 


(sy +8; +5,+53) (S9—5, + 5.— 83) . 
= 4 § (s,—8)’— (sy—s9)? } — 2 (8, — 35) (sy—8:). 

These equations may be written in the form 

16P = A?+nB?— 2n (—1)?"-) (P+ D") } . (1) 

AB = a (D?—C’)—2b0D 
Two cases of these relations obviously present themselves. 
Firstly, we may take the product 

(@—r )(w—1")(@— 0" 


x (e—1°)(a—r*)(a—r*) ..., 


which can be written in the form 


SoNo +5, + $2 + $3 5, 
while (a—r*)(a—r°) ... 
x (w—1*)(@—r") ... 

becomes So M2 + $1 3 + Sy) + 83 1, 


where 5s, 5, 5, 8; are rational integral functions of w Hence 
16 (#”—1)/(«—1) can be written as in (1). For instance, 


16 (e®—1)/(@—1) = (40° + 22° —5a4— 22% — 5a?+ 2x + 4)? 
+ 1324 (@+1)4+26 { (a°—2)?+ (a +a*—a?—2)"}, 
while 13s eee 
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16 (@” —1)/(@—1) = (408+ 2274+ 10a°—3 v° + 8at—323 + 10a? + 2a +4)? 
+17 (2a°—a?—a' + 22)? 
— 34, { (a! +0°— 2at+ a? +a)? + (a? + 2a°— Qa + Qa +2)*?, 
while Ve 4 


Secondly, we may apply (1) to the theory of n-sectional equations 
in general, where n = 4k+1 and is prime, and more especially when 
n=95,mod 8. ‘The results will have a close analogy to the theorems 

contained in chapter xx. of Bachmann’s Krevstheilungslehre, though 
ib 1s not easy to see how far the result of p. 290 et seg. can be 
) generalized. 

| For instance, when n= 5, mod 8, and P is a prime of form kn+1, 
| we shall obtain a relation similar to (CLO) sp a5 levine 


16PI"-) = AP +I? + Qn (C+ D?), 
where AB=a (D?— 0") —2b0D, 


and it is probable that in all cases the numbers A, B, 0, D contain as 
a common factor some power of P, reducing the identity to one 
analogous to (24) on p. 290, the representation being unique. 

_ Again, in what we may call the two-square representation of 
primes or their powers treated of in this portion of Bachmann’s 
_work, the primes of form 44+1 are omitted as leading to forms 
which are ambiguous in consequence of the Pellian equation 


il yes ny’. 


In the present four-square representation, we can include some such 
primes unambiguously, viz., those which = 5, mod 8, but shall 
probably meet with a new Pellian ambiguity when the prime =1, 
mod 8, depending on possible integral solutions of 


: | 1 = A’+nB?—2n(C?+D"), 


where AB = a(D?—C*)—200D. 


; | 

It would be interesting to know how far the integral solution of 
ese equations is possible, both when n = a’?+6° is prime and when 
it is composite, and whether any algorithm similar to continued 
fractions can be employed to determine such a solution. 
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On a Peculiarity of the Wave-System due to the Free Vibrations 
of a Nucleus in an Hetended Medium. By Prof. Horace 
Lams, F.R.S. Read May 10th, 1900, Received September 
21st, 1900. 


In a number of physical problems we have to do with a central 
body, or nucleus (usually taken to be spherical for mathematical 
simplicity), surrounded by a medium capable of transmitting energy 
in the form of waves. If an agitation be communicated to the 
nucleus in any way, waves will be started in the medium, and, owing 
to the energy which these carry off, the vibrations of the nucleus, if 
this be left to itself, will gradually subside. As instances, we may 
cite the electrical oscillations on a spherical conductor,* or in a 
dielectric sphere of great inductive capacity,y and the vibrations of a 
pendulum or of a deformable sphere in a gaseous{ or an elastic-solid§ 
medium. The point to be here considered arises in the interpretation 
of the analytical expression for the waves thus generated. Though 
simple, it appears to have occasioned some perplexity, and it has 
been suggested that a brief elucidation of the matter might be 
acceptable. 

In all problems of the above kind the usual method of procedure 
is to assume a time-factor e””, c being the wave-velocity, and conse- 
quently 27/k the wave-length (when k is real). The solution of the 
differential equations which hold throughout the medium then indi- 
cates that the amplitude of the disturbance at a distance r from the 
nucleus, great in comparison with the dimensions of the latter, is 
given by one or more terms of the type 


A e”* (ct -9) Se (1) 
L 


where S,, involves the direction (only) of the radius vector r. The 
combination ct-++r would of course be equally admissible in the index, 





* J.J. Thomson, Proc. Lond. Math. Soc., Vol. xv., p. 197 (1884); Recent Re- 
searches, § 308. 

+ Camb. Trans., Vol. xv1tt., p. 348. 

t Proc. Lond. Math, Soc., Vol. Xxxu1., p. 11. 

9 Ibid., Vol. xxxu., p. 120. 
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but is rejected for our present purpose as representing a system of 
waves travelling inwards. The admissible values of k are determined 
in each case by means of the special conditions to be satisfied at the 
boundary of the nucleus. It is found that & is either pure imaginary, 
or else complex with the imaginary part positive. In the latter 
case, writing 


k =x+7m, (2) 


and substituting in (1), we obtain, on taking the real part, an ex- 
pression of the form | 


AL Coo (ct—r+a) S,. (3) 


ifr 


The circular function represents a train of simple harmonic waves 
of length 27/« travelling outwards with velocity c; the factor S, 
represents the variation of intensity with direction; and the factor 
l/r represents the attenuation due to spherical divergence. The 
factor e°"“ exhibits the decay of the vibration at any place as the 
original energy of the nucleus is gradually spent in the generation of 
waves. The difficulty which has been felt relates to the factor e””’, 
m being positive. It is true that m is usually small compared with x, 
but, however small it may be, the exponential indicates unlimited 
increase with 7, which will ultimately outbalance altogether the 
weakening due to spherical divergence. For this reason it has been 
doubted whether a solution such as (3) really corresponds to any 
physical reality at all. 

The explanation is that owing to the finite velocity of wave- 
propagation there is at any instant, in our unlimited medium, a 
region not yet reached by the waves, viz., that beyond a spherical 
surface of radius ct, where ¢ is the time elapsed since the primitive 
disturbance of the nucleus. Up to the confines of this region the 
law of amplitude indicated by (8) is strictly applicable ; but beyond 
them everything is as yet quiescent. And within the region occupied 
by the waves the amplitude at any poimt P will (except for spherical 
divergence) be less than that at a point Q further from the centre 
on the same radius vector in the ratio e~”:”®, for the reason that it 
represents a disturbance which started later by an interval PQ/c, 
during which the vibration of the nucleus has been decaying accord- 


—mct 


ing to the law e It is clear in fact that the two parts of the 
exponential in (3) are necessary concomitants. 


VO XX he NG.) 2S. P 


210 On the Free Vibrations of a Nucleus in an Hetended Medium. 


When k is pure imaginary, the solution (1) takes the form 


bak e7™ (ct - 7) 


Y 


; (4) 


‘Nhe only novelty is that the vibration which is sooner or later started 
at any point is “ aperiodic.” | 

To reduce the question to its simplest form, we may take a one- 
dimensional analogy. Let us suppose that we have an infinitely 
long tense string of uniform density p, to which a mass M is attached 
at the origin (ec = 0); and let us further suppose that any lateral 
displacement of M is resisted not only by the tension (7’) of the 
string, but also by springs fastened to fixed supports; and let 27/o 
be the period in which M would oscillate if the string were absent. 
Everything being at rest to begin with, let us trace the effect of a 
sudden blow given to M at time t=0. The equation of motion of 
the string will be of the form . 

By _ Fy 


hy 5 
de” da? ©) 


where c? = 1'/p, and that of M 





dt? AX 


M (Si +0] aren (st) (6) 


where the limit of dy/dz, when 2 approaches 0 from the positive side 
of the origin, is to be understood. For «>0, the appropriate solution 
of (5) is of the form 

Y =fict—2). (7) 


If we put M = 2pb, the equation (6) gives 
“” iL / o 
fF’ (u)+ = f (w+ Sf (uw) =0, (8) 


to be satisfied for positive values of w. Since when t=O we have 
y = 0 for all values of w, it appears that for all negative values of wu 
we must have f(w) = 0. The solution of (8) is 


f(u) = Ce-"”’ cos k (u+a), (9) 


: <a (arte 9) 


the constants Cand a being (so far) arbitrary. Adjusting a so as to 
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make f (0) = 0, since M starts from its equilibrium position, we have 


for a<ct, y= Ce‘ sin « (ct—x) | 

(11) 
and FORM a tOrtry = () 
The formule relate to the positive side of the origin. The circum- 
stances are, of course, symmetrical on the two sides. The figure is 
intended as a rough illustration, the amplitude being of course 
greatly exaggerated. 


We have assumed that o>c/2b. In the opposite event, the 
solution of (8) is 


f (uw) _— A ent Bes aes. (12) 
: m, Pree. (i-S) its 
where a ; o4 = V ip en (13) 


Adjusting the constants, we have 


for n< ct, y — A (ere ge Aas ee) ! (14) 


and LO es Ch) =~) 





Thursday, June 14th, 1900. 
Lord KELVIN, G.C.V.O., F.R.S., President, in the Chair. 


Twenty-one ordinary members, three honorary members, and a 
visitor present. 

At the request of the President communications were made by 
Prof. Klein (‘On the Continuation of the Edition of Gauss’s Collected 


Works”); by Prof. Darboux (“ Sur différents Problémes relatifs aux 
pP2 
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Transformations de |’ Espace et aux Déformations finis dela Matiére et 
sur leur rapports avec la Théorie des Systémes triples orthogonaux) ; 
and by Prof. Poincaré (“‘ Sur quelques Théoréemes relatifs a l Analysis 
Situs et surles propriétés des Polyédres dans l’Espace 4 plus de trois 
dimensions’). Professors Darboux and Poincaré were admitted by 
acclamation, and thanks were voted to all three gentlemen for their 
communications. 

Thanks were also voted to Prof. Stringham, of California, for his 
remarks on “A Proof by non-Huclidean Geometry of the Focus and 
Directrix Property of Plane Sections of a Cone.” 

Prof. Elhott communicated some notes on ‘‘ Concomitants of 
Binary Quantics.” 


Lord Kelvin communicated the following papers by reading out 
their titles :— 

Some Multiform Solutions of the Partial Differential Equations 

of Physical Mathematics and their Applications, Part i1., 
“by H. S. Carslaw. 

Some Quadrature Formule, by W. F. Sheppard. 

Extensions of the Riemann-Roch Theorem in Plane Geometry, 
by Dr. F. 8. Macaulay. 

On the Invariants of a certain Differential Expression connected 
with the Theory of Geodesics, by J. H. Campbell. 

On the Transitive Groups of degree n and class n—1, by Prof. 
W. Burnside. 

The Invariant Syzygies of Lowest Order for any Number of 
Quartics, by A. Young. 

Canonical Reduction of Bilinear Forms, by T. J. 2A. Bromwich. 

The Energy Function of a Continuous Medium, by H. M. Mac- 
donald. 

Note on the Representation of a Circle by a Linear Equation, by 
J. Griffiths. 

The Stress in an Aolotropic Elastic Solid with an Infinite Plane 
Boundary, by J. H. Michell. 


The following presents were made to the Library :— 


‘* Educational Times,’’ June, 1900. 

‘¢ Indian Engineering,’’ Vol. xxvit., Nos. 16-20, April 21-May 19, 1900. 

‘¢ Mittheilungen der Mathematischen Gesellschaft,’’ Bd. 111., Heft 10 ; Hamburg, 
1900. 

‘¢ Proceedings of the American Philosophical Society,’’ Vol. xxxvi., No. 160,, 
December, 1897; Philadelphia. 
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‘‘Mathematical Gazette,’’ Vol. 1., No. 21; May, 1900. 

‘« Periodico di Matematica,’’ Serie 2, Vol. 11., Fasc. 6; Livorno, 1900. 

‘Transactions of the American Mathematical Society,’’ Vol. 1., No.2; New 
York, 1900. 


The following exchanges were received :— 


** Proceedings of the Royal Society,’’ Vol. txvr., No. 429; 1900. 

‘* Rendiconti del Circolo Matematico di Palermo,’’ Tomo xtv., Fasc. 3, 4; 1900. 

‘‘ Bulletin of the American Mathematical Society,’’ Series 2, Vol. v1., No. 8, 
May, 1900; New York. 

‘¢Rendiconto dell’ Accademia delle Scienze Fisiche e Matematiche,’’ Serie 3, 
Vol. v1., Fase. 3, 4; Napoli, 1900. 

‘« Journal fiir diereine und angewandte Mathematik,’’ Band cxxu., Hefte 1, 2, 
Berlin, 1900. 

‘¢ Archives Néerlandaises,’’ Serie 2, Tome 111., Liv. 5; La Haye, 1900. 

‘Atti della Reale Accademia dei Lincei—Rendiconti,’’ Sem. 1, Vol. rx., 
Fasc. 8, 9,10; Roma, 1900. 

‘‘Nyt Tidsskrift for Matematik,’’ B. Aargang u1., Nr. 2 ; Copenhagen, 1900. 

‘* Proceedings of the Physical Society,’’ Vol. xvir., Pt. 1 ; April, 1900. 

‘* Sitzungsberichte der Kénigl. Preuss. Akademie der Wissenschaften zu Berlin,”’ 
1-22 ; 1900. 

‘‘Proceedings of the Cambridge Philosophical Society,’’? Vol. x., Pt. 5 (Lent 
Term) ; 1900. 

‘‘Nachrichten von der Kénigl. Gesellschaft der Wissenschaften zu Gottingen,”’ 
Heft 3, Math.-Physikalische Klasse ; 1899. 





Notes on Concomitants of Binary Quantics. By H. B. Exuiorr. 
Read and received June 14th, 1900. Received, in recast 
form, July 30th, 1900. 


1. Too little attention has, perhaps, been devoted by expositors of 
the English method to any concomitants of binary quantics except co- 
variants andinvariants ; the fact that the connexion between cogredi- 
ency and contragrediency in the case of pairs of variables is of a very 
simple nature, and that, for instance, any homogeneous contravariant 
is made a covariant by a mere substitution for the variables, having 
been regarded as making the consideration of other concomitants 
than covariants a matter of secondary interest and importance. Thus, 
while in respect to a ternary quantic it has been made a fundamental 
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consideration that the system of leading coefficients in concomitants 
pure and mixed is the system of invariants of an auxiliary binary 
system, and that the system of leading coefficients in covariants in 
particular is to be extracted from that system of invariants by means 
of an additional fact of annihilation by a differential operator, it has 
not, as it seems to me, been adequately enforced that the answer to 
the inquiry: What gradients in the coefficients lead concomitants pure 
and mixed of a binary quantic ? is: All gradients. The elucidation 
and examination of this fact oceupy Section I. of my notes. 

Again, it has, perhaps, when noticed, been generally regarded as a 
mere coincidence that the whole number of seminvariants (including 
invariants) of any degree z of a binary p-ic is also the number of 
terms in the most general gradient of degree 7 and of weight equal to 
whichever is integral of $ip and 4(¢p—1); the fact being that the 
most general gradient in question, with arbitrary coefficients, may be 
separated into parts which are coefficients in the covariants led by all 
those seminvariants, and so have a one-to-one correspondence with 
them. Facts like this occupy my Sections Il. and III. The separa- 
tion into critical parts of general gradients is effected in Section II. 
by means of repeated differential operations; and, from any gradient 
with its full number of arbitraries, an analytical formula is exhibited 
for that same full number of covariants in which parts of the gradient 
are coefficients. In Section III. an almost purely algebraical method 
of effecting the separation is exhibited. The investigations may be 
regarded as complementary to a theorem of separability given and 
apphed by Hilbert (Mathematische Annalen, Vol. xxx., pp. 15, &e.). 

A good deal of preliminary exposition of known theory has been un- 
avoidable. The so-called “ English,” or non-symbolic, method has 
been followed throughout; the aim of the paper distinctly being to 
call attention to some neglected lessons of that method and to pursue 
its development. 


ak 


2.* Let € 7 be contragredient with a, y. Take K a rational 
integral function of w, y; § 3 @, dQ, @, .--, @, Which is a con- 
comitant of 

== (Og, Gis Ca guere Ga) Leth ae 





* At the suggestion of a referee much of this article has been rewritten, so as to 
base what follows entirely on the infinitesimal transformation. At his request I 
have also slightly altered the prefatory article. 


1900. | Concoinitants of Binary Quantics. ; 215 


The essential properties of K can be written down by expressing its 
invariancy, but for a factor, when we apply any infinitesimal—and 
therefore when we apply any—linear transformation. If 1+ A, p» 
and XN’, 1+p’, where A, p, r’, »’ are infinitesimal, be the coefficients of 
the new variables X, Y in the equations of transformation, we 
express this invariancy by saying that, when we substitute in K 


I—\ja—ny, —A\c+(l—p)y for “ay, 
(+A) E+Nn,  pE+(1 +e’) y for €, », 
and apt pra, +N (p—r) ait fr (p—r) + pr} a, “for -a, 
(iO eee) 
we reproduce KC multiplied by a factor which is, to the first order, of 
the form 1+bA+0bA’+cu+cp’, where b, b’, c, c’ are numerical. The 
necessary and sufficient conditions which follow, the infinitesimals 


being independent, are, from the coefficients of p, A’, A, pw’ respect- 
ively, that 





(a+85—y~) fie eho 
( ita) K=UK, 
| Pa + (p—l) a a +S) CE Ke 


3 Q Re a ae | 
2 tos AE are 
ia Oi a eae —ys tas} : 


where, in Sylvester’s notation which I have used elsewhere, 


0 = sae + 2a, cs ae oa (EO 


oO 
Bra eee Che 


0 6 0 
O = pa, — +(p—1) a,.— +... +4, —— 
P ’ Od (p Oa, Pp Cae, 

The first two conditions can only be satisfied by taking c= 0, 
b’ = VU, as the terms of highest weight in I (regarding #: y andy: € 
as of weight 1) cannot occur in the left-hand side of the first, or the 
terms of lowest weight in K in the left-hand side of the second. Thus 

0 0 


Ace 1 
asc a (1) 
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6) ) 
ee tae 2 


annihilate K. Hence also their alternant 


ater 
(a+es Se = | 


-(o+ngenag, (2465-95) 


and ) O+n 


z.e., the operator 


la 


{pay 2 + (p—2) ae er 


0 0 0 d 

+ (85, nx )—(2 2 v5) (3) 
annihilates K. But this is the difference of the two operators whose 
effects on K as above are to multiply it by 6 and c’ respectively. 
Hence c = ); and the factor in the expression of invariancy for the 
infinitesimal transformation is 1+b(A+yp’), 2.e., is a power of the 
modulus 1+A+p.. As the product of the determinants of a 
succession of linear substitutions is the determinant of the resultant 
substitution, the factor is still the bth power of the modulus in the 
expression of invariancy tor any finite linear transformation. 

Thus the necessary and sufficient conditions that K be a con- 
comitant are that it be annihilated by (1) and (2), and therefore by 
(3)—a group of three operators of infinitesimal transformation— 
and that 

iO. bape ae eC Be elas (4) 
da, Oa, da, Oy On 


have the effect on it of a numerical multiplier b. 


Let C,,,, be the coefficient of a”y’&n’? in K. The annihilation by (3) 
tells us that the degree 7 and weight w of every term in C,,,, are con- 
nected with the indices by the relation 


tp—2w+p—a—r+s =), (5) 
and the fact as to (4) tells us that 


w+o—s = b = const. (6) 
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In particular if, as we shall see must be the case, there is a part of - 


K free from y and n, then, for every term 0;,2" oo of such part, 
Vl ess 
=ip—wto—o 
=3(pto'—a). (7) 


This constant is, we have seen, the index of the power of the modulus 
which occurs in the general expression of invariancy of K. 

We now introduce appropriate conyentions in supplement to the 
above necessities. Denote by degree, order, and class respectively 
dimensions 1n 4), @,d,... a), In a, y, and in é,y. Linear transform- 
ation leaves degree, order, and class unaltered. If K contains parts 
of different degrees, orders, and classes, the transformed parts have 
im each case their old degree, order, and class. The property of 
invariancy possessed by A must be possessed by all those parts sepa- 
rately. Though, then, the only limitation on freedom of degree, 
order, and class which must perforce hold throughout K is 


p times degree + class — order = const., (8) 


which is obtained from (5) and (6) by elimination of w, we introduce 
no real incompleteness of systems of concomitants by conventionally 
preferring to speak only of concomitants which are of one degree, one 
order, and one class throughout as simple concomitants, regarding 
more complex concomitants with the same constant in (8) as linear 
functions of simple concomitants with the same power of the modulus 
required in their expressions of invariancy. Henceforward by con- 
comitant we mean, as a rule, ‘simple ” concomitant. 


3. Take then a concomitant 
K = Cx" 6" +...= (0,..)@, y)” & 0)”, (9) 


which is of one degree 2, order ow, and class wo’ throughout. 


The leading coefficient C cannot be wanting. For the annihilation 
of K by (1) tells us among other things that the terms of highest 
degree in € are free from y, and the annihilation by (2) tells us that 
these terms are annihilated by Cee so that the part of them 

ws 


which is of highest dimensions in z is free from y. Thus C #0. 
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Moreover, the K led by Ca” €™ is unique. Otherwise there would 


be a concomitant A, — 1, with no 2” é™ term. 

C is of one weight throughout by (7), and this weight is given in 

terms of the other characteristics of K by 

w=4tpt+w—o). (10) 
We shall presently see that there is no other restriction on the 
gradient CU. 

Given C and the order and class, all the other coefficients in K can 
be derived. In fact, the whole concomitant may be written in either 
of the forms 

K = a7 Orn 0/98) em ene 0, (11) 

= Fol oe M/sKQ-y 0/02) e/zO O. (12) 

These expressions are afforded by an analysis of the annihilation of 

K by (1) and (2). The former expresses K as the covariant of wu 

and év+yy which has for leading coefficient a seminvariant of w and 

ée+ny derived from C, and the latter has the correlative con- 

struction. Other forms to which (11) and (12) respectively reduce 
by Taylor’s theorem are 


K Hat 7 (éx-tny)™ ell? e—met) 9 ¢y, (13) 
Sear gute ONES ny) eW MEO ekule+ny)O (14) 


two expressions which are known (see my <llgebra of Quantics, § 99) 
to be equal when ( is any gradient for which (10) holds. 

Here, by (10), w—o =itp—2w. Let wo, w be ip—wt+k, wrk 
respectively, where £ is zero or a positive or negative integer. Then 
I have elsewhere shown (Algebra of Quantics, loc. cit.) that the equi- 
valent forms (15), (14) have for another equivalent 


K = Geng CA, Ay ee (15) 
where CA,, 4,5 .:.,,A,)(@3y )” = (@y; Qin Op) ey aye ey)”, (16) 
and C(A,, A,, ..., Ap) is the same function of A), &ec., as C is of a,, &e. 
[Here & can be negative only when CO(A,, A,, ..., A,) 1s divisible by a 
power of év+ny.] Thus K can be at once written from Ca &*’ 
either by differential operation or by substitution. 
So much when C, a, a’ are given. 
When an appropriate CU alone is given—we defer till the next 
article a proof that all gradients CO of one degree and one weight 
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throughout are appropriate—o and a’ are, of course, not arbitrary 
positive integers. Neither are they determinate, as (10) only gives 
their difference w—o’ =ip—2w. There are smallest admissible 
positive or zero values of a, oa’; but these smallest values may be 
increased by any, the same, number, and a concomitant K obtained as 
above. 

By (11) or (13) o’ must be at least equal to the index of the 


highest power of 2 which does not annihilate C. For, if 97 **O #0 


but 27 +*** G =0, where &>0, (13) would contain a part which is a 
numerical multiple of 


oe: (én +7) —* (na)y™ teed °F tC, 


z.e., a part of negative degree in é%+ ny, against which no other part 
could cancel so as to leave the whole integral. In like manner o 
must be at least equal to the index of the highest power of O which 
does not annihilate OC. These lowest admissible values of oa’, a are 
certainly not greater than w and zp—w respectively ; but for par- 
ticular O’s they are less. If, for a given appropriate C, w—K’ is the 
smallest value of wo’ which, with the corresponding 


w= ip—2w+o' = ip—w—K, 


suffices to make K integral, then p--w—A' is the smallest value of w 
which, with the corresponding o/=a— (tp—2w) = w—Kk’, suffices. 
Moreover, in this case neither Q”-" nor O”-"-* can annihilate C. 
Otherwise, to take the first supposition, (13) would tell us that K has 
the factor €e+yny, which could be removed, and leave a concomitant 
K+ (e+ ny) led by C and of lower class than the lowest possible ; 
and, in like manner, as to the second supposition. We have then 


Qv-* Cd ws 0, Qve-* +l? _ 0, 
Otres O =n 0, OY yp — 0. 


4. We have now to see that every gradient U is appropriate for 
some value of «—o’ or other; in other words, that every rational 
integral function of the coefficients ay, a, dy, ..., @ which is of one 
degree i and one weight w throughout leads a concomitant. This 
will be proved by showing that the do, A,, A, ..., A, of (16) are con- 
comitants, and have for their leading coefficients a), a, dy, ..., A) re- 
spectively. This will establish that every homogeneous isobaric 
function of dy, a, a, ..., a, leads a concomitant which is that same 
funetigmor 47.34,, A., 77, A 


p° 
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From (16), we have 
Ay= (ay a; 410, @, yy)? =, (17) 


@0d; 1Onas ol eae 


1 e —no)' e (18) 





Av= Benbow Sie%, 
p(p—1)...(p—r+1) 
the leading term in which is a, #~"&". 


Now these are all concomitants of «, the power of the modulus M 
in the expression of invariancy of A, being M”. For the polarizing 


operator € 0 —n— is an invariant operator of modulus M. In fact, 


Se Oe 
e2=IX+mY, y= UX+m'Y, 
Zz = lé4+-Un, H = mé+ my, 


from 


it follows at once that 
mo yy 0 erate ai 
OM OX Oy Ca 
We may also form the same series of concomitants backwards, start- 
ing from the last, the contravariant 


A, = (a, Up—ly see5 Ay) (ce —7)’, (19) 
and producme, for 7 <= yee wees 


A (20) 


II 





i leat 


: Gel 
PPV). part) GE" Bq 

Hence, if we take any homogeneous rational integral function, of 
sum of suffixes w and of degree 7, of A,, 4, :.., 4p, we obtain a con- 
comitant whose leading term is the same function, of weight w, of 
Gy) A, ...5 & multiplied by a'?-”é"’, and for which the power of the 
modulus in the expression of invariancy is M”. 


In particular, by way of example, the cubic 
av + 3ba’y + Beary’ + dy’ 
has, besides itself, the concomitants 
(ba? + 2cay + dy’) €—(aa?+ 2bxry + cy’) x, 
(cx + dy) &—2 (ba + cy) &n + (aw+ by) v’, 
dE — 3&9 + SbEn’ — an’, 


1900. | Concomitants of Binary Quantics. 221 


1.e., 1t has, including itself, concomitants with the leading terms 
ax’, bat, ca&, dé, 


which may be rationally and integrally compounded so as to produce 
a concomitant with any homogeneous isobaric function of a, b, c, d for 
its leading coefficient. 

There are then as many linearly independent concomitants of 
degree 7, weight of leading coefficient w, order ip—w, and class w, as 
there are products of weight w of 7 of the letters a,, a, a), ..., dp- 
This number is, as usual, written (w; 7, ). 

The number of degree 7, weight of leader w, order and class ow, o’, 
where o = ip—wt+h, wo’ =w+h, for a positive k, is the same. We 
have simply to multiply each by (év+ny)*. The set of (w; 7, p) thus 
obtained is certainly complete; for the leading coefficients are all 
linearly independent and as numerous as possible, and no two con- 


comitants have the same leader Oa” 

Linear functions CO of the products of weight w can, as we well 
know, be so formed that powers of the universal concomitant é+ny 
occur as factors in the derived concomitants of order and class 
ip—w, w. These factors may be removed, and concomitants of order 


and class 
ao=ip—w—k, oc =w—kK 


result. In particular, if iy—w>w the covariants of order ip—2uw, if 
wp—w<w the contravariants of class 2w—zp, erate if ip—w = w the 
invariants, are thus obtained. 

All concomitants of course, except invariants, become either co- 
variants or zero when in them we replace é,7 by y,—a. The funda- 
mental p-ic concomitants A,, A,, A,, ..., A, all of them thus become wu 
itself, but for numerical factors. Those concomitants which become 
zero on the substitution have év+ny for a factor. 

5. We have still to consider what are the concomitants of 
lowest orders and classes which have leading coefficients of weight 
and degree w, 7; 1n other words, to consider what are the concomi- 
tants, with such leaders, that cannot be rationally and integrally 
expressed in terms of other concomitants and the universal con- 
comitant €¢+yy, or in terms of which and ée+vny all concomitants, 
with such leaders, can be rationally and integrally expressed. 


Take any covariant 


(Oar Oar; areata) Cue) (x, gig (21) 
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in which suffixes indicate weight, and in which the degree is7. We 
will assure ourselves that the coefficients of weight w in such co- 
variants are the leading coefficients of the concomitants in question. 

The coefficients in the covariant before us lead concomitants for all 
of which 7p—2w' is the sum w+o’ of order and class. In fact, the 
invariant operator 


ae . (¢ Ca a) 
(ip —2w’) (tp—2w'—1)...p—2w —r+1) \" dy i Ox 
G2 1, 2, pote 


derives from (21) a series of concomitants, with this sum of order 
and class, whose leading terms are 





ip -2w’-1 
Ore ae? re 


ip — 2w? - 2 ‘= 
Cw 49H ’ 


v tp —2u! 
Oren, & ji p) 


of which the last is the contravariant derived from the covariant 
(21) itself by putting €, —y for y, x, since the concomitant led by 
Oy-wé?” must be unique. The general leading term may be 
written 


Oy. a 2eerrner er (p= 0,1, 2, ..., p—2Qw'). (23) 


If O,, is the most general seminvariant of its type (w’, 7), these 
concomitants all involve the same number of arbitraries as does 
Ci. For Cy does, as C,, can be derived from it by repeated 
operations with ©, and so do all the intermediaries in consequence or 
in like manner. 

Now alter the notation by putting w for w+r. We see that, if C,, 
is a coefficient in a covariant whose leading coefficient is C,,_,, then 


(Se ee ee (24) 


leads a concomitant. This cannot be divisible by 2+ ny, for the 
substitution in it of y for € and —a for n produces not zero, but the 
covariant led by OC, _, Moreover, no linear function of coefficients 
O, i covariants led by different seminvariants C,,_,, for the same 7, 
can be equal to a hnear function of coefficients C,, in covariants led by 
seminvariants with smaller v’s: for operation with Q” would annihi- 
late the right-hand side of any such supposed quantity, but not the 
left. Thus there are at least as many concomitants (24), with 


1900. | Concomitants of Binary Quantics. 223 


linearly independent leading coefficients of type (w, 7), and such that 
no linear function of those of them of the same order and class, or, 
therefore, of all of them, is divisible by €&¢+ny, as there are linearly 
independent seminvariants of degree 7 and of all weights w—r 
between O and w or O and zp—vw inclusive, according as 2w is not or 
is greater than zp. For every one wo — oa = ip—2w,and, for those with 
any admissible r, o+o0/= ip—2(w—r). Multiplied each by the corre- 
sponding zero or positive power (€¢+yny)”~" of the universal con- 
comitant, they produce at least as many linearly independent 
concomitants for which o—o'=ip—2w, w+oa'= ip as there are 
linearly independent, seminvariants such as described. 


First, suppose that w = Zip, so that w—a’ is not negative. We 
take it as established, by the usual consideration of the annihilation 
by Q, that the number of seminvariants of degree 7 and weight w—r 


(r = 0, 1, 2, «.., w) is not less than 
(w—r; t,p)—(w—r—1; 7, p). 


In this case, then, the number of the linearly independent concomi- 
tants 1s not less than a number which is itself not less than 


r= 


{(w—r ; t,p)—(w—r—-1; 1, P)}> 


r=0 
where (0; 7, p) =1, (—1; 2, p) = Q, 7.e., than a number not less than 


(5.4.70) 
But it certainly cannot exceed this number, which is the full number 


of arbitraries in the most general gradient of the type (ww, 7) of the 
gradients C,. Hence we draw all the following conclusions—for our 


present case of ip 7 2w. 


(a) Every concomitant whose leading coefficient is of weight wand 
degree ¢ has for that leading coefficient either a coefficient C’, in a 
covariant whose leader is a seminvariant O,,_, of weight between 0 
and w inclusive, or a sum of such a coefficient C,, and coefficients of 
weight in other covariants led by seminvariants of weight greater 
than w—r but not greater than w. The coefficients C,, themselves 
lead a complete system of concomitants of degree and weight of 
leader 7, w, and the order and class of the concomitant led by a OC, 
derived from a seminvariant C,,_,, when that concomitant has no 
factor e+ny, are iy—2w+r and r respectively. The concomitant 
whose leader is the most general gradient of type (w, 7) consists of 
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the sum of arbitrary multiples of these concomitants given by co- 
efficients C,, each multiplied by (é%+ny)"~" for the corresponding 
value of r assigned by C,,_,, and the whole multiplied by an arbitrary 
power of é&+ ny. 


(8) The number of gradients C,, which are leading coefficients in 
concomitants for which w = i~—2w-+7, and consequently o’ = 7, and 
no linear function of which has «+ ny for a factor—or, as is the same 
thing, the number of asyzygetic coefficients of @?~*”*"y” in covariants 
of order ip —2 (w—1r)—is exactly 


(w—r; t, p)—(w—r—1; 2, p). 
Here xr lies between O and w inclusive. 


(vy) The number of seminvariants of type (w',7) [w' Sw and so 


< Lip] is exactly, and not merely not less than, 


(wl yp) ese D): 

We have further to consider cases when w>4ip, so that w—a’ is 
negative, and there are contravariants but not covariants led by 
particular gradients of the type of C,. In such cases O,_,, the 
seminvariant leader of a covariant in which a C,; is a coefficient, 
must be of weight between O and zp—w inclusive. Thus r lies 
between 2w—ip and w inclusive, and the number of linearly inde- 
pendent concomitants with leaders C,, is not less than a number of 
seminvariants not less than 


S } (w—1 3%, p)—(w—+—1; 4 p)t, 
r=2w-tp 
t.e., than (tp—w; 1, p), 
iors than (w; vs Ps 


as in the previously considered cases. This number it also cannot 
exceed, for reasons as before. The number is then exact; and we 
draw the conclusions: 


(6) The statement (a) holds equally when w > cp, except that the 
seminvariant leaders C,,_,, mentioned in the opening sentence and 
later, are of weights between V0 and zp—w inclusive, instead of be- 
tween O and w. 


(ce) When w>4tp the statement (6) is replaced by :—The 
number of gradients (’,, which are leading coefficients in concomitants 
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for which o’=r, and consequently « =r—(2w—ip), and of which no 
linear function has é¢ + ny for a factor, or, which is the same thing, the 
number of asyzygetic coefficients of #”-°"-”) y" in covariants of order 
ip—2(w—r), is exactly 


(w—r; t, p)—(w—r—1; 7, p). 
Here r lies between 2w—zp and w inclusive. 
6. The above has all been stated in terms applicable to con- 


comitants of a single binary quantic w only. But the results for a 
system of binary quantics 


Uy = (ay, A, DEAS | Ay ) (2, yy, 
di (5. Oy, +e. Op aye ee. 
&e., &e., 


are exactly akin to those detailed. We have only to write in the 
analytical formule 3Q, 30, 3 (ip) for Q, O, tp respectively. The 
convention introduced to supplement necessities, corresponding to 
that introduced before (8) above, is that the only concomitants 
regarded as simple are those which, as well as being of one order and 
one class throughout, are of one degree 7, throughout in a, a,, ..., a5 
the coefficients in the first quantic; one degree2, in by, b,, ..., b,,, those 
in the second quantic; and so on. More complex concomitants are 
linear functions with numerical coefficients of simple concomitants of 
different orders, classes, and partial degrees, for which 


> (ip) +o — sr, 


which is double the index of the power of the modulus in the ex- 
pression of invariancy, has the same value. 

As in § 4, every coefficient in every one of the quantics leads a 
concomitant, for which ow’ is the weight of the coefficient in question, 
and «+a is the order of the quantic in which it occurs. Also there 
are as many linearly independent concomitants of partial degrees 
ty) ty) ---, weight of leading coefficient w, order 3 (ip)—w, and class 
w, as there are products of weight w of 2, out of ay, a, ..., &,, t, out 
of bo, b,, ..., 6,,, &c. Moreover, as in § 5, every coefficient of weight 
w in every covariant of degree z leads a concomitant of order + class 
= order of covariant, which concomitant cannot be reduced to one of 
lower order + class by division by *+ ny; and these concomitants 
are a complete system for the type (w,7z) of leaders, in terms of which 
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and év+ny, the most general concomitant with the leader of type 
(w, i) can be rationally and integrally expressed. To supply the . 
necessary modification of wording in conclusions (a) to (e) is so 
direct that a new statement is unnecessary. 


Li; 

7. We have now before us an interesting aspect of the fact that 
the number of asyzygetic seminvariants (including invariants if 
tp = 2w) of degree 7 in the coefficients of a binary p-ic, and of weight 
not exceeding the smaller of w and 7p—w, namely 

(wt, p), 
is also the number of terms with arbitrary multipliers in the most 


general gradient of type w,7; andin particular that the whole number 
of seminvariants of degree 7 (including invariants if there be any), 


(2; 4, p) or eS os p), 


according as ip is even or odd, is equal to the number of terms in the 


namely 





most general gradient of type (=, a or (2 = i), according to 


this evenness or oddness. ‘The explanation has been seen to be that 
every seminvariant of degree 7 leads a covariant, that every coefficient 
C,, of weight w which occurs in any such covariant leads a con- 
comitant of a fundamental character, that all these coefficients (,,, 
for the same w, are linearly independent, and that there are as many 
of them as there are terms in the most general gradient of degree 1 


and weight w, namely (w; 7, p). Now, if ap cae 2w, the seminvariants 
which lead covariants involving coefficients of weight w are those 
whose weight does not exceed w. [If, on the other hand, cp < 2w, 
they are those whose weight does not exceed ip—w, and they are 
(ip—w; 2, p), or still correctly (w; 7, p), in number.|] We will con- 
fine attention for the present to cases of zp i 2w. 

A problem which presents itself for solution is the separation of 
the general gradient of degree 7 and weight w (< 4p), containing 
(w; 2, p) arbitraries, into its parts containing respectively 

(w ; 2, Dp) he al 1, P)s 
(w—1; 2, p)—(w—2; 4, p), 
&e., &e., 
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arbitraries which are leaders, second coefficients, &c., in covariants, 
v.e., which are seminvariants leading covariants of order ip—2w, 
leaders of concomitants of order 7p—2w+1 and class 1, those of con- 
comitants of order zp — 2w+2 and class 2, &c. 

A method is afforded by Clebsch’s process (Bindre Formen, § 7) 
for the expansion of a form, in two pairs of variables, in powers of the 
determinant of those pairs, with coefficients in the form of polars of 
forms in one of the two pairs which are themselves polars. Thus by 
one of (11) to (15) write down the concomitant K, of order ip—w 
and class w, which is led by the most general gradient of degree 7 
and weight w. This by Clebsch’s method can be expanded in the 


form 
mew ee a\--"7 oO O\e-m 7 oO Oo \" 
ees Mn (€ + ny) (v5, 785) ("5-9 5) (sag + aay) K. 


The leading coefficients of the concomitants which are here multiphed 
by the various powers (gv+ ny)”, for m=0,1, 2, ..., w, are the 
linearly independent parts required of the general gradient which 
leads I. 

But what we seek is to separate the general gradient of given 
type into its critical parts by means of differential operations with 
regard to dy, a, M, ..., a, and to construet the covariants in which 
the parts are coefficients. 


8. Take G the general gradient of degree 7 and weight w (< ip), 


a sum of (w; 7, p) arbitrary multiples of coefficients. It is known 
(cf. Algebra of Quantics, § 128) that, because ip— 2w > — 2, OG, OG, 
.... O’G are all general gradients of their types, and so contain re- 
spectively (w—1; i, p), (w—2; 7, p), ..., (0; 2%, p) =1, arbitraries. 


There are then numbers 
(w 3 U, p)—(w—1 } t, P), 
(w—1 ; 1, p)—(w—2 ; 2, Pp), 


(Ls 27,-p) le 0; 
1, 
of arbitrary multipliers in parts together constituting G, which parts 
are respectively annihilated by Q, by Q? but not by Q, ..., by Q” but 
not by Q”7', and by 2”*? but not by 2”; a.e., G is the sum of the 
Qu2 
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above numbers of arbitrary multiples of sets of terms, and so alto- 
gether of (w; 2, p) sets of terms, which when operated on repeatedly 
by Q give eventually seminvariants (each at the stage before the one 
which effects annihilation). The whole number of sets is the 
number of terms in G. 


Now (Algebra of Quantics, $§ 180, 181) the operator 


00° 200 F070 


l—Se + ior pore 


at (25) 





acting on G produces a sum of arbitrary multiples of all the semin- 
variants of degree 7 and weight w; the same operator on QG, the 
most general gradient of type (w—1, 7), produces a sum of arbitrary 
multiples of all the seminvariants of degree 7 and weight w—1; the 
same on 0G those of degree i and weight w—2, and so on. The 
orders of covariants led by seminvariants of the types of G, OG, O'G, ... 
are tp —2w, yp—2w+2, ip—2wt+4, ..., respectively. Thus, if A,, », 
X,, ... be any (assigned or arbitrary) numerical quantities, 





2 2-38 , 
(ee ee rag to) Oy FA ROb AAO? +...) a OG 
Pt Po 3 
(26) 


is a sum of arbitrary multiples of the leading terms of all those co- 
variants (including invariants, if 7 = 2w) of degree 1 in which there 
are coefficients of weight w. 

/x O 


Again, e”*° operating on a leading term produces the whole co- 


variant led. Thus 
09 200 — &050 
Lv 14207 ae a 





oil 0 (1- + ) (Apt yt? + Aya? +...) a?" 
(27) 

is, whatever assigned numbers Xp, Ay, Ag, ... be, a sum of arbitrary 

numerical multiples of all the (w; 7%, p) covariants described. 


Once more, the term whose coefficient is of weight w in a covariant 


Ch gp? - 20 + or S, 
where S is a seminvariant of weight w—r, is 


Hed 








‘ Ne ee 02 , 20°70 , 
Thus Ph " O (1- Ths bes . ) 9G (28) 


1900. | Ooncomitants of Binary Quanties. 229 


is, for any assigned numerical X,, r,, ...,,, a general gradient of 
type (w, v7) expressed as a sum of w parts of which the (r+1)th is 
the coefficient of weight w which occurs in the most general covariant 
of degree 7 and order ¢p—2w + 2r. 

G and (28) are both general gradients of the same type (w, 7). It 
occurs as desirable so to assign the values of Aj, Ay, ..., A, that they 
may be identical. In order so to assign them we notice that, if 


C= H,+ H, + ae + H,,, 
where H,. (r = 0, 1, 2, ..., w) is the coefficient of degree 7 and weight 
w in a covariant of order ip—2w+2r led by 8,, then 
s 1 


Sr O'H,, 
: (ep — 2w+ 2r) (ip —2w + 2r—1)... @p—2w+rt1) 





and that the operator (25) acting on S, reproduces it exactly. Also 
O° (H+ Ay +....+ Bye) = 0 
and OQ" (8,3 +A o+... +H) 


is annihilated by (25), because it is of the form OF (cf. Algebra 
of Quantics, loc. cit.). Thus we secure what is desired by taking, 
attertA cL 











SOS HE Wie | ety 1 Lvewie a (ip—2ue+r)t 
"(ip —2w+2r)...(ip-2wtrtl) (ip —2w+2r)! 
Accordingly, 
" =—((up— yt i 0] , 20?Q : 
Cement e ( —...) 9G 29 
a x! Gao kOe \ ie ‘ Pepe? Coe. 


is what exhibits G as separated into the derived sum of coefficients 
im covariants. 

Perhaps, however, it is best so to choose the A’s that G may be 
split up into a sum 

Ge iGyt Giese, 
in such a way that G, multiplied by its appropriate binomial co- 
efficient pag sisaet in is the coefficient of weight w, z.e., the 
r! (ip—2w+r)! 

multiplier of z’-*”*"y", in the general covariant of order zp—2w + 2r 
occurring in the sum (27). The partial G’s are thus C,,’s of §5. In 
this notation 





yore 


r! 
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so that we have to take A eat 
r 


1 





arnt VEO 02 , 20°0 ai 
we thus obtain @= 3 we (1- taro) OG, (30) 


as the separation of G into parts as required. 
The sum of the covariants with the multiples of parts 


(tp —2w+2r)! 
r!(ip—Qwt+r)! " 


+ 


for coefficients of weight w in them is thus from (27) 


OD, QAO?Q QQ. #0? 
ois ORT] ea ae —...) (1 CES) A aid 2) ww (31 

ror Pt To an rs yma pace eR", 
The sum of the covariants with the actual parts of G for coefficients 
of weight w in them is in like manner written down from (27) by 


substituting _ (ip—2w+2r)! 


x, ° ) 
(ip—2wt+r)! 


Orwell oho, 140: 


9. The consideration of the extreme case when w is whichever is 
integral of 7p and 4 (ip—1) is of special interest. It in fact gives 
us all covariants (including invariants) of degree 7 in one formula. 

First, if ip is even, so that there may be invariants. There are 


altogether (2, Os r) covariants and invariants of degree 7 in the 
coefficients. Take G the most general gradient of degree 7 and 


weight a It involves just that same number (2; op P| of arbi- 


traries. The sum 





OQ , 20°O hee ae 
vivo (] orn] dwar, 32 

me (1 St ea Co 
contains, for any chosen non-vanishing numerical values of the 2’s, 
that same number of arbitraries, and is the sum of arbitrary multiples 
of all the covariants and invariants. In particular, by taking 


in 
Nia ee 10 NS OA Suge CN 
(2r)! ( ) 
we thus write down from @ the general sum of the covariants and 
invariants in such a way that G'is actually separated into the sum of 
the coefficients of weight 4ip, t.e., of the middle coefficients in the 
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separate covariants, &c., composing the sam; the separation of @ 
in question being 

r= hip 2 r 
ae cats oOo) Q 


ni & (33) 


And again by taking A, = ee the separation of G is into the middle 
r} 


te tel Bh 


¢=0 


coefficients of the separate covariants of the sum, each divided by the 
(2r)! 
(r!)? 


own covariant; z.e., into 


binomial coefficient 





which is appropriate to its position in its 





raiip 02 . 20:2 Qr 
fe e (1 pe o\liaa wate Co 


In precisely the same way if ip is odd, so that there are no in- 
variants of degree 7, but only covariants of the first and higher odd 
orders, the full system of covariants of degree 7 is 


3 02 , 200 rabip-) 
eo (J re) 


for any assigned non-vanishing values of the A’s; and the system of 





d, 2 1O"G (35) 


r=0 


coefficients of #”*'y" in such covariants, 7.e., of coefficients of weight 
ip—1 





in covariants of degree 7, is 


r=} (ip—1) 
ae (1- SP +...) or. (36) 
r=0 r} -? / 
up— 
2 
parts which are the actual coefficients in question if we take each 





The general gradient 4 of type ( Lo i) is exhibited as the sum of 


Neos : = 
"  (2r+1) 27... (r +2)’ 





and as the sum of parts equal to the actual coeffieients each divided 
by its appropriate binomial factor if we take each 


as 


x! 


10. We have so far in this section confined ourselves to weights w 
which do not exceed 347. When, on the other hand, ip<2w, the 
reasoning in § 8 has only to be so slightly modified that repetition is 
hardly necessary. The general gradient ( of weight w and degree 7 


232 Prof. E. B. Elhott on [June 14, 


can still be separated into parts, containing in the aggregate the same 
number of arbitraries as does G, which are coefficients in linearly 
independent covariants led by seminvariants of degree 7. These 
seminvariants, instead of ranging in weight from 0 to w inclusive as 
before, now range from 0 to 7»—w,; and the orders of the covariants, 
consequently, instead of ranging from zp to ip—2w inclusive, range 
from ip to tp—2 (tp—w), t.e., 2~—¢p. In (26) and (27) we have to 
omit the terms in 
Ny HALO +A, wO? + ..., 


which precede Agape tae Ce 
in (31) to omit the corresponding terms; and in (28), (29) and (30) 
to replace the range of summation by 


r=wWw 


r=2w—ip 


With these modifications the conclusions are as before. 


1l. The reasoning and results of this section apply equally to co- 
variants and invariants of a set of binary quantics 2,, 75, uw, ... of 
orders 1, 2, ps, ...- We have merely to write 30, 3O and 
t:PittPottapst+-.. for Q, O and ip, where 2, 7, 25, ... are partial 
degrees in the coefficients of the quantics separately. We thus find, 
for instance, as in § 9, from the most general gradient of partial 
degrees 7, 1%, 2, ...,and of weight 43 7p, in cases where this is 
integral, an expression for the sum of arbitrary multiples of all the 
covariants, including invariants, whose partial degrees are 7, 7,, %3, ..., 
and effect the separation of the general gradient, of the given partial 
degrees and whole weight, into parts which are the general invariants, 
and the middle coefficients of the general covariants, of these partial 
degrees and of the different possible orders from O to 3 ip inclusive. 


AE 


12. We have exhibited compact analytical expressions for the 
separate parts of the general gradient of weight w and degree 7 of a 
binary p-ic which are coefficients in the general covariants of degree 7 
and the various different orders. A desideratum which still presents 
itself is the algebraic performance of the separation without often- 
repeated application of the operators 2, O. We shall see that one 
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operation with each, followed by the solution of algebraic equations, 
suffices. 

The fact which suffices to effect the separation is that, if Fis a co- 
efficient in a covariant, OOF is a numerical multiple of F. We shall 
see, in fact, that if, for a numerical or vanishing k, such an equation as 


OOF = kF (37) 


has gradient solutions, then any such solution Fis a coefficient in a 
covariant, and conversely that all coefficients in covariants are given 
and can be discriminated by means of equations of the form (37). 

Suppose that J’ is a gradient (rational, integral, homogeneous, 
isobaric function) of degree and weight w which satisfies an equation 
(37). Wewill first see that for this to be possible k must be either a 
positive integer or zero. Write,as does Sylvester, n for 7p—2w, which 
is zero or integral, but is now allowed to be either positive or 
negative. 

It is a known fact (Algebra of Quantics, § 125) that, F’ being any 
gradient for which ¢p—2w = », and r being a positive integer, 


O'Or F = 0 (OQ—1.9+2)(OQ—2.n+3) ... (OQ—-r—1.n +7) F. 
If then F' satisfies (37), where / is numerical, it follows that | 
OOF =k (k—-1.n+2)(k—2.94+3)... k-r—l.nt+r) fF. (388) 


But for some value of 7, and all greater values, Q’F, and therefore 
O’Q’F, vanishes. This must at any rate be the case for r= w+l. 
One at least of the numerical factors on the right must then vanish 
when > =w+l. Let the first which vanishes be the (¢+1)th, 


where w 6 t ue 0:9 Then 
k= t(nt+t+1), (39) 


a product of two integers, of which the first may be zero, but the 
second, as we shall see, cannot be. To be sure that & (if not zero) is 
positive we must assure ourselves that 7+¢+ 1 is positive even when 
7 is not. 

To establish this, notice that OOF = kF together with the known 


identity 
(QO— OQ) F= nF 


necessitates QOF = (n+k) F. 
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Thus there is a companion identity to (38) above; viz.. 
Y OF = (n+k)(y+k—1.2—n) (y+h—-2.3=—n) ... 
.. (gtk—r—l.v—n) F, (40) 
and it is necessitated as above that there is a positive or zero f, 
ntk=t (—yn4+t4+1). (41) 
From this and (39) we obtain, by elimination of k, 


(’+t+1)(y+t—-t) = 0. 


such that 


Here ¢’+¢+1 is not zero. Consequently 
nt+t=t, 


which is not negative. Accordingly y»+¢+1 is a positive integer ; 
and therefore by (39) so is k, unless ¢ = 0, in which case k = 0. 
Having thus limited the possible values of k in (37), we have now 
to see that any gradient solution of the equation, with a proper k, is 
a coefficient in a covariant of our binary quantic. 
First suppose that 7 is positive or zero. We have 


OOF = 0, 


Now, for O1O'*'F, ip—2w’ is n4+2 (+1) —2A, which is positive if 
AX<t+1. Hence, since O cannot annihilate any gradient for which 
ip —2w’ > 0, it follows in succession from 


Oto = 0 
1.€., OF 0 Ala) 
that OF OE 4 =O) ae OO ee, a ae me Came alee 


of which facts the last tells us that Q'F is a seminvariant. It is not 
zero, for O'O'F is not. The covariant which it leads is of order 


ip —2(w—t) = n+2t. 
Also, since k—(s—1)(y+s) = t(y+t4+1)—(s—1) (74s) 
= (¢—s—1)(+t+s), 
we have from (38), by taking s = 1, 2, 3, ..., #, 
OO = 4 (4-2) (52)... pepe eee 2 ee Cae 


ties OF £ mes = 
~~ th (np +t+i)... (9+ 28)’ 
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so that F’ is the coefficient of «’*’y’ in the covariant whose leading 


term 1s Or 
(n+t+1)...(74+2¢) 








gent (42) 


If ¢ is zero, this does not apply verbally, but #’ is then annihilated by 
Q, z.e., is a Seminvariant, or first coefficient in a covariant led by Ix’. 

We have still to consider cases of 9 negative. It is best then to 
reason from (40). We have 


Oot Ohi 
where bee ye 
Now for 0” O°*!F, with X’ < t’+1, we have 
tp —2w’ = n—2 (t'+1—d’') <n <0. 
Hence, by reasoning as before, 
(a eae ke —4 
7.e., O" F is an antiseminvariant, the last coefficient in a covariant 
whose order is —y+ 2t’, z.e., 7 +2¢; and we obtain 
n+k—(s—1)(s—n) =t' (—y+#'+1) —(s—1)(s—7) 
= (t/—s—1)(—n+?t' +s), 
OF Of F 








and =— ; ; as 
YY! (—n+t'+1)...(—7+2¢’) 
so that Fis the coefficient of a” y~"*”, ¢.e., as before of w* y’, in a co- 
variant whose last term is 
¢? 
O F Ric (43) 


(—n+t'+1)...(—n +20’) : 
where the order —n + 2’ = 7+ 2¢ as before. 
We notice that the two factors 
t and 7+/é+1, 
as the product of which ’k is exhibited, have for their sum 
n+2t+1, 
7.e., one more than the order w of the covariant in which F, deter- 
mined by OOF = kF, 
is a coefficient, and for their difference 
ntl or —n-l, 


according as 7 is not or is negative. 
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13. Having now found the forms of k for some or all of which the 
sawn OOF =kF (37) 
has gradient solutions, and having shown that all solutions which 
exist are coefficients in covariants of determinate orders, we still have 
to see that every coefficient in every covariant is thus given. This 


will be established by showing that every such coefficient satisfies an 
equation (37). 


If Bab Pg Oa ae Qar ry +o! Apes 


be any covariant, P, Q may be written as 





(ea Cae 
Ss, —— 8, 
(w—t+1)! (w—t)! 
so that 2Q = (w—f+1)P, 
t-1 t 
and also as aay Sh 5 S, 
so that ORS an | 
Therefore OQQ = t(w—t+1) Q, 
where t+(e—t+l)=o41, 


and tw (@w—t+l)=a41~7~ 2! 
— = ip—2w’4+1 ~ 2t, where w’ refers to VS, 
=] ~ (Qw—ip), where w refers to Q. 


This difference is y+ 1 or —yj—1 according as 7 = ip—2w is not or is 
negative ; which is in full accordance with the last article. 

The method used does not apply to first coefficients S, z.e., to 
seminvariants. But, as OOS = 0, there is, with t = 0, still accord- 
ance as before. | 


14. We are in position, then, to find all coefficients in all covariants. 
We seek those of which the degree is 7 and the weight w, a number 
which for any gradient lies between 0 and 7p inclusive. Write down 
the most general gradient EF’ of weight w and degree 7. It involves 
(w; t, p) arbitraries \. Seek to identify 


OOF + with kF. 
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The identification requires the satisfaction of (w; 7, p) linear homo- 
geneous equations in the (w; 7, p) A’s, k being involved to the first 
degree in one coefficient in each. To make them consistent we have 
to choose k so as to satisfy an equation of degree (w; 7%, p) which 
presents itself in the characteristic determinant form 


yy eS k, Qo; 135 ere = QO. (4.4) 
Gp}, Ag, — k, Cg, 
M3), 39, Ag,—k, 


The solution of this equation of, it may be, high degree is facilitated 
by our knowledge, from theory adduced above, that its roots must be 
all real and not fractional or negative. In fact, we know numbers to 
one or other of which every root must be equal. Thus, if », i.e., 
1p—2w, 18 positive (or zero), the roots must consist of 
(w; t, p)—(w—1; 7, p) which are zero, equal to 0 (7+1) say, 
(w—1; 1, p)—(w—2; 7, p) which are equal to 1 (n +2), 
(w—2; 2, p)—(w—8; 7, p) 7 2 (n+3), 
&c., &e. ; and, lastly, 
(0; 2, »), 2.e., one, which is equal to w(ntwt+l). 
If on the other hand 7 is negative (or zero), they consist of 
(w; t,p)—(w+1;%,9) which areequalto —y.1, 
Cals eee noe, oh Rabe CI 9) 2, 
&c., &c.; and, lastly, 
(ip; t, p), t.e., one, which is equal to ((p—w—n)(¢p—w+]), 
v.e., to w(ntwt+l). 
Some of these numbers of roots of particular values may well be zero. 


Take any root of the solved equation for k, say one which occurs 
ry times. Substitute it in the equations for the \’s which it makes 
consistent. These then suffice to determine all the \’s in terms of r 
of them; and these, on substitution in the gradient F', determine the 
gradient of greatest generality of the type (w, 7) which is a coefficient 
in a covariant of the order related to the root k. If 7 is positive (or 
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zero), and the root in question is ¢t (7 +¢+1), so that 
r= (w—t; 1, p)—-(w—t—1; 17, p), 


this order w is n+ 2t, z.e., 18 less by one than the sum of the two 
factors of k. If on the other hand 7y is negative, and the root in 
question is (t’—»)(t’+1), so that 


r= (wt+l’; ¢,p)—(wt+t’'4+1; 7, p), 


the order is 2t’—y7, 7.e., is still less by one than the sum of the two 
factors of k. 


15. As an example, let us discriminate all covariants (and in- 
variants) of degree « = 3 of the quartic, p= 4, by separating from 
one another the five gradients, included in 

Nace + ubed + vad? +pb'etac’, 
which are their middle coefficients. 


Identification of OOF with kf gives 


LOA + m+ 6v+6p __ 16A+ 28n + 24y + 24p + Ado _ 8A+4+2y+4+12y 
Xr pe wi v 








__ SA+2u+12p a 9u +186 Ey, 


Hence comes the equation for k, 


10—k ] 6 6 mE 
16 28-k 24 24, 24 


12-k 
18—k 
whose roots must occur among 
Oo 12, 12.3, ed een mee sm Ons. 
re Dass MO) aL ie a2 ames Orin 4 
and prove to be ORD eR ly 


each once. 
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These values of k in turn inserted give the ratios \: wiv: p:o for 
(1) an invariant (covariant of order 7 = 0) 
ace + 2bcd—ad?—b’e—c*, 


(2) the mid-coefficient in a covariant of order 2+3—1 = 4, 


(3) 99 : 99 bi) 3+4— 1 = 6, 
(4) ” ” ” 4+9—1 = 8, 
(5) ” 2 ” 6+7—-1l=12; 


the last covariant (5) being the cube of the quartic itself. 


16. The other aspect of what is effected, in accordance with 
Section I. of these notes, by the determination of gradient solutions 
of equations OQu = ku, needs only brief mention. To have deter- 
mined all the (w; 7, p) linearly independent gradients of degree 1 
and weight w which are coefficients in covariants, is to have deter- 
mined the leading coefficients of the (w; 7, p) concomitants of lowest 
order + class which have leading coefficients of the type. Thus a 
found coefficient C,, for which /; =¢(y+t+1), as well as being the 
coefficient of x’*’y’ in a covariant of order 7+ 2¢, is the leading co- 
efficient in a reduced concomitant of order and class w, w’, where 


ax—-D =n, 
oto = n+2t, 
related to the covariant as a polar in the way exhibited in § 5. 


The general concomitant whose leader is the general gradient of 
type (w, 2) is the sum of arbitrary multiples of the concomitants thus 
obtained, each multiplied by a power of e+ny sufficient to raise it 
to the order ip—w and class w, 1t.e., (tp—w)—7, and the whole 
multiplied by an arbitrary power of éx+ ny. 
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On Transitive Groups of degree n and class n—1. By W. Burn- 
sipE. Received June 6th, 1900, and communicated June 
14th, 1900. 


A transitive group of degree x and class n—1 contains just n—1 
substitutions, which displace all the ~ symbols. This property is 
characteristic ; for, if the class be less than 2—1, the number of sub- 
stitutions which displace all the x symbols is greater than n—1. It 
is natural to seek to determine whether for such a group the n—1 
substitutions which are regular in the n symbols, with the identical 
substitution, constitute a sub-group. No general answer to this 
question has yet been given. M. E. Maillet, in his thesis, Récherches 
sur les Substitutions (1892),and in subsequent memoirs in the Bulletin 
of the French Mathematical Society, has obtained in this connexion a 
number of interesting results; and, from quite a different point of 
view, I have obtained (Theory of Groups, pp. 141-144) limitations on 
the order of the group when the degree is given. In the present com- 
munication I show that, unless n is greater than the square of the’. 
least odd number which is the order of a simple group, a transitive 
group of degree n and class n—I1 necessarily contains a transitive 
self-conjugate sub-group of order and degree n, consisting of the 
n substitutions in question. The problem is thus directly connected 
with another, at present unsolved, question in the theory of groups, 
viz., that of the possible existence of a simple group of odd order. 
No detailed investigation of a lower limit for the possible order of a 
simple group, if odd, has hitherto been undertaken; but I have 
shown (loc. cit., p. 371) that such a limit must exceed 2835, and it is 
easy to verify that it certainly cannot be less than 9000. Hence, 
unless x exceeds 81,000,000, a transitive group of degree m and class 
n—1 is here shown to have a self-conjugate sub-group of order and 
degree n. | 


1. Let G be a transitive substitution group of degree n and 
order N, such that the sub-groups of each of which leaves one 
symbol unchanged are all distinct. Let G, be the sub-group of G 
which leaves the symbol a, unchanged, and let 


Aq, U2 «++5 Un 
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be a set of the symbols which are interchanged transitively by G. 
Any substitution of G which changes a, into a, must change the set 


A) Qo25 eoeg Aomy or uy 
into the set Wise sy 5 toy CO cae 


this latter set being one, the symbols of which are interchanged 
transitively by the operations of the sub-group G, which leaves a, 
unchanged. LHvery'substitution of G which changes a, into a, must 
change the set A,’ato the set A,; for otherwise A, could not be a set 
of symbols whic are interchanged transitively by G.. Suppose now, 
further, that a linear function of the symbols of the set A, exists, 
other thun their sum, which is changed into a multiple of itself by 
every operation of G,. The necessary and sufficient conditions for 
this are that Gi, so far as it affects the symbols of the set A,, shall be 
imprimitive in such a way that the imprimitive systems are merely 
interchanged cyclically by G,. When these conditions are satisfied, 
the linear function of ay, dg, -.-, Gm can, by taking the symbols in 
a suitable sequence, be written in the form 


-1 > 

Opel wa €* aon Olen, 

~ where e is an mth root of unity, not necessarily a primitive root. If 
, 

e” = l, 


a! 


where m’ is equal to or is a factor of m, then a?” is invariant for all 
the substitutions of G,. If 


=| Seas, 
Ay oh EQ, 2 ce sisis =e ee ym = A, 


where again the symbols are taken in a suitable sequence, then every 
substitution of G which changes a, into a, must change a?” into a?”, 
and a, into e’a,, where e’ is some integral power of e. 


“Let the NV operations 7’, (s = 1, 2, ..., N) of G be 


i Ay (ORL me 1 — ly 


where 0,, 1,, ..., (w—1), are 0,1, ...,(~—1), in some new sequence. 
The effect of these substitutions on the a’s is to give N linear substi- 
Patong o(s 12,7 ..,-N) 


Gm 627 t,ee (e—U, Lists, 0b). 


ir Ae 


These linear substitutions constitute a group G’ which is simply 
isomorphic with G, so that T, and T; are corresponding operations. 
VOL, XXXII.—No. 725. R 
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The quantities e,, are m’th roots of unity, and some of them are 
certainly distinct from unity. 

Let 7’, be an operation of G whose order is relatively prime to m’. 
If it permutes the symbols cyclically in sets of m,, mg, ..., m,, its 
multiplier equation will be 


eves iG me 1) MS aie 1) Be 0, 


where ™,, ™,, ..., 7m are relatively prime to m’. The multiplier 


equation of 7’, will be 
(A —e) (A — ey) vee (A — e:) = 0, | 


where «, €, ..., €& represent products of the » quantities e,; in sets 
of m,, M,, ..., m, Hence, as T; is of the same order as T,, €,) €.,..., 
must all be unity, and therefore 


r=n-1 
pet 1 
r=0'. 


The product of two operations of G’ for which this last equation 
holds is obviously another operation of G’ for which it holds. Now 
the totality of the operations of G, whose orders are relatively prime 
to m’ generate a self-conjugate sub-group, and, unless the equation 


Tl Pair fame | 


v=n—1 
r=0 


holds for all the operations of G’, this sub-group cannot coincide with 
=i 


G itself. Hence, unless the product II e,, is unity for all the 
r=) 


operations of G’, the group G is composite and has a self-conjugate 
sub-group constituted of the totality of the operations for which this 
product is unity.* 


2. The result thus obtained is now to be applied to transitive 
groups of degree m and class n—1. The order of such a group is ny, 


where v is a factor of n—1, and a sub-group of order » which leaves 
—] 





one symbol unchanged permutes the remainder regularly in 








* [Sept. 4th, 1900.—This result is immediately obvious by considering the effect 


ron-1l 


of the substitutions of G’ on the product agja,...an-1. Unless TM «¢,, = 1 for 


n=0 
each substitution, a cyclical group thus arises with which G’ and G are multiply 
isomorphic. ] 
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transitive sets of y each. Hence, if G, is not a perfect group, the con- 
ditions are satisfied for the existence of a linear invariant a, of G\. 
With the notation of § 1 m™’ is a factor of »; and the order of an 
operation S’ of G’, which changes a, in ea, must be some multiple 
mp of m’. If Sis the corresponding operation of G, then S must 
leave a unchanged and permute the remaining »—1 symbols cycli- 
cally in sets of m’p each. Let 


/ 
a Os, see Amp ees Qh, 


be a cycle of S. Then 


Lie i ee , OF Spy 
i €, a, a, = €5 As, oeeg Any Rae ay 


is the corresponding part of 8S’; and, since m’p is the order of S’, 


€1 65:20 Eiaigs le 


2 


Hence, for 8’, itier coe 
and therefore G has a self-conjugate sub-group which does not con- 
tain S. The order of any operation of G which displaces all the 
symbols is prime relatively to v, and therefore to m’. Hence the 
self-conjugate sub-group for which 

r=n-1 

eam 

r=0 
contains all the operations of G which displace all the symbols. 
This self-conjugate sub-group then appears as a transitive group of 
degree n, class »—1, and order nv’, where v = v/m’. If the sub- 
eroups of degree v’ are not perfect, the same process may be repeated. 
Hence, finally, if the sub-group of order y is ‘soluble, the n—1 
operations which displace all the symbols form, with the identical 
operation, a self-conjugate sub-group. 

If vis even, | have shown (loc. cit.) that this self-conjugate sub- 
group always exists, and that it is then Abelian. It is also proved in 
the same place that, if v is not less than x, the degree n must be the 
power of a prime, so that again, in this case, the self-conjugate sub- 
group of order and degree necessarily exists. If/ is the smallest 
odd number which is the order of a simple group, every group of 
odd order less than / is necessarily soluble. Hence, finally, unless x 
is greater than /’,a transitive group of degree u and class n—1 
necessarily contains a self-conjugate sub-group of order and degree 7. 

R 2 


— 
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3. It has been shown in the preceding section that, if the sub-groups 
of order vy of a transitive group G of degree n, order ny, and class 
n—1 are soluble, then G has a transitive self-conjugate sub-group of 
order n. I proceed now to prove that, if G has such a self-conjugate 
sub-group, then the sub-groups of order v are soluble, with a single 
possible exception. 

Let H be the transitive self-conjugate sub-group of order n of G 
now assumed to exist ; and, p* being the highest power of a prime p 
which divides n, let P’ be a sub-group of H of order p*. There must 
be a sub-group K of G of order »v each of whose operations transforms 
P’ into itself ; as otherwise G would contain more sub-groups of order 
p* than H contains. Hence { P’, K} is a group of order p*v which 
contains P’ self-conjugately. Let P, of order p*, be that character- 
istic sub-group of P’ which consists of all the  self-conjugate 
operations of P’ whose orders are p. Then every operation of K 
transforms P into itself, and therefore {P, K} is a group of order 
p*v which contains P self-conjugately. Moreover, no operation of K 
is permutable with any operation of P. Hence K can be repre- 
sented as a group of isomorphisms of P; and no one of these iso- 
morphisms leaves any operation of P, except identity, unchanged. 

Let g be any prime factor of v, and suppose, if possible, that K 
contains two permutable operations of order gq which are not powers 
of each other. These will generate a group of isomorphisms of P of 
order q’. If 

te fea—vel, (ae nae aS le eee) 


be a set of g’ operations of P which are interchanged transitively by 
this group of isomorphisms, the two generating operations of the 
group (so far as it affects this set of symbols) may be taken to be 


(TAT eT ChAT eee ee 
and Ce aes Ato 50 CAL ove Ube as 


and from these the remaining operations may be at once written 
down. The product of the T’s contained in any one cycle of any of 
these isomorphisms is an operation of P which is changed into itself. 
It must therefore be the identical operation. Now in the g+1 pro- 
ducts thus formed which contain 7),, each of the other T’s occurs 
just once. Hence 

q+l1 

3) T),2 eee fi = 12 


Cae 


But ; Te Th» eee Tey a i 
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since the left-hand side is the product of the 7’s in the q cycles of 
any one isomorphism. Hence 


hes — if 


which is not true. The supposition that K contains two permutable 
operations of order gy which are not powers, of each other therefore 
leads to a contradiction. Hence, if q* be the highest power of a 
prime q which divides y, a sub-group of K of order q* has only one 
sub-group of order q. It follows immediately* that, if q is odd, the 
sub-groups of K of order q® are cyclical; while, if q is 2, they are 
either cyclical or of the type 


She th, Peers eb SS) Soca 


A group of order p*q®... in which the sub-groups of order p*, q%, ... 
are cyclical, is always soluble;f and a group of order 2*q%,... in 
which the sub-groups of order 2% are of the above type, while those 
of order q®, ... are cyclical, is certainly soluble,t unless the order is 
divisible by 3. Hence in a transitive group of degree n, class n—1, 
and order ny, the sub-groups of order v are, with a single possible 
exception, soluble if the group has a sub-group of order x. 


4. The main results obtained in this note may be stated, apart from 
the phraseology of substitution groups, as follows :— 

If a group of order nm, where n and m are relatively prime, con- 
tains conjugate sub-groups of order m which have no common 
operations except identity, and if these sub-groups are soluble, then 
the group has a self-conjugate sub-group of order n. 

If these conditions are satisfied, and m is the power of an odd prime 
(in which case the sub-groups of order m are necessarily soluble), 
then these sub-groups are cyclical. 

If a group admits a group of isomorphisms whose order is a power 
of an odd prime, no one of which leaves any operation of the group 
except identity unchanged, the group of isomorphisms is cyclical. 

If a group admits a group of isomorphisms whose order is a power 
of 2, no one of which leaves any operation of the group unchanged 
except identity, the group of isomorphisms is either cyclical or of the 
type defined above. 








* Theory of Groups, pp. 72-75. 
ft Ibid., p. 352. 
{ Lbid., p. 364. 
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[ Note, July 10th, 1900.—An odd number certainly cannot be the 
order of a simple group unless it has more than five prime factors. 
Moreover, it must not be of the forms p*, p*q, p%q°, p*q°, ..., 7”, where, 
inthe last form, each index is either 1 or 2. These results are proved 
in the last chapter of my Theory of Groups. 

Now the only odd numbers less than 9000 which satisfy these con- 


ditions are :— 
(i)-9°.5.7, (i) 84.5.7, Git) 345.11, (iv) 34.5. 18, 
(v) 84.5.17, (wi) 8*.5.19, (wii) 84.7.1], (viii) 3.7.18, 
(ix) 3°. 5%, (x) 3°.5°.7, (xi) 3°.5.11, (xii) 3°. 57.13, 
(xiii) 39.5.7, (adv) 325% 7. | 


Groups of orders (1), ..., (vil) may be shown immediately to have 
a self-conjugate sub-group whose order is a power of 3. <A group of 
order (viil), if simple, could be represented as a substitution group 
of degree 27, and the sub-group of order 13.7.3, which keeps one 
symbol unchanged, could be expressed as a group of degree 13; it is 
known that no such group exists. A group of order (1x) must have 
a self-conjugate sub-group of order 5°. A group of order (x) must 
have a self-conjugate sub-group whose order is a power of 5. A 
group of order (xi), if simple, could be expressed as a substitution 
group of degree 11; it is known that no such group exists. A group 
of order (xii) must have a self-conjugate sub-group whose order is a 
power of 5. A group of order (xii1), if simple, could be expressed as 
a substitution group of degree 15; no such group exists. A group of 
order (xiv) must have a self-conjugate sub-group whose order is a 
power of 5. No group whose order is odd and less than 9000 then can 
be simple; and every such group is, therefore, soluble. The state- 
ment in the introduction is thus justified. | 
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The Stress iv an Afolotropic Elastic Solid with an Infinite Plane 
Boundary. By J. H. Micwuxn. Received June 7th, 1900. 
Communicated June 14th, 1900. 


In view of the recognized eolotropy of so many materials of con- 
struction, it seems to be advisable to extend, as far as possible, to 
eeolotropic solids the general solutions which have been obtained for 
isotropic solids. The solids considered in the present paper have an 
axis of elastic symmetry, and are elastically equivalent to crystals of 
the hexagonal system. 

The method employed is similar to that used in a previous paper* 
on the corresponding solutions for isotropic solids. After putting the 
general equations into forms suitable for the deduction of potential 
solutions, the problem of given surface-tractions on an infinite plane 
boundary which is normal to the axis of symmetry is treated in 
detail. 

The solutions of the other problems treated in the previous paper 
are obtained in a similar manner, and it has not been thought 
necessary to reproduce them here. 

The older results referred to in the present paper are all given in 
Todhunter and Pearson’s History of Hlastic’ty, Vol. 11., §§ 1485-1519. 


The Volume-Hquations. 


1. The solid being homogeneous and elastically symmetrical around 
lines parallel to the axis of z, the energy of deformation W is given 


byt 
QW =A (e+ f)+2F (e+f) g+ Og +L (a? +B) +N (c—4ef) 
and therefore the elements of stress by 
P = AO+ (F—A) g—2Nf, 
Q = A6+(F-—A) g—2Ne, 











* Proc. Lond. Math. Soc., Vol. xxx1., p. 183. 
t+ A. E. H. Love, Elasticity, 1., § 38. 
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pies! BH) 

fe Hes 

Use ce 
where | O=e+ft+g. 


The equations of motion 
P,+U,+T, = pi—X, 
U.+Q,+8, = pu—Y, 
T,+8, +L, = pe—Z 


become AO, + (F—A) g,—2Nf,+Ne,+ Lb. = pi—-X, (1) 
A6, + (f—A) g,—2Ne, + Ne, + La, = pv —Y, (2) 
F6.+(C—-F) g,+L (b,+4,) = pw—Z. (3) 

Now bya, = (te wa)e + (y+) y 


= 6,4 V°w—2w,, ; 
therefore (3) becomes 


(F'+ L) 6,4 (C—F—2L) w,,+ LV’w = pw—Z. (4) 
Differentiating (1), (2) with respect to x, y, respectively, and adding, 
we get, remembering the identical strain-relation 

Cry — fax —Cyy = 9, 
(L— A) 6,,+4V°6+ (PF +L—A) V’w,—(F+2L—A) wy, 
=p (6—#,)-A+Z,, - (5) 
where Ce 


Differentiating (1), (2) with respect to y, x, respectively, and sub- 
tracting, we get 


(L—N) o,,+ NV o = pw—Q, (6) 
where 20 = Vy—Uy, 
20 = Y,—X,, 
and the identities c,—2e,= (v,—u,),= 29,, 
¢,—2f, = —(v,—u,), = —20,, 
a,—b, = 20,5 


have been used. 


Equations (4), (5), (6) are the volume-equations to be employed. 
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Boundary-Conditions. 


2. (a) If the stresses R’, 8’, T” are given over z = 0, the boundary- 
conditions are 


FO+(C—F) w, = RB, (7) 

La= 8’, (8) 

Lb =T". . (9) 

From (8), (9), we get 2La, = S—T", (10) 


where (x, y’) is a point on z = 0. 
Further, L(b,+a,) = T, +8}, 
which, on substitution from (3), becomes 
V6,+(C—F) w., = pté—-Z—T.,—Sy),. (11) 


Equations (7), (10), (11) are the surface-conditions corresponding to 
the volume-equations (4), (5), (6). 


(b) If the surface-displacements are given, the conditions are 


, 


ihe 
/ 
re 
4, 
wy, 


and from these we derive 
Qo = vy — Uy 
6—w, = uptry |}, (12) 


w=w 


which are the appropriate surface-conditions in this case. 


Symmetrical Form of Volume-EHquations of Equilibrium. 


3. Suppose now that there are no volume-forces. The equations 
(4), (5) in the case of equilibrium become 


(F +L) 6,+(C—F—2L) w,,+LV’w = 0, 
(L—A) 0,,4+ AV’O—(F + 2L—A) w..+ (f+ L—A) Vw, = 0. 


Differentiate the former with respect to z, multiply by a constant p, 
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and add to the latter. We thus get 
v’ | 40+ (F+L—A+pL) w. | 





16+ {p(C—F-2L) —(F+2L—A)} w, |] =0. 


Now choose p so that 


JIS Be Aare CLES fel) (F+2h— A) ye 


A Poco) Bath 








The equation becomes 











|v" Taher ei) 
where a CA ae) 
A 
or Regn (aD), 
A 


The equation for p is. 
pl (f+L)+p {(F+L)?+L?—AC} +L (F+L) =0. 
The roots are real and unequal if 
(H’— AC) {(F+2L)?—AC} = 10) 


Since for the stability of the material F?—AC must be negative, the 
condition becomes 


(F+2Ly < AC. 


There is no obvious reason why this condition should be satisfied, but 
this is of no importance, as the method employed is equally applicable 
to the case of imaginary roots. The case of equal roots is most 
simply treated as a limiting case of unequal roots, and the solution 
may, as such, be derived without difficulty from the general solution. 
For definiteness, the roots will be supposed real and unequal in what 
follows, and, distinguishing them by suffixes, we have the two 
equations 


}V+(n-1) Sh O+qw.) = 0 


as 5 (13) 
1+ (4=D) Fe 5 (0+ 9,W,) = 0 
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L L)i §L+p,(F+L)} 
where 1%. = u +p (E+. yt ous ( +h) 








A 

_ P4+(F+LyY—{(F+Ly+DP—Act 
= vy ables, ———— 
AI 

A 

PAD Ue De ieee: 

and nty= — aa oo epee 

_ AO-F"—2FL 





AL 


Now AC >(#+2L) for real roots, and AC > I”? always; therefore 
2 (AC—F?—2FTL) or AC—F°+ AC—(F'+2L)+4TL? is positive. 

The roots y,, y, ave therefore positive, if real. 

If there are volume-forces, the equations (13) become 


a 
Afv+(n-) St O+qu.) =—At (nm) Z 
| (14) 
RP 
A { v+(n—-l) I (0+ 9,w,) = —A+(l—p,) Z, 


Solution of Equations. 


4. We now proceed to find the solution for the case of given 
stresses on an infinite plane boundary. The solid is supposed to 
occupy the region in which z is positive and to be fixed at infinity. 
The boundary-conditions 

F6+(C-PF)wu, = RF, 
F6,+(C—F)w, =— T,—8;, 
may be written | 


a (6-+q,w.) +B (0+ qo.) = B, 


4] d . be 
ore (9+ 12) +B (6+q,w.) = —T".—S/, 


where a+pPp = Ff, 
aq. + Pq, = C—F£, 
so that a(q—q@) = O—F—q, I, 


Bla—-u) = C—F-q@F. 
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Thus, putting 6+qu,= Vi, 


6 =o QW’, = V3, 


we have, to find V,, V,, the volume-equations 


Veta VV, av, 
ax’ heres sre a Vee ‘ 








ae BV, 
+ Gg 1 Gg =o 





and the boundary-conditions 


aV,+BV, = PR, 





a iN Dapegee le ee 
ha 


At infinity V,, V, vanish. Let 


ean 


dz 


= (eet yy) +2) %p 


= (w—a') + (yy) 42/7 
The equations can be satisfied by putting 


Te FE | | # dildy'—K, fl | | © aetdy, 
1 . 1 


nV, = H, (| # ae'dy’—K, 2 (|< dad, 
V9 


where p, vy are functions of 2’, y’, to be determined. These give, at 
z= 0 


Ae ak {+ its eee ¥ 


Y1 


ial fy la bs {\4 FE da‘dy’ + ae £ 


Yo 





av, 2n H. Kel a: TRENT a ths ee 
Qn ort — — Sr a :) [=a dy 
"da VV cs dx* vee ists 


dVy _ PAM eh ye ake slr a | | Var era a 
2a —* a = —dxd 
a Ag Sayeh oe ie =k dy? :) 3 eaY , 


where = (a#—2’)?+ (y—-y’)?. 
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Hence we must put 








aH,+PH, = 0 
Git, oh BH, _ ny’ ’ 
+ =T,+8 
Vv V2 
K, , BR, ail) 
Pa Y2 
ak,v , BK,yv ? 
ae SS By, 
a V2 
so that a if = —Poiyp = — VN eV +8),) 
VY, — Vv 
CAO? ee ed Oa 1 pele 
nN Y2 Vn- V1 


The required solution for V,, V, is therefore 
é 
Qray, = oe | | (T+ 8) a ian 
1 7% 


V¥2—- VY 
at d aah 
nF Vv ¥e— Vy, alles Ae 








Day eas ee | | (1 +87) =. ee 
2 


—VY; a 
eee ees cs dy 
TeV avy 4 rl T; eed 





Integrating by parts, these may be written 


ae a3 a 4 ts dX, 





dz (15) 
Be Dad ad Xa le 
Viet, setts 





1 M17. Y2 | ; , 1 , im 
: T” — dad ; 
pet nae 27a WA YS Vy | Y ae 


1 Vn Y2 \| Mel Oy yi 
S’ — da'dy’, 
eR ama V2 = VA "1 a 


i Y .o , , 
eo — u — || hk —dedy, 
1 OTe rae | ‘ * i 





and ®, W,, X, are obtained by te the suffixes 1, 2, and 


writing 6 for a. 
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Solving equations (15) for 6 and w,, we have 





(—H) 9 = % (= ey ae 














CD nea 
de dy. dey mo igi ey 
Mo mee d®, , d¥, , dX, a) (Se 4S 4 aX, *) 
(@—-h) wv: = — (4 ot H, A Fe ch AF by chee et ay 
R= F0+(C—F) wu. 
thay Sn SOS Fe HER, 2) - oe av, , dX, 
a( dx ae dy a i ae dx dy a dz ‘) 


The value of w is found in a similar manner 


We have 
Ga das dor tog 
PD eae CO gh eA 
where y, = LIN, 


and the boundary-condition is 
2 Daw, = Su— Le 


PIRI 
H mr Sy. — T,,) — da‘ dy’ 
ape aaa ) Vs ee 


where 


= (e-e')+ (yy) 42/7 


We may put the equation into the form 


Pits OO UTS 








Te ah exe 
| 1 (( a 
where ©, = — T’ — dwdy’, 
if OTN | Ue 
1 il eare tt 
SS ee S = deray: 
: | Y 


1s 
To determine w, v, we have the equations 
(2-H) (e+ %y) = (@—-H) (Ow) 


= (1+q@)V,-A+q) V:, 
dv, d®, 
da dy 


Ue Uy = 





~~ 
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aa 
rs a 
dV, ay d’®. 
= = (+0) % Fae ich n) ae =i G— 1) neh + (43—%) Fi 
Now put 
ii 1 evi vs \| fe (= seed. 
oa rie es ie al alg hg Pd aos ale, a EY 
2a SV Jy; Vy i Vy, ar a iat 
qn" 
so that ®, =%71 cae 
- (Zee 
, dx” dy? os 


Making the corresponding changes in the other functions and re- 
moving the operator d?/dx’ + d’/dy’, we see that 








d®, dv" | dx; 
— —(] hie = (Se 1 ') 
(qa—91) & = —( + %) 4 ace A shes 


+(L+q) © a alae 4, av ne) 


dy dz 
ad ea a), 
18 


for this is a solution of the equation and it makes w vanish at 


infinity. Similarly, 








d /de dw dix 
— ;=— —(l Pe 1 1 ) 
(da—) t ( ED le + ue 7 
i yp! x" 
+(L+q) & (Se 4 2% 4) 
dy \ da dy dz 
ab a aaa: 19 
(%—%) = (= hae (19) 


Surface-Depression due to Normal Pressure. 


5. If, in the second of equations (16), we put 
Tees hea 
and therefore also OD asi pee Cet A ea 8S 
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we have 


(¢,—49) w= —X,+X, 


oa ee 1 1 |e ry d ‘Ad ’ 
bra Vy VN | aL a, 
1 v2 \| pee if d ’ , 
_ — da'dy. 
273 Vy,—- VN us ‘ 
On the surface this takes the form 


¢ les mak 2 i "1 Ye {| pier AN ,. 
2m (qo qn)w= TPR ae aL R s vay ; 











or, substituting the values of the constants in terms of the elastic 
moduli, 


0 





TGR ap ACE 





§ 2Eao ’ 24 
vA SCAT Tp tetae) {| et avay. 


i 
Thus, for a concentrated load W, we have 


JA {(/AC tal ioe (lier La) § Ww 





Ue Oe a/ I) aimee (er Sean 
For an isotropic solid d ilmmy 
L=uh, 
AIC N+ 2 u., 
1 A+2un W 


and hence w= — ——- —, 
eC de (A+ p) 7 


which is Boussinesq’s result. 


It appears, therefore, that the law of depression is the same as for 
an isotropic solid ; consequently, the applications of this law, which 
were made by Boussinesq and Hertz to problems concerning isotropic 
bodies in contact, may be at once extended to the eolotropic solids 
here considered, with the limitation that the normal to the plane of 
contact must be an axis of elastic symmetry. 


Stress across Planes Parallel to the Boundary. 


6. It is interesting to examine how the pressure due to a con- 
centrated load W is transmitted across a plane z. From the 
symmetry it will be sufficient to consider the stresses Rf, T at (x, 0, z): 
the load being applied at the origin. 
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Now (q2-h) u: = — 1+q, dX, dX +H dX, 
v1 da” Y2 dx 
and (q, —4q,;) W, = -" fe aX, 
dx 
Hence (q, <q)? =—E-+utY aX, api +tuty, dX, 
V1 da Vs dx” 
dX 
Al: R=a— 
SO a 


Now it is readily shown that 


Hence 


where 


and therefore 


Thus 


and 


where V¥.— 


Since, now, 


lath back 
G—) a 
{is 


X, = 


pk Sab Lai eat — ale 
(2-4) B L 
a dX, ar B dX, 
vi Othe ye ee 
1 Y; W 


Qra 


1 We 





Vyn—Vy 1" 


ie 


an Vy,— Vy uA 














dX,_ in o 
da ara Vy, —- Vy, ” : 
aX, =p dT i zo 
Ww, 
Rye eo Ween r a 
= Wa (= wor! ) 
2n(Vy—Vy)\ri 


By Wz 
2ar (/y,— Vy) 





(e- =k 


Vy; = (y¥,+ anes 








fetes Ses ate 2/5) 
a AGE silat 
VAL 
DM Omen) fF 


Vue xx XIl.—NO. 7206. 8 
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it follows that the stress across the plane z is at each point directed 
radially from the point of application of the load. The magnitude 
of this stress 1s 
W veal ee 
2a §(YAC—L)*—(F+L)*}} 








eat 
i r 
where rae ty +z", 

PH ates) Pay") 2 2 

Some +y +2'/y1,; 

9 


P= Oty t olye. 


2 


To pass to the case of the isotropic solid, put 
m=lt+e, y,=lt+e, 
where ¢,, €, ultimately vanish. Then — 


9 
L — ae, ae (e,--e,) + &e. 


r iD Dd 

VY, — Vi Cost 
Hence in the limit the stress becomes 
3W 2 
Qn rh? 


and this is Boussinesq’s result. 





Some Quadrature-Formule. By W. F. Sueprarp, M.A., LL.M. 
Received May 29th, 1900. Read June 14th, 1900. 


I. Hquidistant Bounding Ordinates. 


1. The formule to be considered are those giving the area ofa 
curve in terms of a series of equidistant ordinates, the two extreme 
ordinates forming the boundary of the area in question. ‘Thus, if 


Zs Ay) hey coey Bn 


denote the ordinates, at successive distances h, and if the corre- 





h> 
Coy, 
Je) 
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sponding abscisse are 
Loy wv, se Mth, Xs — a) + 2h, e005 Ln = Xy+mh, 


the area to be determined is 


Ly, 
Lhe Tt dae 


2% 
where Ro F(,) | 
2, =f (a) : 


In = f (ea) 


It is assumed that z= f(a) is positive throughout the whole range 
considered. 


The most simple rule is the trapezoidal rule, which gives 
A=h (Bay ta tet..w bon-1 +4z,,). (1) 
Stmpson’s rule, for cases in which m is even, gives 
A = th (4 +42, + 22, + 4g + 22,4... $22, 9+ 421 + Zn); (2) 
the coefficients from z, to z,,_, being alternately 4 and 2. 
Simpson’s second rule, for cases in which m is a multiple of 3, gives 
A = 8h (4 +32, 432, + 223+ 32,t 0. F22n 3 43%n-2+3%n-1 +20), (3) 
the sequence of coefficients from z, to z,,.; being 3, 3, 2. 
Weddle’s rule, for cases in which m is a multiple of 6, gives 
A = 3h(4,+54 +2)+62,+2%,+ 52, + 22,4 ... 
vee Hb QE gt 5Sm—3 + m4 82m—3 2m 2b Omer ten), (4) 
the sequence of coefficients from z, to z,,., being 5, 1, 6, 1, 5, 2. 


These are the rules that are best known. 


2. The latter three rules are usually regarded as being obtained as 
follows. 

For Simpson’s rule we pass a parabola through the tops of the 
ordinates 2, 2, 2,; and we find that the area bounded by this para- 
bola and the ordinates z, and z, is 


gh (Zt 4, + %)- 


22) 
bo 





‘ 
1 ev teat lo 


Site lectin inet ae Th a Et et SIE aa is St 


—— 


\ 
( 


—— 
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This area is substituted for the true area of this portion of the curve. 
Similarly, for the area between 2, and 2, we get 


Bh (2, +42,+%), — 
and soon. Adding together all these areas, we get (2). 
In the same way, for Simpson’s second rule, we pass a parabola of 


the third degree through the tops of four consecutive ordinates, and 
obtain, for the area bounded by % and 2s, 


8h (a +32,+32, +25). 
Proceeding as before, we arrive at (3). 


Weddle’s rule is obtained in the same way, by passing a parabola 
of the sixth degree through the tops of seven consecutive ordinates ; 
but the expression for the area of this parabola is slightly altered, so 
as to give a result which is simpler for purposes of numerical com- 
putation. 

The formule may, however, be regarded in another way. Let 4A, 
denote the area given by the trapezoidal rule (1), so that 


A, SSs h ($% +4 +24+ eve + 2m +42m)- (5) 


Now suppose that m is even; and let A, denote what A, would be- 
come if we left out of consideration the alternate ordinates 2z,, 2s, .... 
Zm-). ‘hen we have 





A, = 2h (Se +2 +g .0s Hom-g ten), (6) 
and Simpson’s rule may be written 


Again, suppose that m is a multiple of 3; and let A; denote what 
A, would become if we left out of consideration the ordinates 


Zy, Bay Bay Spy 208) 2m—4) Sng) 2m-1, taking only:every third ordinate. 
Then : 
A, — 3h (S% +23 tegt sie + Zm_-3tB2n); (8) 
and Simpson’s second rule may be written 
A= tas, | (9) 


Finally, let m be amultiple of 6. Then Weddle’s rule may be written 


15A, —6A, +A, 


A 
10 





(10) 


a 


y 4 
: 


4 
ae a ed + 
p22 Us aw 
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3. Let 2’, z’, ... denote the differential coefficients of z = f (#) with 
regard to z. Then the ewact area under consideration is given by the 
Euler-Maclaurin formula 


=}; (4 Bag Tb ether tie Ge Pe iss 





2, , 9 mt B ats 
! ° Sv wg 


where B,, B,, Bs, ... ave Bernoulli’s numbers, and 


fe @ Tics 


ote 


denotes d (@m) — (ay). 
Thus, with our previous notation, we have 


A=4A,+ /- ee B, hie” — n pte" +.. oe ahs (12) 
2! 4! = Mg 
The formula (12) is exact ; and we shall also get an exact expression 
by the same formula in terms of 2, 2, ..2; Zn, When mis even. Thus, 
writing 2h for h, we have 


pp ie? By oapacee By 676,v aA i) 
Aes 4,+| - 5 1 Ohta’ + 2 Othtg fn+..) ". (13) 
4! 6! L=%p 
Multiplying (12) and (13) by 4 and —4 respectively, and adding, 
we find 


4A —A B, anarts B, : Vv ive vy 
A= tha tg |-2et 2) Wt” 4 23 (2 = 24) Ihe? — Se se 


(14) 


Comparing this with (7), we see the amount of error involved in 
using Simpson’s rule (2). Similarly, for Simpson’s second rule, we 
have as the true formula 


9A —A, fap 9 4/41 B 6__é 9 6 Vous hee 
A=*o— +3[ — 22 Bt 8%) i's + 28 (838) He... | 


=o 


(15) 
and for Weddle’s rule 


A= 





15A,—64,+ ds 4 ee 


§ (3°—6 .2°+15.1°) he" + .. alter 
10 ! 


t= =", 


(16) 
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4. To extend these formule, let f denote any one é6f the factors 
of m (including 1 and m), and let us write 


A, = fh (Se + Bt sy t --e b2m_¢t+ F2m)- (17) 


Then, if a, b, c, ... are different values of f, and if, for convenience of 
’ 9 9 9 2) } 
printing, we write 


Nasaene cane (18) 
we have A = A,+ [—A, @h?z' +r, athiz’” —r, aoh®s’ + ... | come 
G=Lyy 


"ag AeA} 


a =X 


A = At [| ABP +A, din” — Dg bh’ +... | 


A=4A,+ [ —AX, Chiz +r, chia” —A, Oh ak + | 


t= XY 


Multiplying these equations by p, q, 7, ..., and adding, we get 


(pt+qtr+...)4 = pA.tq4st+rA.4 ... 
 +t[—@e+qh+re +...) A, Wi’ 
+(patt qbt+ret +...) Aghte’”—... |=", (20) 


Hence, if taere are 7 factors a, b,c, ..., and if we take p, g, 7, ..., to 
satisfy the equations 

pu +90? +r +...=0 

par +qb* +reA +...=0 

(21) 


pa *+qb"?+re"77 +... = 0 
we have 
(p+qtrt+...)A=p4A,t+qA,t+rAa.t... 


Bae d ts 
) (2a)l* ag? 





i |, (pa + gb + re + .. 





: aes Abahs As DB: ns qt, UV Nyy 

(=) (patie? + got pret.) Beh gee C8 | 
AE \ ) (pa +q +7 (2i+ 2)! U dat} ay w=a (22) 
Thus, by using A =PAct qh trAet .- (23) 





VU Rohs ie rene 


as an approximate formula, we introduce an error which only involves 
differential coefficients of z from the (2i—1)th onwards. Or, if we 
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regard the differential coefficients as expressed in terms of differences, 
the error introduced depends only on the (2i—1)th and higher differ- 
ences. 


The equations (21) give 


ts 2 te —0) (0 —2) BB) (BA) «. 


CLE TRS  B 
ne (GO ) (6:0) Jie ae (24) 


and, in particular, for «= 2, 
We 70 ah (25) 
Substituting from (24) in (23) and (22), we get the approximate 
formula and the error in the approximation. 
5. The following are some special cases, a being taken equal to 1 
throughout. 
G.) m=M(2); a=1, b=2. Simpson’s rule. 
piqi4d:—l, 
A=4(44,—A,) = A, +4 (4,—4,). 
(i.) m=M(38); a=1, b=3. Simpson’s second rule-— 
Dod aie aes 
A = 4(94,—4;) = 4,+4(4,—A,). 
Gian = Miso) b= 2, ¢ = 4 — 
pigir:: 64: —20: I; 
A = #; (644,—204,+ A,) = A, +4 (4,—4,) —% (A, —A,). 


This is equivalent to the continued repetition of the formula for the 
area of a curve in terms of five equidistant ordinates { Boole and 
Moulton, Finite Differences, p. 47, formula (21) ]. 


ire es CO ie di Loeb 
pig: 25: —1, 
A=, (254,—A,) = 4, + (4,—A,). 
(ole (Oa —- 1b 2c 
Deg Tes Lose Oa L, 
A= (154,—64,4+4;) = 4, +3 (A,—4,) — #4 (A,— As). 


This is Weddle’s rule. 
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(vi) m= M(6); o=1, b=2, e=3; d=6— 
pigiris 11296: — 567-112: —1, 
A = ghy (12964,—567A, + 1124,—A,) 
= A, + 33 (41 —42)— a5 (Aa — As) + gay (As Ao). 


(viis) wie M(B) sa 1b 2 
prqiris:: 4096: —13844: 84: — 
A = gz5 (4096.4, — 18444, + 844,—A,) 
eed 8 (Aa es Gee eee (AA 
Qgub ee MO er I es shy oe 
Pi gat.al290% 02a 
A= gi, (7294,—904,+A,) = A,+(1+4) 4 (4,-— As) —ghy (41—-Ag).- 
(ix. m= (10) sea = ee 
Vira peepee edie, 7510) al 
A = 756 (175A, —50A,+ A.) = A, + (1+ 4) 3(A, — As) — a6 (42—As). 
(xem =" (10) sa sl) 2 0 
pig:r:s:: 70000: — 20625 : 528: —7, 
A = aohue (700004, — 206254, + 5284,—74,,) 
= A\+ (4—Pe—F2) (A1— Ap) — 389 (A, Ar) + rates (A1—- Av). 





(x13) ie (LA) oo A 
"Do 0s. Y os Sante OO ga Abe sake 
A = 4, (564,—28A,+8A4,—A,) 
= A,+2 (A,— A,) —4 (A,—A;) +4 (A3— A,)- 
This is very convenient for purposes of calculation. 
(xii, emia (12) 5 Cae ba ee eer 0 
ee aii eseet a. 1728 : — 945 : 320: — 54:1, 
A = zdsq (17284, —945.A, 4+ 320.4,—544,+-A,). 


Fd 
c 


> 
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Relea (Cl) sie al bg 
| Wag att bO a —258"3) 
A = zz (150A,— 254,+34,). 
6. To illustrate some of these formule, let us take 
Mv AR 
and ¥e| es [ =. 
The true value of this integral, to ten places of decimals, is 


A = '69314 71806. 
The thirteen ordinates are 








| 
x z x | z 


0  1:00000 00000 | 7/12 | -63157 89474 
1/12, -92307 69231 8/12) -60000 00000 
(2/12) 85714 28571 | 9/12 57142 85714 
(3/12) 80000 00000 10/12 | 54545 45455 
/4/12| 75000 00000 | 11/12 | -52173 91304 
5/12) 70588 23529 12/12 | -50000 00000 
6/12 66666 66667 | 
| 


These give He 09508 08329; 

















A, = 69487 73449, 
A, = °69702 38095, 
A, = °70006 00600, 


A, =''70833 33338 ; 
so that we have 




















Formula. | Value of A. Error x 10?°. | 
Gi.) (Simpson’s rule) — 69314 86622 +14816 
(ii.) (Simpson’s second rule)! *69315 04608 + 32802 
(i11.) 69314 725385 + 729 
(v.) (Weddle’s rule) | 69314 72234 | + 428 
(xi.) 69314 71846 + 40 | 
(xii. ) | 69314 71816 | + 10 | 
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7. In using rules such as Simpson’s, we get rid of the terms in 7, 
but at the ‘expense of increasing subsequent terms; thus, if the 
factors are 1 and b, the coefficient of h‘z'” is altered from A, to —b?A,. 
Similarly, with Weddle’s rule, we get rid of the terms in 7 and 2”, 
but, if the factors are 1, b, and c, the coefficient of h®z’ is altered from 
—, to —b*e7rg. 

If, therefore, we know—as in certain cases we do know—that the 
bounding values of z’, and perhaps also those of 2” and 2’, are zero, 
the best value to take is A,. The use of Simpson’s rule will usually 
lead to a worse result; and the effect of Weddle’s rule may be still 
worse. It may happen, however, that the bounding values of z’ are 
known to be zero, and that nothing is known about those of 2” and z’. 
We should then modify our formule by taking p,q, 7, .... to satisfy 
the equations 

pat +qbt tree t+... = 0} 


pa’ +qb® +rce° +... = 0 


pa +qb*+re%+... = 0 | 
which would give 
ee ee oe Gt Cat ny ey TE Oa) Ok ee 
pO Bee 
DOn(C —@ ) (CD) ae nes 


and so on. 


Il. Equidistant Mid-Ordinates. 


8. In some cases the known ordinates are not the bounding ordi- 
nates 2, 2) 2%) ---> 2m, Dut the intermediate ordinates 2:, 23, ..., Zm—2- 
To express the area in terms of the latter, we have, by (11), 


in UW i LL» 
A =h(4a, +24, +%4+... +2natdin)+ | 5 +t a hig sal 4 


and, taking intervals 3h, 
A = th (Agta te teat... t+ 2m-1+den 


B, 97 ar Ae C=2y), 
+|- oo poi *® + or he EA , 





Multiplying the second of these formule by 2, and subtracting the . ae | 


‘ y 
J 


tid Se 
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frst, we get 
Jes [a 1/2) File — (1 1/2)7 pehis” 


+(1=1/2") = ie en eee (26) 


=p 


where / S, =h(e@rteast...+2m-—2). (27) 


The leading term in square brackets in (26) is half the correspond- 
ing term in (12), and therefore, if these terms are not eliminated, the 
use of mid-ordinates will generally give a better result than the use 
of bounding ordinates. But the mid-ordinates not convenient for 
more accurate formule. The reasoning of §4 applies, but it is 
necessary that the factors a, b,c, ... should be odd numbers. Thus, 
if m is a multiple of 3, Simpson’s second rule applies; so that 


A =8,+4(S8,—S;) 
gives a better result than A = S,, where 


S, = 3h (at+ee+...+2m—2). 


IU. Miscellaneous Formule. 


9. Various methods have been devised for getting rid of the terms 
in z in the Huler-Maclaurin formula, or in the corresponding formula 
for mid-ordinates, so as to retain the trapezoidal rule as the main 
basis of caleulation. Thus, in Parmentier’s rule, the ordinates taken 
AYE 23, 23, Zs, ..., Zm—2, and also z and z,. The values of 4hz’ are 


then taken as aaae to 4—% and Z,,—Z,-, respectively, so that the 
formula becomes 


A = S, + 75h (2) 4% — Zra-4t 2m): (28) 


This, however, is not a very good rule; for, although it gets rid of 
the terms in z’, it introduces terms in 2”. These latter terms can be 
kept out by a slight alteration in the formula. 


10. Let Zam 


denote the mid-ordinate of the whole area, the magnitude of this 
ordinate not being necessarily known. Then, if we take two ordinates 


23m (1-a)s Zim (14a) 
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at equal distances from 2,,,, and if we write 
z= f(a) 
and 4mhd/dx = D 
we have 
Zym(1- a) tb 24m (+a) 
=f (@n—Zmah) +f (an +5mah) 
= 2coshaD.f (ay) 


—_ ke cosh aD 1 Zm 
= Of (ey) + | PEREPSE p(w) | 





20° —a' 
tmhz' — Tae (Amh)? 2" + 


ae Date oF 
6! 





— 22 ym =P E 


1,7, \5 ov 
sh) z 


A 


7 12407 —98at + 28a°—3a8 
Heel! 





(4Amh)’ gnii ls i ai mika (29) 
LHX 
Taking another pair of ordinates 


Zim(1-8)9 74m (1+B@)s 


we get a similar formula. Hliminating z,,, between the two formule, 
we find 


24m (l-a) 2m (l-f)_ 21m (148) a Zim (1+a) 








at 7 a eo 32 2 4 
= (a’— (3) | Emhe’— eGo! mhz’ + (eres ae aa neater el) m h®z* 
_TAR98(0 EP) 4 28( t+ 4B —BE LANGA aappemg  ] 
15482880 ae 
(30) 


This formula can be used for eliminating the terms in 2’, 2’”, ... from 
(11) or (26). Thus, if we take two pairs of ordinates, we should 
get as our approximate formule . 


A = h (Be +2% +224 .0. + 2m +52) 
1 ; 
ih 3m (a?—/) h (Zym (l-a) ?34m (1-9) 74m (1 +e) + 24m (1+0))> (31) 
Ai =h (aes P25... ten 9) 


1 
ie 6m (a? — 





B?) h Sits a) 4m B)— km (146) -b 24m (i +a) Cea 


. ¢ ra 
£" ofl 
re ep 
at 


. faa iuoabil 
hid Sie 


> 
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Or, if we take three pairs of ordinates, we shall get 
A = h (3% +% ie cee +2m-1+52%m) 


_ 2—4/(5m*)— (8 +7 
“Bm (a? — 8) (a2 — 


2—4/(5m?)—(y’+a 
iz salon —ip he (%m a) + Z4m a40)) 


_ 2—4/(5m*) — (a? +B? 
Bin (=a) (y=) 
Al) (2ytzgtzgt bona) 
2—7/(5m?)—(B +7") , 
6m (a*— 3?) (a? —y”) 
2—7 /(5m7)—(y?+ a’) 
6m (/3°— y*) (8° — a?) 


2—7 / (5m?) — (a? + f?) | 
6m (y’—a’) (y’— 3”) h(Zima-yntZimasy) (34) 








h (Zima- a) Tim Ten) 


dh (24m a—y + Zine} (33) 





Gane a) warlats ate 


h (Zinn (1-8) aeeyey (1 7) 








If we take only the two pairs of ordinates, a and ) should be as 
nearly equal to 1 as possible, in order that the new term in 2’” may 
be as small as possible. Thus, if we only know the ordinates %, 2, 
Zm, We have a=1, 3 = 1—2/m, and (81) gives 


vay 


A= a ry a h (Z)—%—Zm-1+ 2m): (35) 


Similarly, if we only know the mid-ordinates, we have a = 1—1/m, 
6 =1—3/m, and (82) gives 


A= — S, +. 24) ame) PRG (21 —2Zs—2m—3 + Zm_2 (36) 


In the same way, if we know the bounding ordinates z, and z,,_, and 
the extreme mid-ordinates z, and z,,_,, we find 


2m 


1% (%— Zy—Zm-4t 2m)s (37) 
2m— 


A= A,—@ 





) 
A=S, +e 5° — a sft (Zo Fm at En) (38) 





This last is a simple modification of Parmentier’s rule, and it will be 
found to give decidedly better results. 
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Similarly, from (33) and (84), we can get a number of formule, of 
which the following are examples :— 


(15m — 26) 
ie Cami cs ao; Foy ae 


m (5m —6) 
(m—2)(m—3) 


m (80m — 177) 4 


— ky 2m -1 er Zn) 





ae 130 h Fi 24 ue ewes (39) 











A= i+ 960 (ins 3) Gees) h (23 — 23 —Zm_3+2m—3) 

ee Hace aa h(23—24—2n-4+2n—2), (40) 
Pete ho ey" (a ee 

tay ee (j—A—tmatina)s (4) 
Av Ss m (40m —57) h (Z)— 2%, —2m-3 + 2m) 





(2m—1) (2m —3) 


2 gs OU gO) MT a et or | oe aE aie LS) 
*8° (am —2)(2m—3) Oe Ties Bn ere 
The method can, of course, be extended to any number of pairs of 

ordinates. Thus we should get, for three pairs, 











4a4—™ { 100 ee plants 8 
5040 ¢ (m—1) (m—2)(m—3) 
a * @ ta (21 Fn-ab Amar) 
Gee = ee righ Geese tee 
Ae mh ( 9842m?—53970m + 70407 (pe 





80640 (m—2)(m—3)(m—4) 
ae 9604m* —_ 46032m + 45810 
(m— 3) (m—4)(m—9) 


3122m*—12222m + 10935 
(i —4) (m—5)(m—6) 





(Z3—25—Z, —§+2n—3) 





(@—22—Zm-z + Zm ae } : 
(44) 


These formule look clumsy; but the coefficients can be calculated, 
and their values tabulated, for various values of m. 
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Let Vi, denote hk tinwined in the last section are quite different in 

coefficients. ~~! those obtamed in § 4; but both sets of formule, and 
all other quadrature-formule depending on symmetrically-placed 
ordinates (whether equidistant or not), can be comprised in one 
general relation. 


Taking, as in § 10, two ordinates 


Zim (l-a)9 Zam (1+a) ’ 


we have, with the notation of that section, 


A 


Caml 
| f (@n+4) dO 


~ —4nh 


ei poms f (un) 





1 _coshaD) f=", 
— y , ail a 
= mh coshaD. f (x ,)+4mh  ( ae ih (2) | 


DD 


poate k ~ 
a Zmh ey ‘ey ge ey) 


i Ba! othe 30a" + 15a? ite 
Mee NES har arty @ +, 

ee Cae Re 360 Gy) 
ar—147a?-+ 1O0dat—21a® 





3130 (4mh)* 2a coll (45) 
Replacing a by 6, y, ..., we get a series of different expressions for A. 
Multiplying these by p, q,7, ..., adding, and dividing by p+q+r+... 
we get a general expression for A in terms of a series of pairs of 
ordinates, symmetrically placed about %,,, with terms involving the 
bounding values of 2’, 2’’’, 2”, ...; and the values of p, q,7, ... can be 
chosen so that the coefficients of these latter terms shall satisfy given 
conditions, 

Thus, to get rid of the differential coefficients of z up to the 
(27—1)th inclusive, we must take p,q, 7, ... to satisfy the first 7 of 
the equations 


p (1—8a’) ti Clearies rn ee) ar aeate ie 
p (7—30a?+ 15a*) + ¢ (7—3806 + 158) +7 (7—30y? + l5y') + .. - 


1 


(46) 
We have, therefore, as an approximate expression for the area, 


A = ymh ip (Zym 1a) + Zim se)) $Y (%ma-ayt 24m cree) 
aa e (Zim a-y 1 Zam (+s) rans } ». (47) 
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where p, q, 7, ... Satisfy the first +1 of the equaun (June 4, 
p+ OMe ete eee erg as 
petqe+ry t+... =% 
pat+q3'+ryi+... =2 (48) 
po gh try t+... =4 


The formula (47), with the condition given by (48), comprises all the 
formule given in the preceding sections. 


12. We have assumed, in the last section, that the values of 
a, >, y,... are known. Suppose, however, that these are arbitrary, 
and that there are x of them. Then there will also be » of the co- 
efficients p,q, 7, .... These 2n quantities can be determined so as to 
satisfy the first 2n of the equations (48); and, using them in (47), 
we shall get an expression which agrees with A up to the (4n—3)th 
differential coefficient of z The first differential coefficient which 
will appear will be the (4n—1)th; and, if z is of the (4my—1)th 
degree in a, this differential coefficient will be a constant, and there- 
fore will vanish when taken between limits. Hence,if z is of the 
(4n—1)th degree in 2, or of a lower (integral) degree, we can obtain 
an accurate value for the area by choosing 2x suitable ordinates. 
Similarly, if z is of the (4n+1)th degree, or of a lower degree, we 
only require 2n+1 ordinates. This is Gauss’s well-known theorem. 


IV. Hetension to Calculation of Volumes. 


13. The method of §4 may be extended to the calculation of 
volumes. Suppose that a volume stands on a rectangular base, the 
sides being mh and nk, and that it is divided by m—1 planes at dis- 
tances / in one direction and n—1 planes at distances k in the other. 
Then the ordinates which we have to take may be either the edges 
of the mn constituent prisms, or the mid-ordinates of the faces in one 
direction, or the central ordinates of the prisms. Generally they will 
be the edges of the prisms, and they may be denoted by 


40,0 1,0 22,0 «ee Bm, 09 


Zo, 1 71,1 491 30D 2m,1 ’ 


%0, n Zn 42, eee 2m, ne 
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Let V,,; denote hk times the sum of these 
coefficients 


a Age SR Re Ak 
Ce Pa2) van) 2 2, 2 4 
al ik 
Beery we Le I: 1 4 
ab 1 
pete 1a 1 1 3 
al 

ben ies ehh 
eee yy) a oe a! 
BR Pe SON Sa Ba 
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ordinates, taken with 


Then the true volume V will differ from V;, by a rather complicated 


expression, involving the differences of bounding values of certain 
differential coefficients of the ordinate z. It is not necessary to write 
down this expression ; we need only note that it consists of 





3, 5 
(i.) terms in hk =. Mth “, nh SS, tee 
ae “x ax” 
; Bs Pe 
Siiicrmainne”, nef! Vig yle, e 
dy dy dy 
Asg 





(iii.) terms in h’ aie fad daddy’ 


h7k® 


az » az : 
i? —— lbs Atk? —-—, ..., 
de® dy 


diz 44 Tae d®z 








da? dy’ bas 
d’z 
dx dy? ami” 
&e. 





Now let b and (£ denote any factors of m and of n respectively, and 
let Vii, Vie, Vo,~ Genote the different values of V;,, obtained by 
altering the intervals from h to bh or from k to Bk. Then we may 


take 





eed eg tas 


i= ph 1 I at; q iyiton Vis a 8Vs, 6 


(49) 


as a more accurate value of the volume, and get rid of the terms in 


dz da da 
da’ dy’ -dedy’ 
provided p, q, 7, s satisfy the equations 
ptqb'+r73 +sb°B = 0 
pt+qb +7/F+sbe? = 0 


ptqb’ +i)" +sb77 = 0 
YOu. XXxl,— No. 727. 


(50) 
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These equations give 
Di Qe t a 8 TRU ke ao tes Det 
so that our approximate formula is 
v= B3?Vi = 2?Vi,1—- ON, e+ Vi, B 
(Odi) 
If, for instance, b = 8 = 2, we have. 


V= § 6, 1 —4V2, :—4V1, 2+ Vs, 2), (52) 


which is Simpson’s rule, applied to volumes. 


(51) 





14. To get more accurate formule, by using a larger number of 
factors of m and n, we might proceed in the same way, and write 
down the equations corresponding to (50). But it is not necessary 
to do this. The coeffivients in (51) are the coefficients of the pro- 
ducts of A and A’ in the expression 

bBPA,—A, B’A;— A, 
oT Pe 
the first factor of which is the formula giving the area of a section 
in one direction in terms of the ordinates at intervals / and the ordi- 
nates at intervals bh, while the second factor is the corresponding 
formula for a section in the other direction, the intervals being k and 
Bk. This rule can be extended, as follows :— 











The true value of V is 


iP Yn pul sinh 4mhd/da sinh nk d/dy 
x, 


zdxd : : 
a) dln djdy . *™™ (28 


0 “Yo 
Now let a, b, c,... denote any factors of m. Then, if we express 
each side of the formula (22) as the result of an operation on the 
mid-ordinate Z,,, we see that 


sinh 4mh d/dax 








d/dx 
= | Bena TG Pee Set 
fy wet ype en pes 
f(y RE ON ee 
prgtrt-:.. (2c)! da} 
ia os acid Wm ero! a ee at 
ae y Me Fe Banas (20+2)! — ee aa ms 


(54) 
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where u, 6, ¢ denote the central-difference operators explained in a 
previous paper.* These operators are defined by the relations 


19 () = 4 {9 (w+ Hfh) +0 (@—4fh)} 
So (@) = o (w+ 3fh) —o (a—afh) | 
Sopp (x) = @ (x) 
whence, if f is a factor of m, } 
Py Fz (2m —Zq) = Feo Spt Lay + ove t+ 2m—p t+ Sem: 


Similarly, if a, 8, y, ... are j factors of n, and if p’, 8’, 0’ denote the 
operations p, 6, o, performed with regard to y, we shall have a 








formula 
sinh $nkd/dy _ ee chee ot -Bkpgog tr’ yk, o, + os 
ad/dy pra trt+... 


25-1 q7t} 


d 
dypi-)? dye’ yy 





eee be, (55) 
where p,4,7,... Satisfy equations similar to (21). If, now, we sub- 
stitute from (54) and (55) in (53), the two sets of operators p, a, é 
and p’, o, 0 will combine with one another, and with powers of d/dzx 
and d/dy, according to the ordinary laws of algebra, and we shall 
have, as an approximate formula, 

ee p-ahugo,t+q. bhp,optr.chu.o,+... 

te Gets 








. p. akuctat 1 -Bhig tet? « ykpo,+ 3 es 
. Die Ost stee 
= {pp'V., a+ pq Viet pr Vayt--- 
+qp'Vs,.+90'Vs, ot ar Vi,5+ i 
+rp'Ve.+7¢' Veet rr Vi7+.. 
+..$/(ptqtrt...) (py tr +...) (56) 


the ratios pi: qiri... and p’:q':7: ... being given by the equations 
pe +qe 4+re? +...=0 


: : : et) 
pa. qo" ---re ~-F (57) 


nat ?+ gb? rot r+, — 0 








* P,oceedings, Vol. XXxI., p. 449. 
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and yo atet G8 cy Tyee rere) 
Gti ae 1 4 +4" 4 = 0 
De qB Ve (58) 

pro? gf 4 yt... = 0, 


Suppose, for instance, that m is a multiple of 4, and n a multiple 
of 6, and that we take (iii.) of § 5 in the one case, and (v.) (Weddle’s 
rule) in the other. Then, developing the product 


644,-204,+4, 1SA‘—6454 4; 
45 ; 10 ; 





we find, as our approximate formula, 
V = x5 (960V,,,—384V, .+ 647, ; 
—300V,,+120V, .—20Y, ; 
“515 Va j-— 0 eee) (59) 
15. In the last section we have only considered the case in which 
the given ordinates are the edges of the constituent prisms ; but the 


method applies equally to the other cases, subject to the limitations 
pointed out in § 8. Thus, if the ordinates are the central ordinates 


XR 
i= 
ie 
to) 


~ ~ 
oer gs 4 sm—1. + 
29 2 a 2 “39 a “se? M—, 9 


99% 
Hap od 23.3 5. 38 500 Zn —2. 8 
29 2 29 2 49 2 27 9 
Zi,n-b &i,n-2 23,n-b eee Sm—1,n-F 


and if W,, denotes hk times the sum of these ordinates, we shall 
have a formula 


Vi = { pp'Wa.+ py Wa pt pr Wa,t 
+qp'Wi,.+ 97 Wi, ot qr’ Wi, +-- 
+rp Ww. .trq’ Woe +r’ W., +... 
t.b/(ptqtrt..) p+ +r +...), (60) 


the ratios p:q:7:... and p’':q':7':... being given, as before, by 
(57) and (58); but the factors u, b,c, ... and a, §, y,... must all be 
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odd. Similarly, if the ordinates are 


4 ples he mn a 
“0,3 cine 49,3 mn, 3 

Y 
~0, n-2 Ay n—t 79 nt cre mM, N-F 


the factors of i may be odd or even, but the factors of m must only 
be odd. The coefficients by which the respective ordinates are to be 
multiplied in this latter case are 


ae ee Ie 
etal 1 3 
Poul Iya 


Second Complément a lV’ Analysis Situs. Par H. Porncart. Read 
at request of the President, June 14th, 1900, and received 
June 30th, 1900. 


Introduction. 


J’ai publié dans le Jowrnal de l’Hcole Polytechnique (Tome c, N° 1) 
un travail intitulé ‘Analysis Situs”; je me suis occupé une seconde 
fois du méme probleme dans un mémoire Meta pour titre ‘* Com- 
plément 4 l’Analysis Situs,” et qui a été imprimé dans les Rendiconti 
del Circolo Matematico di Palermo (Tome x1, 1899). 

Cependant la question est loin d’étre épuisée, et je serai sans doute 
forcé d’y revenir & plusieurs reprises. Pour cette fois, je me bornerai 
a certaines considérations qui sont de nature a simplifier, a éclaivcir 
et A compléter les résultats préecédemment acquis. 

Les renvois portant simplement une indication de paragraphe ou 
de page se rapporteront au premier mémoire, celui du Jowrnal de l’ Ecole 
Polytechnique ; les renvois ou ces indications seront précédées de la 
lettre © se rapporteront au mémoire des Rendicontt. 
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Quant aux renvois aux paragraphes du présent mémoire, je les ferai 
précéder des lettres 2 0. 


l. Rappel-des principales Définitions. 


Considérons une variété fermée & p dimensions. Nous supposerons 
que cette variété a été subdivisée de maniére & former un polyédre P 
& p dimensions. Les éléments de ce polyédre s’appelleront les @; ; 
ils seront séparés les uns des autres par des variétés & p—1 dimen- 
sions qui s’appelleront les a}~'; celles-ci seront séparées les unes des 
autres par des variétés & p—2 dimensions qui s’appelleront les a}; 
et ainsi de suite jusqu’a ce qu’on arrive aux sommets du polyédre qui 
s’appelleront les a). 

Toutes ces variétés seront simplement connexes, c’est-a-dire homéo- 
morphes a Vhypersphére.. . whe : 

Si une variété a! a pour frontiére compléte les a} ', j’écrirai la 
congruence 

(1) af = Shar”, 


ou les « sont égaux 40, +1 ou —1 (6, § 2, p. 7). 


Nous écrirons d’autre part Vhomologie 
(2) ejay ~0. 
Nous combinerons les congruences (1) et les homologies (2) par 
addition, soustraction, multiplication, et quelquefois par division. 

Parmi les congruences entre a! et a’ obtenues par la combinaison 
des congruences (1), nous distinguerons celles qui ne contiennent que 
des ai, et d’ot les a} * ont disparu. 

Nous désignerons quelquefois les a; sous le nom de sommets, les 
a, sous celui d’arétes, les a; sous celui de faces, les a; sous celui de 
cases, les a; sous celui W’hypercases. 

Au polyédre P correspond un polyédre réciproque P’ (0, § 7), dont 
jappellerai les éléments b/ au lieu de a?, b?”' au lieu de a’ ™, ..., et 
enfin b; au lieu de ay. 

Entre les deux polyédres, il y a une correspondance telle que b; * 


correspond a aj. Les deux polyédres proviennent de la subdivision 
d’une méme variété V. 


Kntre les éléments de P’, nous avons les congruences 


(lbis) bo = Be 27702" 
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analogues aux congruences (1); nous pouvons l’écrire également 
q — 'aBa-1 
bf = Be2bt 


9410. es 
en posant G0 = ee 
Hntre les éléments de P et ceux de P’, nous avons encore une autre 
velation. . 


Rappelons la notation N(V, V’) (§ 9, p. 38). Nous aurons alors 
N (aj, bes b= 0; 


siz nest pas égal a k, et 
IN (di De ee 

I] reste & voir si lon doit prendre le signe + ou le signe —. 

Pour nous en rendre compte, considérons deux éléments correspon- 
dants de P et de P’ que j’appellerai aj et b; *; considérons d’autre 
part deux éléments correspondants a?’ et b} **' de telle facon que 

‘~" appartienne A ai, et b2 7 A bP 7". 
Je pourrai toujours choisir mes coordonnées de telle fagon que les 


a 


équations de a; soient 
CRDi Ales ee a a ile font 


les F étant des fonctions de coordonnées y, Ya, ..-5 Yp Qui définiront 
la position d’un point sur la variéte V. 
Soient de méme 
4) *@=h=...=$,1=9 


-qtl 


les équations de b; *" ; je pourrai alors supposer que les équations de 


a)’ s’obtiennent en adjoignant aux équations (1) l’équation » = 0, et 
que celles de b; * s’obtiennent en adjoignant aux équations (2) l’équa- 
tionw =1. Je pourrai m’arranger pour que la méme fonction w figure 
au premier membre de ces deux équations. 
Alors parmi les inégalités, qui avec les égalités (1) compleétent la 
définition de aj, devra figurer l’inégalité 
W >0. 
De méme parmi les inégalités, qui avec les égalités (2) complétent la 
définition de b?-""', devra figurer l'inégalité 
y<l. 
Si nous voulons que «, soit égal & +1, il faut d’aprés nos conven- 


5 > : =a} : 
tions que les équations de aj se mettent dans lordre suivant :— 


5 coat UE Oe Nee Wii ie tes Al 
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. A Jp ] . 
et si nous voulons en méme temps que «; “| = +1, il faut que les 


équations de b; ‘ se mettent dans Vordre suivant :— 


f= =... =h1.=1-y~=0. 
Le nombre N (aj, b; *) dépend du signe du déterminant fonctionnel 
de Vey dij. ore ie p,, dy, ooeg by -1) l-y. 


De méme le nombre N(a‘"', b} “*') dépend du signe du déterminant 
fonctionnel de Ei oases en lee EP patra. Paes 


Nous pouvons toujours supposer que les fonctions fF’, ¢ et w aient été 
choisies de telle sorte que ces déterminants ne s’annulent pas dans le 
domaine considéré. 

Nous voyons alors que les deux déterminants sont de méme signe 
si g est pair, et de signe contraire si q est impair. 

Nous aurons dans le premier cas 


| N (ai, brow) ae Whe tues). 
et dans le second cas 
N (ai, 8") =—N (aj ', BF"). 
Comme nous pourrons toujours supposer 
N(a;, &) = +1, 
nous trouverons successivement 
N(a, be )=—1, NO,“ )=—1, Na, oo) = +1, 
N (ai, Y= +1, 

La seule chose a retenir, c’est que le nombre N (aj, 67°“) ne dépend 
que de q. 

Cela posé, on peut former avec les nombres ¢;, un tableau que j’ap- 
pellerai T',, et ot le nombre «; occupera la 7° ligne et la j° colonne. 
Dans ce tableau TJ, il y aura donc autant de lignes que de aj et de 
colonnes que de aj”’. 

J’ai appelé a, le nombre des aj de sorte que le tableau 7’, aura 
a, lignes et a,_, colonnes. En particulier, le tableau 7; nous donnera 
la relation entre les arétes et les sommets, le tableau T, entre les faces 
et les arétes, etc. 


J’appellerai 7", le tableau qui est formé avec P’, comme 7’, avec P. 


Nous voyons que le tableau 7%, s’obtient en partant du tableau 7',_,.,, 


permutant les lignes avec les colonnes, et réciproquement. 
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Nous avons désigné (c, § 3, p. 14) par a,—aj, le nombre des homo- 
logies distinctes entre les aj, et par a,—a/, le nombre des congruences 
. . 2 q -1 4 4 . . , 
distinctes entre les a; (les aj étant éliminés) ; par 
P,=a,—a,+1 
le nombre de Betti correspondant aux aj. 


Nous avons appelé /3,, /3,, et 37 les nombres analogues a a,, a/ et a” 
et se rapportant au polyédre P’, de telle sorte que 


b) 
B, — Ap_¢: 


2. Réduction des Tableaua. 


Considérons un tableau 7’ formé de nombres entiers rangés en un 
certain nombre de lignes et de colonnes. Tels sont nos tableaux 7’. 

Supposons que l’on puisse faire sur ce tableau les opérations sui- 
vantes :— 

1° Ajouter une colonne & une autre ou len retrancher ; 

2° Permuter deux colonnes et changer le signe de l'une d’elles ; 

3° Faire les mémes opérations sur les lignes. 

En combinant ces opérations, on pourra faire subir aux colonnes 
une substitution linéaire quelconque pourvu que les coéfficients soient 
entiers et le déterminant égal 41. De méme pour les lignes. 

Quel est, par le moyen de ces opérations, le plus grand degré de 
simplicité auquel on puisse réduire un tableau ?—C’est ce que nous 
allons examiner. 

Supposons d’abord, pour fixer les idées, que le tableau 7 n’ait pas 
plus de lignes que de colonnes. 


Lemme I.—Soit 
Omerisn @0x <0 | ae 


me b, bs bg bs | 
| 








CO] PCy te, CL Ce 


un tableau 7’ que je suppose, pour fixer les idées, de trois lignes et de 
cinq colonnes. 

Je suppose que les quinze nombres a, b, c soient premiers entre 
eux ; je dis qu’on pourra toujours trouver trois nombres a,, (,, y;, tels 
que les cinq nombres | 


i= aa; +P bs +716; (7 om ih 2, 3, 4, >) 


soient premiers entre eux. 
Pour cela les nombres a,, 6,, y, doivent d’abord remplir une premiére 
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condition: ils doivent étre premiers entre eux. Si cette condition est 
remplie, on pourra trouver six autres nombres 


O35 B., Yo25 Gs, fake Y39 
tels que le déterminant 


| ay py V4 
(ly By otal eae 
os Bs Ue 


Posons alors 


y= a, A+ Bibs +yKc; (a SS 2a aoe 3). 
Soit 


hat allay 244 Gg Bier | ee Mon ates 
| 
Figg rng egg | =| tg Bo Ye dy b, C, |= A. 


Hes Igy Ihsg | Gs Bs Ys dz bs Cg 


Ce qui montre que le plus grand commun diviseur des trois nombres 
hi, hay, hig, et par conséquent celui des cinq nombres h,;, divise A. 
Il doit diviser de méme tous les déterminants obtenus en supprimant 
deux colonnes dans le tableau, et par conséquent le plus grand commun 
diviseur, M, de tous ces déterminants. | 

Soit p un facteur premier quelconque de M. Comme nos quinze 
nombres a, b, c sont premiers entre eux, l’un d’eux au moins, par 
exemple ¢;, ne sera pas divisible par p. 

Si nous prenons alors 


ass ae aes Bae 
(1) «4=090, 6, =90, ,=c6 (mod »), 
; . = 1 . 
il viendra hs=cs =1 (mody), 
de sorte que le plus grand commun diviseur des cinq nombres h,; ne 
sera pas divisible par p. 

Nous obtiendrons un systéme de congruences analogues a (1) pour 
chacun des facteurs premiers de M. On pourra satisfaire a la fois 4 
toutes ces congruences puisqu’elles ont lieu par rapport a des modules 
premiers différents. . 

Alors le plus grand commun diviseur des cing nombres h,; ne sera 
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divisible par aucun des facteurs premiers de M; et, comme il doit 
diviser M, il sera égal & 1. | 


1* Corollaire.—Si Von fait subir aux lignes du tableau la substi- 
tution linéaire | 


= 
a PY NY 


: 
a, Py Yo 


“ 


Os Bs Y39 | 


il est clair que les éléments de la z® colonne qui étaient 


Cj, bi, Cj 
deviendront CRM Ree Ue 


d’ou cette conséquence : 


Si les éléments du tableau sont premiers entre eux, on peut réduire 
le tableau de telle sorte que les éléments de la premiére ligne soient 
premiers entre eux. 


2° Corollaire.—Si les éléments du tableau ont pour plus grand 
commun diviseur 6, on peut réduire le tableau de telle sorte que les 
éléments de la premiére ligne aient pour plus grand commun diviseur 6. 


Théoreme.—Soit m le nombre des colonnes et n celui des lignes 
(m2n); soit M, le plus grand commun diviseur de tous les déter- 
minants obtenus en supprimant dans le tableau m—wyn colonnes 
queleconques ; soit M, le plus grand commun diviseur de tous les déter- 
minants obtenus en supprimant dans le tableau m—n-+1 colonnes et 
une ligne; soit M, celui des déterminants obtenus en supprimant 
m—n+2 colonnes et deux lignes, etc.; soit enfin M,_, celui des 
déterminants obtenus en supprimant m—1 colonnes et n—1 lignes, 
c’est-A-dire en d’autres termes celui de tous les éléments. 

Ces nombres My, M,, ..., Mf; ne seront pas altérés par les opérations 
faites soit sur les lignes, soit sur les colonnes. 

I] va sans dire que le nombre M,;, devrait étre considéré comme nul 
si tous les déterminants correspondants étaient nuls. 

Nous pourrons alors énoncer notre corollaire sous la forme sui- 
vante :— 


3° Corollatre.—On peut réduire le tableau de telle sorte que le plus 
grand commun diviseur des éléments de la premiére ligne soit M,,_,. 


Lemme II—On peut, par une transformation entre les colonnes, 
réduire le tableau de telle sorte que le premier élément de la premiere 
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ligne devienne M,,_;, et que tous les autres éléments de la premiére 
ligne deviennent nuls. . 

Nous allons faire subir, en effet, aux colonnes (supposées comme 
plus haut au nombre de m = 5) la substitution linéaire 


GQ, G@, Gg OO, Ga; 


MN: Rn 


(2) a iy eee Rey, ||. 
Ope rut: O; 
G eee eos (bs 


dont le déterminant doit étre égal a1. Soient 

Ay, Az, U3, Ay, As 
les éléments de la premiére ligne. Aprés les réductions que le tableau 
a déja subies, le plus grand commun diviseur de ces cing nombres est 
devenu M,,_;. Nous pouvons alors choisir la substitution (2) de telle 
sorte que lon ait 

2 

Yad; = M1, 2Pia = Ayia; = BO, = BGa, = 0. 

Alors, aprés la transformation, les éléments de la premiere ligne seront 


Mn -1, 0, 0, 0, 0. 


Lemme III.—Je dis maintenant qu’on peut, par une transformation 
entre les lignes, réduire & zéro tous les éléments de la premiére 
colonne, sauf le premier qui reste égal a M,,. 

En effet, apres les réductions déja faites, les elements de la premiére 
colonne (supposés au nombre de ” = 3) sont 


Ea? Vs ‘Wh oage "Y3 M,, -19 


q, et q, etant des entiers; et en effet, d’aprés nos hypothéses, tous nos 
éléments sont divisibles par M,,_;. 

Si alors nous retranchons de la seconde ligne la premiére ligne 
multiphée par q,, et de la troisiéme ligne la premiére hgne multipliée 
par q,, la premiere colonne devient 


MS: 0, 0. 


D’ailleurs la premiere ligne ne change pas. 

Si Pon supprimait maintenant la premiére ligne et la premiére 
colonne du tableau 7’, il resterait un tableau 7” de m—1 colonnes et 
de n—1 lignes, par rapport auquel les nombres 


iM, ae 


M,,-1 Mey 
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joueraient le méme réle que les nombres M,, M,, ... par rapport au 
tableau ’. 

En particulier, 
Mas 

n- i 

Nous pouvons maintenant continuer la réduction, mais en opérant 
seulement sur les 1.—1 derniéres colonnes et sur les n—1 derniéres 
lignes. La premiére ligne ne changera plus puisque ses m—1 derniers 
elements sont nuls, ni la premiére colonne non plus puisque ses n—1 
derniers éléments sont nuls. 

On pourra opérer sur le tableau 7” comme nous avons opéré sur le 
tableau 7’. Apres cette nouvelle réduction : 


le plus grand commun diviseur des éléments de 7” est 


1° Tous les éléments de la premiére ligne et ceux de la premiére 
colonne sont restés nuls, sauf le premier élément de la premiére ligne 
et de la premiére colonne qui est resté égal a M,,_,. 
2° Tous les éléments de la seconde ligne et ceux de la seconde 
colonne sont devenus nuls, sauf le second élément de la seconde ligne 
; Mi 
et de la seconde colonne qui est devenu —"~’. 
LYE yy 
3° Si on supprime les deux premieres lignes et les deux premiéres 
colonnes, on obtient un tableau 7'” de m—2 colonnes et de n—2 lignes, 
par rapport auquel les nombres 


M, M, M,,-2 
vis ioe ae M),-» 
jouent le méme role que les nombres M,, M,, ..., M,_; par rapport au 
tableau 7. Et ainsi de suite. 





A la fin de la réduction, lelément qui appartient 4 la 7° ligne et a 
la 7° colonne est nul siz n’est pas égal a7; l’élement qui appartient a 
la 7° ligne et a la «° colonne est égal a Bebe 


n-i+1 
Les m nombres 
Meal M, M., 
5) M,,-1, 2h, = as asap up 2 
(°) lee Mire Mans, M, M, 








peuvent s’appeler les znvariants du tableau 7’. 

On peut remarquer : 

1° Que chacun de ces invariants divise le suivant ; 

2° Que quelques-uns de ces invariants peuvent étre nuls, mais que, 
si l'un d’eux l’est, tous ceux qui le suivent le sont également. 

Si le tableau 7’avait plus de lignes que de colonnes, la réduction se 
ferait de la méme maniére, seulement il faudrait intervertir le réle 
des lignes et des colonnes. 
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On aurait alors m<n; le nombre M, serait le plus grand commun 
diviseur des déterminants obtenus en supprimant n—m lignes; en 
général, M; serait le plus grand commun diviseur des déterminants 
obtenus en supprimant »—m-+7 lignes et 7 colonnes quelconques. 
Enfin, le plus grand commun diviseur des éléments du tableau 7’ 
serait. M,,_1. 

En général, le nombre des invariants serait le plus petit des deux 
nombres 7 et m. 


3. Comparaison des Tableaux T, et T,. 


Le tableau 7, nous fait connaitre les relations entre les a: et les 
ai" dans le polyédre P. A chaque ligne de ce tableau correspond 


un a? et & chaque colonne un a). A chaque ligne de ce tableau 
correspond également une congruence 
(Ly sca) = eae 
entre les a’! et les a” et une homologie 
(2)GRS evo ue 
entre les aj. 

Qu’arrivera-t-il1 maintenant si, par les opérations du paragraphe 
précédent, on réduit le tableau 7, P—A chaque ligne du tableau réeduit 
correspondra une combinaison linéaire des aj, & chaque colonne une 
combinaison linéaire des ai’. J’ai expliqué (c, § 8, p. 41) d’aprés 
quelles régles ces combinaisons linéaires doivent étre formées. Voici 
comment ces régles peuvent étre résumees. 

Supposons que, pour passer du tableau J’, au tableau réduit, on 
applique aux lignes de 7’, une certaine substitution linéaire S, et aux 
colonnes une autre substitution linéaire o. Soit o la substitution 
contragrédiente de o (je veux dire que, si l’on a deux séries de a,_, 
variables 2; et y;, et qu’on applique la substitution o a la premiére 
série et la substitution o’ a la seconde, la forme 3a;y; ne devra pas 
étre altérée). 


Supposons alors que S change aj en 


et que o change a?" en 
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Nous ferons correspondre a la 2° hgne du tableau réduit la com- 

binaison linéaire c?, et a la 7° colonne la combinaison linéaire d!”’. 
Dans notre tableau réduit, tous les éléments sont nuls, sauf ceux de 

la 2° ligne et de la z® colonne, qui sont donnés d’aprés le paragraphe 


précédent par la formule 
M,, -t 
vie -t- 7 


Je désignerai, pour abréger, par w; cet élément de la 7° ligne et de 
la 2° colonne; et je conviendrai que w; doit étre regardé comme nul, 
si z est plus grand que le plus petit des deux nombres a 
(nombre des lignes et nombre des colonnes). 


BAe th: Pre 


A la 7° ligne du tableau réduit correspondra alors la congruence 


CUSED) eee acer 
et l’homologie 
(2 bis) od?" ~0. 


Les congruences et les homologies (1 bis) et (2 bis) peuvent se 
déduire des congruences et homologies (1) et (2) par addition, sous- 
traction, multiplication, mazs sans division, et réciproquement. 


Si a,_1;>a,, et sizi>a,, w; est nul, de sorte que la congruence et 
Vhomologie (1 bis) et (2 bis) se réduisent a 


Ci Oe ote BU. Oy 
Les nombres ; sont ce que j’ai appelé dans le paragraphe précé- 


dent les znvariants du tableau T,. Supposons que parmi ces invariants 
ily en att y_ que ne sotent pas nuls; on aura, bien entendu, 


Ya S % Yq S Mq-1- 


Parmi les congruences (1 bis), les y, premiéres contiendront a la 
ae -1 : . 
fois cj et dj puisque w; ne sera pas nul. Au contraire, les a,—y, 
derniéres s’écriront ae 
CA 0, 


. -l . . 
et ne contiendront plus les a; ; il est clair que toutes ces congruences 
sont distinctes, et qu’on obtient ainsi toutes les congruences entre les 
-l Ps jane en 
a; d’ow les a; sont éliminés. On aura donc 


al ance ; 
Ug—Ag = Ag— Yq, Ag = Yq: 


Maintenant, parmi les homologies (2 bis), les a,—y, derniéres se 


réduisent 4 des identités, mais les y, premiéres sont distinctes; on a 


donc | , 
Te Oe LP eb oes aoe 
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d’ot pour le nombre de Betti 
Py =4y—Yorr Vet Ll. 

Comparons maintenant le tableau JT, au tableau correspondant 
T',_o+1 velatif au polyédre réciproque P’. Ce tableau, qui se déduit de 
T, en permutant les lignes avec les colonnes, a 6,_,,; = a,_; lignes et 
B,-¢ = 4, colonnes. Le nombre y, est le méme pour les deux 
tableaux, de sorte qu'il vient 


” ALA rae POCA elie, ae 
is tes 7) giaeey ane Beg Po-g = Yo 


Boag = Bp-g—Vq = %q—% 5 

dou Bo gst = Ag-1—- Yq-1 
et pour le nombre de Betti P,_,,, relatif au polyédre P’ 
fig 


1 


ala ” = 
Se OS ie ogee re Oey egos Votes 


Nous déduisons de 1a ve) 
nes — Sop 


ce qui, si lon se rappelle que les nombres de Betti relatifs aux deux 
polyédres réciproques P et P’ sont les mémes, montre que les nombres 
de Betti également distants des extrémes sont égaux. 

Revenons aux homologies (2bis). Si lon admet que l’on a le 
droit de diviser les homologies par un entier different de zéro, les 
y, premieres homologies nous donneront 


di’ ~0 GSir 2, one Yas 


B62 : -1 , . 
et la plus générale des homologies entre les aj s’écrira 
Yq 
t=] 


les A; étant des entiers quelconques. Si, au contraire, on n’admet pas 
que l’on ait le droit de diviser les homologies, l’homologie la plus 
générale s’écrira 


Yq 1 
(4) > A;wi dj : 0, 
t=1 


les A; étant des entiers. Pour que les deux définitions des nombres 
de Betti (c, § 1, p. 2) coincident, il faut, et il suffit, que les deux 
formules (3) et (4) concordent, c’est-a-dire que tous les invariants 
w, qui ne sont pas nuls soient égaux a1 (¢, § 9, p. 48). 
. . . . kk S q-l . 
Hnvisageons maintenant les combinaisons lineaires des a; qui 
seraient homologues a zéro en vertu des homologies (3), et demandons- 
nous quelles sont parmi ces combinaisons celles qui restent distinctes, 
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si, abandonnant les homologies (3), on se borne aux homologies (4) 
sans admettre le droit de diviser les homologies. 

Nous verrons tout de suite que le nombre de ces expressions qui 
sont ainsi distinctes est précisément le produit 


q.4 q 
W@W, Wo 2.12. Wy s 
1 Wo Yq 


Or, en se reportant aux notations du paragraphe précédent, on voit 
que ce produit n’est autre chose que l’un des nombres de la suite ° 


MoM. Iam. 


et precisément le premier nombre de cette suite qui n’est pas nul 
(c, § 9, p. 48). 

Ce qui précéde montre combien il importe de distinguer deux sortes 
de variétés. 

Celles de la premiere sorte, que j’appellerai varvétés sans torsion, 
seront celles pour lesquelles les invariants de tous les tableaux 
7’, sont tous égaux a O ou a 1; pour lesquelles, par conséquent, les 
deux formules (3) et (4) concordent et les deux définitions des 
nombres de Betti sont d’accord. 

Celles de la seconde sorte, que j’appellerai variétés a torsion, seront 
celles pour lesquelles certains de ces invariants ne sont égaux ni a 0, 
ni & 1, et pour lesquelles, par conséquent, les deux définitions des 
nombres de Betti ne sont pas d’accord. Dans ce cas nous adopterons 
toujours, sauf avis contraire, la seconde définition (c, § 1). 

Cette dénomination se justifie parce que la présence d’invariants 
plus grands que 1 est due, comme nous le verrons plus loin, 4 une 
circonstance assimilable & une véritable torsion de la variété sur elle- 


méme. 


4, Application a quelques Hxemples. 


Désireux d’appliquer ce qui précéde aux exemples signalés dans 
“Analysis Situs” (p. 49, sqq.), je dois d’abord faire une distinction 
entre plusieurs sortes de polyédres. 

Les polyédres ordinaires ou de la premiére sorte seront ceux dont 
tous les a sont des polyédres simplement connexes (homéomorphes a 
des hypersphéres) et tels que tous les éléments de ces a; soient dis- 
tincts; par exemple, dans l’espace ordinaire, le tétraédre sera un 
polyédre de la premiére sorte parce qu’il admet quatre faces qui sont 
des triangles et, par conséquent, des polygones simplement connexes 
(homéomorphes 4 des cercles), et que chacun de ces triangles a ses 
trois cotés distincts de méme que ses trois sommets. 
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Les polyédres de la seconde sorte seront ceux dont tous les a; seront 
des polyédres simplement connexes, mais tels que tous les éléments 
de ces aj ne soient pas distincts. Soit, par exemple, dans l’espace 
ordinaire un tore; par un point A de la surface de ce tore menons un 
méridien et un paralléle. Ces deux coupures ne diviseront pas la 
surface du tore en deux régions, mais elles la rendront simplement 
connexe. Cette surface ainsi rendue simplement connexe sera homéo- 
morphe a un rectangle, dont deux cdtés opposés correspondraient aux 
deux lévres de la coupure méridienne et les deux autres cétés aux 
deux lévres de la coupure paralléle. Le tore forme ainsi une espéce 
de polyédre qui n’a qu'une seule face; cette face est un quadrilatere ; 
elle est donc simplement connexe; mais les quatre cétés de ce quadri- 
latére ne sont pas distincts, deux se confondent -avec la coupure 
méridienne et deux avec la coupure paralléle; de méme les quatre 
sommets ne sont pas distincts puisqu’ils se confondent tous les quatre 


avec le point A. Le polyédre ainsi défini est done un polyédre de la 
seconde sorte. 


Enfin, les polyédres de la troisiéme sorte seront ceux dont tous 
les aj ne sont pas simplement connexes. 

Les proprietés des polyédres de la premiére sorte s’étendent pour 
la plupart 4 ceux de la seconde sorte. Observons toutefois une diffé- 
rence. Dans un polyédre de la premiére sorte, toute a)’ sépare l’une 
de l’autre deux a, et n’appartient 4 aucun autre a;. Par conséquent, 
dans chaque colonne du tableau 7’, il y aura un des nombres ¢«; qui 
sera égal 4 +1, un autre a —1, et tous les autres a 0. 

Il n’en est plus de méme avec les polyédres de la seconde sorte. 11] 
peut arriver que deux des aj d’une méme a} ne soient pas distinctes. 
Dans ce cas, aprés avoir franchi cette a?~', on se retrouvera dans cetie 
méme a; ott l’on était déj& avant de l’avoir passée. Ainsi pour re- 
prendre notre tore de tout 4 lheure, qui était un polyédre a une seule 
face: aprés avoir passé la coupure méridienne, par exemple, on se 
retrouvera toujours dans cette méme et unique face ow l’on était avant 
le passage. I] arrive alors que cette a?’ n’ade relation qu’avec cette 
a;; et de plus, elle est deux fois en relation avec cette méme a;, une 
fois en relation directe, une autre fois en relation inverse, de sorte 
que les deux relations se compensant, le nombre ¢,, correspondant est 
égal 4 zéro. Dans ce cas, tous les nombres «; qui figurent dans la 
colonne correspondante du tableau J, sont nuls. 

Dans les exemples en question (p. 49 sqq.), les variétés fermeées a 
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trois dimensions que l’on envisage peuvent étre regardées comme des 
polyédres de la seconde sorte. Chacun de ces polyedres a une seule 
case (qui dans les premier, troisiéme et quatriéme exemples est un 
cube, et dans le cinquiéme un octaédre), mais les faces de cette case 


se confondent deux a deux. 


1° Hxzemple.— 
Loetiee Aber bo CO. | 1 aréte: A Bu CD =A Bo CD: 
ees SAC Gre) A, 2° AC BDA oD: 
Dee Oe A, 3° se A APB Be OU DDE: 
Une case unique, un sommet unique. 


Les trois tableaux 1), T, et T, se composent uniquement de zéros. 


Tous leurs invariants sont donc nuls. 


3° Hxzemple.— 
ieiacen DUO e— b DOA. »)aréte ARE By O00. 


CA Ae OC DU. 28a AC Die AS: 
ere 6 Ae DD BBS 3%) Se AAG CD DB: 
A oe aD eae Oe: 


pereouimete4s— ba © — 1). 2° sommeteh == A: C. 


Tableau 73. Tableau 72. Tableau 7}. 
(o-0 Of: ells rae} 
cet be — 1. +1 —1 

—1l1 +1 -—1 —1}. +1 —1l 

—1 +l 








Le tableau 7; n’a qu’un invariant qui est nul; le tableau 7, ena 
deux qui sont 0 et 1; le tableau 7’, en a trois qui sont 


Le 20 6te 2: 


4° Hremple.— 
lerarer4p vO = BDCA, 
Ce BB A ODDO, | 2 i 
poe Ash DD B83? = a AC es BD — DO — BA’: 


1 aretewA = OC. — B.Be = DD 
eG er) Ae 


Une case unique, un sommet unique. 


U2 
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Tableau 73. Tableau 73. Tableau 7}. 
VO. Oe iO te OFO) RO 0 

0 +1 +1 0 

'O0 +1 —-1 4}. 0 


Les tableaux 7) et T; n’ont qu’un invariant qui est 0; le tableau 7, 
en a trois qui sont eee fe 


o° Hxemple.— 
I facé ABO = LHD, 1 aréte AB FH, 1° sommety4A ie 


98° 2 ACH = F DB 12e een) oe a eee 
ge) ABD QF BON 28s) eee se eee 
Ae et ADB OTS Atl ae me Ae eect 
Bo}; 6 BO= ED; 
6, «6 OE= DB. 
Tableau 7}. Tableau 7). Tableau 7}. 
fOn0s0; 1.0 (ewiyed 1h Te rae Oar ame veel terse OM 
O60 ie 1 ele 0 eel ae ee 
Os Op eae p20) aac er 
ce], Pe Qe Ore an ere ieee a) 
Cus] ved 
Of alee! 





Les invariants sont : 
Oipours 7,30 32, 1 beetclopoure Tes Os let le pouriete 
Passons maintenant au sixiéme exemple (p. 57). 
Ainsi qu’on l’a vu (§ 14, p. 71), les équivalences fondamentales: 
s ecrivent 0,40, = 0,+ 6, 
O,+ 0, = 0,+a0,+y0,, 
O,+ C; = 0;4+BC,+60). 
Pour écrire les homologies qui peuvent se déduire des homologies 
fondamentales par addition et multiplication, mazs sans division, il 


suffit de se donner le droit d’intervertir lordre des termes dans les. 
deux membres de ces équivalences fondamentales ; on trouve ainsi 


O~0; (a—1)O,4+70,~0; BC,+(6—-1) C,~ 0. 
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Le déterminant (a —1) (8—1) —By 
est égal a 2—a—6. 

Soit, d’autre part, « le plus grand commun diviseur des quatre 
nombres Mesa Baten bogey a? | 


examen des homologies que nous venons d’écrire montre que les 
deux invariants du tableau 7, qui ne sont pas égaux a0 ou al sont 
égaux a yes 
pp et : 
pb 


(Le nombre » peut d’ailleurs étre égal a 1.) 





Quant aux invariants des tableaux T, et T,, ils sont toujours tous, 
comme nous le verrons plus loin, egaux 4 0 ou a 1. 

Soit, par exemple, 

Cee Oi Wee oe): 
Ona pol, 2—-a—s=83, 
de sorte que l’un de nos invariants est égal 4 3 et l’autre a 1. 
Cela peut d’ailleurs se vérifier en formant le tableau T,. Soient 
(+l, y, z), 
(z, y +l, 2), 
(—a+y, —#, z+1) 

les trois substitutions du groupe ', que j’appellerai S,, S, et S;, et qui 
correspondront aux trois contours fondamentaux C,, O,, C; (§ 13, p. 68). 

La variété étudi¢e peut étre regardée comme engendrée par le cube 
ABODA'B'C'D’ (§ 10, p. 49). Seulement la face ABCD devra étre 
considérée comme décomposée en deux triangles ABD et ACD, de 
méme que la face A’B’O’D’ en deux triangles D’A’D’ et C'D'A’. 

{] est aisé de voir que la face ABB’A’ est changée en CDD'C’ par la 
substitution S,, la face ACC’A’ en BDD'B' par la substitution §,, la 
face ABD en LD’ A’D’ par la substitution 8,8, 8,, la face ACD en O'D'A’ 
par la substitution S, 8%. 

Notre polyédre a donc: 


1° Une seule case ; 

2° Quatre faces, A savoir: 
Ll iface, ABD Ay = Cie 
Gee AC An mois) ers 
ah eee ABD = DABS 
Asia. AOD =OD A’; 
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3° Quatre arétes, a savoir: 
I’’arete A Ave eet Cem De 
oe . AB=CD =D'A', 
BF Rn eRe as PNUD memo ODE eS S 
APE a AD eee ah 

4° Un seul sommet. 


Les tableaux 7’, et T sont entiérement composes de zéros. 


Voici le tableau 7; : 
0+1-1 0 


0” (0 Sea 

0 +141 —-1 

Oe 

On voit que les invariants de ce tableau sont 
dd We os gO 


Passons maintenant 4 l’exemple de M. Heegaard. Soient a, x, 
Yi» Ya, 1 % les coordonnées d’un point dans l’espace 4 six dimensions ; 





soit oe An 
ea, + e/—1 =|2|e&¥-1, 


y= yt yyy layer, 

Z =z, +2,/—1 =| 2/es-1. 
Notre varieté aura pour équations 

=a, #tatyity,=1, 


d’ou 
| c= E+n 


[2] = ey, 7, atltiy|=1. 


Pour obtenir la varieté tout entiére, il faut que nous fassions varier 
1° |«| de 0 & 1, ce qui fait varier en méme temps |y| de 1 a 0; 
2° » de O a 27; 
3° €+y de 0 a 4r-. 
Le polyédre ainsi obtenu a une seule case définie par les inégalités 
Oe Raa haan 5 Ne ES Se 

Tl a deux faces définies par les relations suivantes :— 
1*¢ face ” = Oe O <i las ea Oo Geccem : 

cette face est identique a la suivante :— 


n= Or, Ola ple — or <r eom. 
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2° face cep 0 Ot a le Ory Oe: 
cette face est identique 4 la suivante :— 
ewer, 1 <1 cole 0 <a or, 


I] a trois arétes définies par les relations suivantes :— 


1°” aréte Sy OF 80 <a ee 
cette aréte est identique aux trois suivantes :— 
SU. y= 27, 0 <a: 
Gem, y= 27, O<teh< 1; 
SG) Se Oman 1: 


2° aréte: a, = 2, = 0, Oey ears 
o 5 Ww=y—0, —2r< é’< 0, identique aux deux suivantes :-— 
hia Wi ee Ces Rea Deg oe 
Ce eee em <1 o< An, 
Il a enfin deux sommets, a savoir: 
1“ sommet 2, =2,=0, 7=0, identique au suivant :— 
eee) gee ==) Oars 
25 Y,=Yy,=0, §€=—2m, identique aux trois suivants :— 
Y—y¥,—9, £= 9; 
Y= Yy=90, E= 27; 
1a ee Arr 
Le tableau 7, est entiérement composé de zéros; quant aux 
tableaux T, et 7), ils s’écrivent 


Mista att 0 0 
0 0 


On voit que les invariants sont 0, 2 et 1 pour T,, 0 et 1 pour 7. 


). Extension au cas général d’un Théoréme du Premier Coumplément. 


Je voudrais revenir sur l’une des questions traitées dans un des 
mémoires antérieurs (c, § 10). Je n’ai envisagé dans l’endroit cité 
que le cas de p = 3, et je voudrais faire voir comment on peut étendre 
les mémes raisonnements au cas général. Voici de quoi il s’agit: 


296 Prof. H. Poincaré sur ? Analysis Situs. [June 14, 


Soient deux polyédres réciproques P et P’; considérons d’une part. 
les éléments ai de P, et d’autre part les éléments bj de P’.. Je suppose 
que lon ait trouve une congruence 


(1). Bra? =0 


entre les aj ; je dis qu’on pourra faire correspondre a cette congruence 


une autre congruence entre les 0; 
(2) Sy,b; = 0, 
et cela de telle sorte que l’on ait ’homologie 
(SO SApa; oes oe 


Réciproquement a toute congruence de la forme (2) on pourra faire 
correspondre une congruence de la forme (1), et cela de telle sorte 
que les premiers membres de ces deux congruences soient liés par 
Vhomologie (3). 

Tel est le théoréme qu'il s’agit de démontrer. J’en ai donne une 
démonstration simple dans le cas de p= 5. et il s'agit d’étendre cette 
démonstration au cas général. Je ferai d’abord une premiére remarque. 

Considérons les congruences 


Cli se Leja; 


Nous savons qu’en les combinant linéairement, on peut en éliminer 


les a?’ et obtenir des congruences de la forme 
(5) 3a; =0. 


Le nombre des congruences distinctes de la forme (5) est celui que 
nous avons appelé a,— aj’. 
Supposons maintenant que nous considérions les différents éléments 


a; du polyédre P, ot. le nombre / des dimensions doit étre plus grand 
que qg, mais peut étre égal 4 g+1, +2, ...,p—1 ou p. Nous donnons 
une fois pour toutes & ce nombre /. une valeur déeterminée. 

Nous répartirons alors les congruences (4) en groupes, en mettant 
dans le méme groupe deux de ces congruences si les deux aj correspon- 
dants appartiennent & un méme a;: il est clair qu il y aura autant de 
groupes que de w;, et qu’une méme congruence pourra se retrouver 
dans plusieurs groupes, puisque un a! fait partie de plusieurs a/. 

Kn combinant linéairement les congruences (4) dun méme groupe, 


i i . q-1 . 
on pourra alors éliminer les a; et obtenir des congruences de la forme 


(S:his) > iiajee’6) 
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Les congruences (5 bis) font évidemment partie du systéme des 
congruences (5), puisque ce dernier systéme est celui de ftowtes les 
congruences distinctes de cette forme que l’on peut obtenir par la 
combinaison des congruences (4). En revanche, il peut y avoir dans 
le systéme (5) des congruences qui ne font pas partie du systéme 
(5 bis); et en effet nous avons obtenu ce dernier systéme en im- 
posant des restrictions & notre faculté de combiner les congruences 
(4) puisque nous ne pouvions combiner que celles d’un méme groupe. 

Je dis d’abord que la congruence (5 bis) entraine ’homologie 


, 
(6) 32% ~ 0. 
En effet, la congruence (5 bis) est une congruence entre les éléments 
N h ‘ \ . 

du polyédre a;, et, comme par hypothése ce polyédre est sinvplement 
connexe, cette congruence doit entrainer l’homologie correspondante. 

Réciproquement, si Vhomologie (6) a lieu, la congruence correspon- 
dante fera partie du systeme (5 bis). En effet, Vhomologie (6) ayant 


. N I : A 
lieu entre les éléments du polyédre a;, doit entrainer la congruence 
correspondante, et cette congruence doit pouvoir se déduire des con- 


gruences fondamentales de la forme (4) relatives aw polyedre a;, c’est- 
a-dire appartenant 4 un méme groupe. 

I] résulte de la que le nombre des congruences distinctes du 
systéme (5 bis) est a,—aj. 

Le systéme (5 bis) reste done toujours le méme quelle que soit la 
valeur attribuée au nombre h. 

Nous voyons en méme temps que cette considération permettrait de 
trouver le nombre de Betti P, en considérant seulement le tableau 7’, 
pourvu que l’on suit en outre si deux congruences (4) appartiennent 
ou non a un méme groupe. 

Introduisons maintenant une notion qui-peut étre considérée 
comme la généralisation de la notion de pyramide. Soit a, un 
domaine appartenant @ un espace plan P, a q dimensions ; soit b,, un 
domaine appartenant 4 un autre espace plan P;, 4m dimensions. Je 
supposerail que ces deux espaces plans n’ont aucun point commun. 
Je pourrai alors par ces deux espaces faire passer un espace plan II 
agq+m-+1 dimensions, et un seul. 

Cela posé, joignons par des droites chacun des points du domaine 
a, & chacun des points du domaine b,,. L’ensemble de ces droites 
engendrera un certain domaine appartenant a l’espace plan II, ayant 
q+m-+1 dimensions que je désignerai par la notation a,b,,, et que je 
pourrai appeler pyramide généralisée rectiligne. 

Si, en effet, le domaine a, se réduisait a un polygone plan (q = 2), 
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et le domaine b,, & un point (m= 0), le domaine a,b,, se réduirait a 
une pyramide ordinaire ayant a, pour base et 6,, pour sommet. 

Toute figure homéomorphe a une pyramide généralisée rectiligne 
pourra s’appeler pyramide généralisée. 

Cela posé, envisageons un élément aj du polyédre P et un élément 
b;" du polyédre réciproque P’; cet élément 0}; correspond a un élément 


pr-m 


a,” du polyédre P. Je suppose que l’élément a; fasse partie de 


p-m 


Pélement a; —_; nous aurons donc 
= P= My, Vege it |: 


Je remarque de plus que tout point de b; fera partie de l’un des a, 
dont fait partie a; ”, et par conséquent de l’un des a; dont fait partie 
a;. Il suffit de le montrer pour les sommets de 0; ; or, si b, est un 
de ces sommets, il sera & l’intérieur de a, et comme b, appartient a 


p-m 


” e)e Q . 
b;, en vertu de la définition méme des polyédres réciproques, «; 
° ‘ 1D 
appartiendra a aj. 

Cela posé, nous pouvons a l’intérieur de chacun des a; définir un systéme 
de lignes L, tel que par deux points quelconques intérieurs 4 cet a; on 
puisse mener une ligne L, et une seule. Le systéme des lignes L 
jouit donc des mémes propriétés qualitatives que le systéme des 


lignes droites. Cela tient & ce que a, est supposé simplement connexe. 

Joignons maintenant chacun des points de J; 4 chacun des points 
de a; par une ligne I située dans celui des a; auquel appartient a la 
fois a; et le point considéré de b;”. 

L’ensemble de ces lignes L engendrera une figure que j’appellerai 
a; b; , qui sera homéomorphe a une pyramide généralisée rectiligue et 
qui aura g+m-+1 < p dimensions. 

Quelle sera la frontiére de cette variété ajb; ? Supposons que l’on 
ait les congruences 


qI=— Oe Vela. & m —— /m Jom - 1 
Oye 1 Cm, See 
aN 4 , 5 q-l 
La frontiére se composera des pyramides généralisées a, 6; et 
m-1 
a,b, , et on aura 


— -1 y. —l 
(7) ato” = Sef ato" + Sematbm 


th 


Cela ne serait plus vrai si l’onavait m=O. Dans ce cas, en effet, la 


variété a; aurait g = (¢+m+1)—1 dimensions; elle devrait donc 
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faire partie de la frontiére compléte de ajb;', et la congruence (7) 
deviendrait ; q-1)0_ @ 
CZ bis) QO; *D; = > ey Ap b; esi 


(les termes en ¢’ disparaissant) ; de méme pour g = 0 on aurait 


(7 ter) ai bi Nae === = ><, me a’ be yak ba 


Des congruences (7), (7 bis) et (7 ter) se déduisent les homologies 


(8) > ea} ace : br te >: en m at ae e 
8 bis) a; ~ ><! ey ae b, 
jo & , ’ 0 : si] 
Che DESEO Se 


& . ( * p 
La congruence (8 bis) suppose que a} fasse partie de aj; c’est 
celle que nous avons envisagée ailleurs (c, § x., p. 49, éq. 2). 
Supposons maintenant que nous ayons trouyé une congruence de la 
1 y 


forme Gy Svar = Vp 


Je dis que nous pourrons trouver une congruence de la méme forme, 
mais ot le nombre g a augmenté d’une unite et le nombre m diminué 
d’une unite, et cela de telle sorte que les premiers membres des deux 
congruences soient homologues. 

En effet, nous avons identiquement en vertu de (7) 


aX, athe ey et at 1b” + SAV ym oe 


ay ee 


On doit done-avoir (en annulant dans le second membre le coéfficient 
deaf") ave 
On en déduit la congruence 
GLO seNe eS Ay eh 08 0, 
Tous les éléments a} qui figurent dans le premier membre de (10) 


appartiennent A a; "; or a; par hypothése est simplement conneze ; 


toute congruence entre ses éléments entraine donc Vhomologie 
correspondante de sorte que l’on a 


> Xi aj Sed 0, 


dou J Aja = =) ed ie 


les p étant des coéfficients entiers et les a’*' étant des éléments 


p-m 


appartenant a a; | 
On| iS) q+ qd 
Or > p Moi & =a Xi Me j€,i Ay. 


p) “pt 


q+ 
On a done Noemi ip Pag eae 
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La congruence (9) peut alors s’écrire 
OR ote ie 
Bhaji 40; = 
(la sommation s’étend aux trois indices p, 2, /). 


Or nous pouvons former Vhomologie suivante qui n’est autre que 
Vune des homologies (8) :— 


qa+1,q Rm re 7m ,qt+tlfRm-1 
CLT) Pi et gta ee eae 
On a alors 
ahm on m ,atlfm—-l 
SrA, a2" ~ — Bp ie arttoe™, 
ce qui démontre le théoréme énoncé. 
Le cas de m = 0 est, bien entendu, laissé de cdté et doit étre traité 
& part. Dans ce cas Vhomologie (11) doit étre remplacée par la 


suivante qui est l’une des homologies (8 bis) :— 


(ll bis) Sey oberon 


Pp 9 


ens q 70 q+ 
d’ou >A, a; 5; ~ > oj : 


P. 


Done a la congruence 


A One 
(Qbis) ZA azo; =O 
correspondra la congruence 
> pj Ge a O 


qui est de la forme (1), et les premiers membres de ces deux congruences 
seront homologues. 
Soit maintenant 
(2) 3Abj =O 
une congruence de la forme (2); on aura par une homologie 


analogue a (8 ter) btw — Set aht"}, 
J jk ik 


si b;"’ est l’un des éléments de P’ auquel appartient b!. 
Nous avons donc l’homologie 


SADE S— Sd. €/4a! bt! 
ODN CRT ee OA oe 
de sorte qu’aé notre congruence (2) correspondra une congruence 
(12) —3r €4%a'bt* =0 
2 Gk teks 


dont le premier membre est homologue a celui de (2). 

Si done nous avons une congruence de la forme (2), nous en 
déduirons la congruence (12), qui est une congruence de la forme (9), 
ou les nombres que nous appelions plus haut q et m ont respectivement 
pour valeurs 0 et q—l. Nous en déduirons ensuite une autre 
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congruence également de la forme (9), mais ot ces deux nombres 
auront pour valeurs |] et q—2, et ainsi de suite; on finira par arriver 
a une congruence de la forme (9 bis), c’est-a-dire & une congruence ott 
ces deux nombres auront pour valeurs g—1 et 0; et nous en déduirons 
alors finalement une congruence de la forme (1). 

Les premiers membres de toutes ces congruences seront homologues 
entre eux. 

Le théoréme énoncé au début de ce paragraphe se trouve ainsi 
démontre. 

Pour en tirer toutes les conséquences qu'il comporte, nous devons 
remarquer ceci: Nous devons distinguer plusieurs sortes d’ homologies. 
Soit v, une varieté quelconque a q dimensions faisant partie de notre 
variété v, et v,_,; sa frontiere compléte, ce qui s’exprime par la 
congruence 


Eppes! Ne Sy, 


Nous en déduisons l’homologie 


Ogres Q. 


Les homologies ainsi obtenues sont les homologies fondamentales. 

En combinant les homologies fondamentales par addition, sous- 
traction et multiplication, on en obtient d’autres qui sont les 
homologies sans division.  Knfin, en les combinant par addition, 
multiplication et division, on en obtient encore d’autres qui sont les 
homologies par division. 

Kh bien, toutes les homologies que nous avons rencontrées dans ce 
paragraphe sont des homologies sans division. 

Cela posé, revenons & nos tableaux 7, et T; et & leurs invariants, 
et en particulier 4 ceux de ces invariants qui ne sont égaux ni a O, ni 
a 1, et que nous appellerons coéfficients de torsion. 

Supposons que nous ayons l’homologie suivante :— 


(1S aes \cas 0) 


ot. les A; sont des entiers premiers entre eux; que (13) soit une 
homologie sans division, mais que l’homologie 


(4). Sieaee0 


ne puisse étre obtenue que par division. D’aprés ce que nous avons 
vu dans l’un des paragraphes précédents, cela voudra dire que i est 
un des coéfficients de torsion du tableau 7%. 

Nous aurons la congruence 


(14bis) 3A,a? = 0. 
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De (14 bis) nous pourrons, par le procédé de ce paragraphe, déduire 
une congruence entre les bi que j’écrirai 


(14 ter) p,b; = 0. 
On aurait d’ailleurs, d’aprés le theoréme que nous venons d’établir 


C’est la une homologie sans division, et on en déduirait immédiate- 
ment, également sans division, 


De la on déduit que l’on a, sans division, 
q 
& ho; b; Pas 0, 
et que l’on n’a pas, sans division, 
. q 
= m0 ~ 0, 
sans quoi l’on aurait, sans division, 


SA pas ~ Os 


+ 


ce qui est contraire a l’hypothése. 


Cela veut dire que k est un coéfficient de torsion du tableau T’,. 

Ainsi les coéfficients de torsion des deux tableaux 7’, et 7”, sont 
egaux (la démonstration est aisée a compléter), et, si ’on observe que 
les deux tableaux TJ, et T,,_, ont mémes invariants, on conclura que 
les tableaux également distants des eatrémes ont mémes coéfficients de 
torsvon. 

On pourrait arriver au méme resultat par une autre vole. 

Nous avons vu dans un des mémoires antérieurs (§ 16) définir 
Voperation que nous avons appelée l’annexion; je suppose que deux 
éléments d’un polyédre, par exemple a; et a;, soient séparés l’un de 
autre par un élément aj’, que ce soit le seul élément & g—1 dimen- 
sions commun & a; et A aj, et enfin que a; n’appartienne A aucun 


élément a q dimensions en dehors de aj et de aj; on aura donc «;, = 1, 
q 


¢, = —1; tous les autres ¢j, seront nuls quel que soit l’indice h, de 
méme que tous les produits €},€),. 

Dans ces conditions, on peut annexer l’un a l'autre les deux éléments 
ai et a) en supprimant l’élément aj. Quel est l’effet de cette opéra- 
tion sur nos tableaux 7',? le tableau 7, perd une ligne et une 
colonne; le tableau T,_, perd une ligne. L’un des invariants égaux a 
1 de T, disparait; quant au tableau 7,_,, 11 perd un invariant s’il n’a 


1900. ] Prof. H. Poincaré ‘sur ? Analysis Situs. 303 


pas plus de lignes que de colonnes; dans ce cas, l’invariant qu’il perd 
est égal a zéro. Tous les autres invariants des deux tableaux ne 
changent pas ; ces deux tableaux conservent donc leurs coéfficients de 
torsion. 

Or il est aisé de former un polyédre dérivé 4 la fois de P et de P’; on 
pourrait ensuite remonter de ce polyédre soit & P, soit a P’, par des 
annexions réguliéres. Comme ces annexions n’altérent pas les coéfii- 
cients de torsion, les tableaux 7’, et T, doivent avoir mémes coéfficients 
de torsion. 


6. Torsion intérieure des Variétés. 


Considérons l’un de nos tableaux 7’. Nous dirons qu’une suite 
d’éléments, tous distincts, de ce tableau, rangés dans un certain ordre 
forme une chaine, si chaque elément de rang impair appartient a la 
méme ligne que l’élément suivant et & la méme colonne que l’élément 
precédent. La chaine sera fermée si le dernier élément est identique 
au premier. I] est clair qu'une chaine fermée contiendra toujours un 
nombre impair d’eléments et un nombre pair d’eléments distzncts. 
Par exemple, les elements 


U5) ef q q q q q q 
119 ©125 €225 €235 €33, €31) €11 


formeront une chaine fermée. 

Comme tous les éléments du tableau 7’, sont égaux a 0, +1 ou —1, 
le produit des éléments distincts d’une chaine fermée sera toujours 
O, +1 ou —1. 

Supposons que les éléments de la chaine (1) aient les valeurs sui- 
vantes :-— 


GA cles lice ty a Te 
Gh = Gi SS Gr SS a SS SES 


le produit des elements de la chaine sera —1; considérons alors les 


: Oy AB bee q qd . o4ye q-1 -1 q-1 
trois variétés aj, aj, a3, et les trois variétés aj , a; , a3;  ; en sup- 


° +7 -1 q-1 -1 
primant les variétés aj ,a; eta; , on annexe les unes aux autres 
les trois variétés a‘, af et a, et la variété ainsi obtenue 
q q q 
d+ a2 + a3 
est une varrété bilatere. 


Si, au contraire, nous avons 


. -1 -1 -1 . * 
on pourra encore supprimer aj ,a, eta; et obtenir par annexion 
la variété af+a$+a; mais cette vartété sera unilatére. 

Plus généralement, si tous les éléments de la chaine (1) sont egaux 
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N N . -1 -1 . 
& +1 eta —1, nous supprimerons d’abord aj et a; ; nous obtien- 
drons ainsi par annexion la variéte 


(2) Gi — etn € 2 + etn Er €73 €3 3. 

Supprimant ensuite a{~', nous voyons que la variété (2) est désormais 
formée d’une chaine fermée de a; au sens du paragraphe 8 (p. 26) de 
“Analysis Situs,” et que cette chaine est bilatére ou unilatére selon 
que le produit des éléments distincts de la chaine (1) est égal 4 —1 ou 
afl 

“Nous dirons dans le premier cas que la chaine (1) est bilatére, dans 
le second cas qu'elle est unilatere. 

Nous sommes done conduits & distinguer trois categories parmi les 
chaines fermées formées a l'aide d’éléments des tableaux 1;, : 

1° Les chaines nulles, c’est-a-dire celles dont le produit des éléments 
est nul. 

2° Les chaines bilatéres. 

Il est aisé de voir que ce sont celles dont le produit des éléments 
est +1 si le nombre des éléments est multiple de 4, ou celles ot ce 
produit est —1 si le nombre des élements est multiple de 4 plus 2. 

3° Les chaines unelateres. : 

Ce sont celles ot ce produit est —1 si le nombre des élements est 
multiple de 4, ou +1 si ce nombre est multiple de 4 plus 2. 

Cela posé, nous dirons que le tableau 7, (ou plus généralement tout 
tableau ou tout déterminant dont tous les éléments sont 0, +1 ou —1) 
est belatére sil ne contient que des chaines nulles ou bilatéres. 

Il résulte de cette définition : 

1° Qwun tableau bilatére reste bilatere si Von change tous les 
signes d’une colonne, ou tous les signes d’une ligne; ou encore si l’on 
permute deux colonnes ou deux lignes. 

Théoreme.—Un déterminant bilatére ne peut étre égal qu’a 0, +1 
ou —l. 

En effet, on peut toujours, en changeant au besoin tous les signes 
de certaines colonnes, s’arranger de facon que tous les éléments de la 
premiere ligne soient 0 ou +1. 

Supposons, par exemple, que les deux premiers éléments de la 
premiére ligne soient égaux a +1, et que je retranche la premiére 
colonne de la seconde, la valeur du déterminant ne sera pas changée ; 
je dis que le déterminant restera bilateére. | 

Considérons, en effet, dans le déterminant primitif une chaine dont 
le premier et le dernier élément appartiennent a la deuxiéme colonne 
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et tous les autres éléments & d’autres colonnes. Soient a et ¢ ce 
premier et ce dernier élément; soit € le produit de tous les autres 
éléments de la chaine; soient b et d les éléments de la premiére 
colonne qui sont respectivement dans la méme ligne que a et c. 

Le produit des éléments de notre chaine que j’appellerai la 
chaine (1) sera acé, et nous aurons 


ac€=0ou 1 si le nombre des éléments =O (mod 4), 
2 of =2 (mod 4). 


Le produit des elements de la chaine que j’appellerai (2) et qui est 
formée avec les éléments correspondants du déterminant nouveau sera 


(a—b) (c—@) €, 


et, en effet, les é6lements de notre chaine ne changent pas, excepté les 
éléments a et c qui deviennent a—b et c—d. 

La chaine formée dans le déterminant primitif par les deux éléments 
de la premiére ligne et par les éléments a et 6 doit étre bilatére, de 
sorte qu’on doit avoir 


(aco Foul... 


Rae Ce We fee aT 
On doit avoir de méme 
C0) ou, ¢ — 0) sould — 0: 


Si (a—b) ou (c—d) est nul, le théoréme est démontré puisque le 
produit (a—b) (c—d)é = 0. 

Sho 0 Ue Onna 

(a—b) (c—ad) € = acé, 
et le theoréme est demontreé puisque les deux produits des chaines (1) 
et (2) sont les mémes, que le nombre des éléments est le méme et que 
(1) est bilatére ou nulle. 
SUS OES A8), Taya 
(a—b) (c—d) € = bdé. 

La chaine (3) qui appartient au déterminant primitif, et qui a 
mémes éléments que la chaine (1), sauf que a et c sont remplacés par 
b et d—cette chaine (3), dis-je, est bilatére ou nulle; elle a méme 
nombre d’éléments que (2) et son produit est bd&, égal dans ce cas au 
produit de (2). Donec, dans ce cas encore, la chaine (2) est bilatére 
ou nulle. 

Sia 0. One 

(a—b)(c—d) € = —be€. 
Il faut cette fois considérer dans le déterminant primitif une 
VOL. XXX1I.—NO. 729. x 
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chaine (4) dont les éléments seront les deux éléments de la premiére 
ligne, les élements b et c et les éléments de la chaine (1), sauf a et c. 
Cette chaine (4) doit étre bilatére ou nulle. 

Elle contient deux éléments de plus que la chaine (2). 

Son produit est égal a beé et, par conséquent, égal et de signe con- 
_traire au produit de (2). 

Done (2) est bilatére ou nulle. 

Si eniin eps c= Oona 

(a—b) (c—d) € = —adé, 

et on démontrerait, tout a fait comme dans le cas precédent, que la 
chaine (2) est bilatére ou nulle. 

Nous venons de traiter le cas des chaines dont deux éléments 
appartiennent a la seconde colonne. Le résultat est le méme quel 
que soit le nombre des éléments appartenant a la seconde colonne, 
nombre qui d’ailleurs doit étre toujours pair. 

Si ce nombre est nul, le théoréme est évident, car la chaine du 
déterminant nouveau ne différe pas de celle du déterminant primitif. 

Supposons que ce nombre soit 4, pour fixer les idées. Soient 
a, ¢, e, g quatre éléments de la seconde colonne, et imaginons que l’on 
rencontre successivement l’élément a, divers élements € appartenant 
a d’autres colonnes, les éléments c et e, divers éléments 7 appartenant 


x 


a d’autres colonnes, et enfin g. Notre chaine sera fermée. 


agécenge 
peut se décomposer en deux chaines fermées, 
agca, enge, 
et, pour qu'elle soit bilatére, il suffit que les deux composantes le soient. 
On est donc ramené au cas des chaines n’ayant que deux éléments 
dans la seconde colonne. 


J’ajouterai que tous les éléments du déterminant nouveau sont 0, 
+lou—l. En effet, comme ona 


@->b.== 0 Ouse a =O Aronies b: 0s 
on aura a—b=0, a ou —b, 
dou a—b=0, 1 ou —l. 


Cela posé, retranchons de cette facon la premiére colonne de toutes 
les colonnes dont le premier élément est +1. Le déterminant con- 
servera sa valeur; il restera bilatére; mais tous les éléments de la 
premiére ligne seront nuls, sauf le premier qui sera +1. 
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Ce raisonnement est applicable dans tous les cas, sauf si tous les 
éléments de la premiére ligne sont nuls; mais alors le déterminant 
est nul et le théoréme est évident. 

Si maintenant on supprime la premiére ligne et la premiére colonne, 
on obtiendra un déterminant nouveau qui sera égal au premier et, 
comme lui, bilatére. Sur ce déterminant nouveau, qui a une ligne et 
une colonne de moins que le premier, on opérera de la méme facon, et 
on finira par arriver 4 un déterminant qui n’aura plus qu’un seul 
élément, lequel devra étre 0, +1 ou —1. 

Notre déterminant est donc égal 4 0, +1 ou —1. 


1* Corollaire.—Si un tableau T’, est bilatére, ses invariants sont 
tous 0 ou l. 

2° Corollaire.—Si un polyédre a tous ses tableaux 7’, bilatéres, c’est- 
a-dire si on ne peut pas composer avec ses éléments a} une variété 
unilatére, ce polyédre n’a pas de coéfficients de torsion. 


On voit que l’existence des coéfficients de torsion (qui nécessite la 
distinction entre les deux définitions des nombres de Betti, ou entre 
les homologies par division ou sans division) est due & ce fait que les 
éléments du polyédre peuvent engendrer des variétés unilatéres, c’est- 
a-dire que le polyédre est pour ainsi dire tordu sur lui-méme. 

C’est ce qui justifie ’expression de coéfficients de torsion, ou celle 
de variétés avec ou sans torsion. 

Si la variété V formée par l'ensemble des éléments a; du polyédre P 
n’est pas elle-méme unilatére, les deux tableaux 7; et J, sont bilatéres. 

En effet, chaque ligne pour l’un, chaque colonne pour l’autre a tous 
ses éléments nuls, sauf deux qui sont égaux a +l et —1. Si done 
une chaine n’est pas nulle, ses éléments sont deux a deux égaux et de 
signe contraire ; elle est donc bilatere. 

Il résulte de la que les tableaux extrémes 7’, et JZ, ont tous leurs 
invariants égaux 40 oual. C’est ce qui explique pourquoi l’on ne 
rencontre pas les coéfficients de torsion avec les polyédres de l’espace 
ordinaire ; ces polyédres ne comportent en effet que deux tableaux 
ES aw A 

Cela ne serait plus vrai si la variété V était unilatére. Ainsi la 
variété considérée au septiéme exemple (§ 15, p. 87) peut étre sub- 
divisée en polyédre, et, suivant la maniére dont la subdivision se fait, 
on trouve pour le tableau 7’, 


ee pL STs ea eee 
oe ed | 


Rey, 
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Pour ne pas trop allonger ce travail, je me bornerai 4 énoncer le 
théoréme suivant dont la démonstration demanderait quelques déve- 
loppements :— 

Tout polyédre qui a tous ses nombres de Betti égaua a& 1 et tous ses 
tableaua T, bilatéres est simplement connexe, cest-a-dire homéomorphe a 
Vhypersphere. 





A Proof of the Directro-Focal Property of the Plane Sections of a 
Cone in non-Huclidean Space. By Irvine Strineuam, 
Ph.D. Communicated June 14th, 1900. Received June 
18th, 1900. 


Jn the analysis of the homogeneous equation of the second degree 
in three variables, interpreted as coordinates in the non-Euclidean 
plane, it is made evident that the curve represented by that equation 
possesses the directro-focal property, but from this fact it does not 
follow that the curve exists also as the plane section of a cone. In 
order to make sure that the curve is really a conic section, it must 
be shown geometrically that the plane sections of a cone have also 
the directro-focal property. I have long supposed that such a geo- 
metrical proof exists somewhere, and I still suspect that Prof. Killing 
has one in his possession, but my search for it, in the literature of 
the subject, has thus far resulted unsuccessfully. The following 
proof supplies the missing link and is offered as a possible contribu- 
tion to the subject. It should be noted that the argument is applic- 
able in either elliptic or hyperbolic geometry. 

The right circular cone is here defined, in the usual manner, as the 
surface generated by a straight line turning about a fixed point and 
forming with a fixed straight line through this point a constant 
angle. Any plane meets the cone in a conic section AUV. A sphere 
FHS may be so constructed as to touch the cone m the circle FQH 
(its centre at G) and the plane in the point S. The plane of the 
circle is perpendicular to the axis of the cone, GO. Through any 
point on the conic section, as P, pass a plane, also perpendicular to 
the axis of the cone, forming with the conical surface the circle TPR, 
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whose centre.is at 0. These two planes meet the plane of the conic 
section in two straight lines, DM, NP, which are met at right angles 


0 








in D and N by the principal diameter, AB, of the conic section. PS, 
PQ, and RE are tangent to the sphere, and are therefore equal to one 
another in length, and PM is drawn perpendicular to DM. 

In the figure thus drawn there are two birectangular quadrilaterals 
NCGD and RCGEH, with right angles at C and G, and PNDM is a 
trirectangular quadrilateral with its right angles at N, D, and M. 
The following relations between the parts of these figures are well 
known.* In NCGD, 

ae ee sin, UG cos, oy 


sin 0 





where 6 stands for the angle GDN; and, in ROGEH, 
sin, CG cos, CR 


sin € 


sin, AH = 





where e stands for the angle GHA; and, in PMDN, 
sin, PM = sin, ND cos, NP; 





* Of. F. Hausdorff, ‘‘ Analytische Beitrage zur nichteuklidischen Geometrie,’’ in 
Leipziger Berichte, Math.-Phys. Classe, Math. Theil, 1899, p. 163. 


310 Plane Sections of a Cone in non-Huclidean Space. [June 14, 


and, finally, in the triangle CNP, 
cos, ON cos, NP = cos, CP = cos, CR, 
the functions sin, and cos, being here defined by the identities 


sin, u = s (e7% AES Oy 


cos, u = 4 (e"*+e>""), 
where « is the fundamental constant, or modulus, of the space-form 
in question, and is in the general case a complex number. 
It follows immediately that 
sin, PS __ sin 6 


- = — = e, a constant. 
sin, PM sine 





This expresses the directro-focal property of the conic section. S is 
a focus, DM is the directrix, and e is the eccentricity. 

This ratio has precisely the form called for by the properly trans- 
formed homogeneous equation of the second degree. If 7 and @ be 


the radius vector and vectorial angle of the point (w, 2, y), and p, v 
be the normal and norm-angle to the straight line (w, a, 8), and if as 
definitions of w, x, y and w, a, 8 we adopt the system of values 


WwW, &, y =k COS, 7, sin, ry sind; sin, 7 cos 0, 
Los LL a ae toe 
w,a,p = — ar COS, Pp SINV, COS,7 COS ¥, 


the distance formulee for PS and PM, in the notation here employed, 
are, for PS, 
(sin, PS)? = «-* ([yw’ +(e} + [ey'P), 


where [ yw’ ], [wa], and [ay’] are abbreviations for the determinants 
yw —yw, wa —w'e, &e., and, for PM, 
(sin, PM)* = (ww+ axv+ By)’. 
Hence the directro-focal property is expressed by the equation 
[yw P+ [ewa’ P+ [wy +e (ww+ar+ By)? = 0, 
and this is homogeneous and of the second degree in w, a, ¥. 


Of its seven constants (« must be treated as given) five, namely, 
ae’, y’, a, 3, and e, may be regarded as independent, the other two 
being given by 


Wie i (ey), 


w= /(1—a’?—?), 
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the two fundamental equations which may be assigned as the condi- 
tions that w, x, y, and o, a, 8 shall be the coordinates of a point and 
of a straight line respectively. It will therefore be possible to write 
these constants as functions of the five independent coefficients of the 
general homogeneous equation of the second degree in w, a, y, and 
thereby reduce this equation to the above special form, which ex- 
presses directly the directro-focal property. Hence: 


The general homogeneous equation of the second degree in three 
variables, anterpreted as point coordinates, represents a conic section. 


The HKnerqgy Function of a Continuous Medium transmitting 
Transverse Waves. By HU. M. Macponatp. Read and re- 
ceived June 14th, 1900. Received, in revised form, August 
8th, 1900. 


The object of the following note is to obtain the most general 
form of the energy function of a homogeneous continuous medium, 
assumed to be a homogeneous quadratic function of the nine first 
differential coefficients of the displacements which satisfies Green’s 
condition that transverse waves are propagated in it independently 
of waves of dilatation. It is further shown that when this condition 
is satisfied the wave surface is Fresnel’s. 


Denoting the energy function by ¢, then 
Qh = Aye? + Gay f? + sg 9° + AyD + Ags b* + Ogg 0° 
Any 0; + digs, + Oy Ws + dhs ef + 4e0 
Ay ab + Ay, C0, + Ag, AW, + Arg, Wy + ..., 


where e, f, g, a, b,c are the component extensions and shears, and 
Ww, Wy, w, ave double the component rotations. 


The equations of motion are 


0 a) 
~— Dy Aone AT 
Oy a! g 2 


pu = oO Dark a, 
&e., 


Ox 
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du du du 


where ,, u,, us; denote — , —, —, w&c., and, denotes the differ- 
Ox Oy Oz 


ential coefficient of @ with respect to w,, &c. These are equivalent to 


pi = Bs | + Oye f+ agg + ay G+ dys b + dyge+ My oy + yg Wy + Aros | 
2 


+ i [ (1g, — Ag) C+ (Aga — Aq9) f + (Agg3— Aq3) J + (Ag4—Aq4) @ 
+ (Ags — Ag5) OF (eg — G96) OF (lez — gz) 1 + (Gog — Meg) 2 
+ (gg — gg) ws | 
“+ £ | (a+ Ag) C+ (Asa + Ago) f+ (G53 + As3) F+ (54+ Ag) @ 
+ (G55 + Ags) DA (gg + Ogg) C7 (Agy + 197) © ++ (Agg + agg) w2 
+ (dy -F Gag) ws | 
with two similar equations. For plane waves assume 


2x +1 t 
ua Ae! ety +ne + V z 


anil x (2e+ my +nz+ Vt) 
=e De: : 


2r+myt+nz+ Vt) , 
? 


w= Cet 


then, if this represents a wave of dilatation which is propagated 
independently of transverse waves, 


A jl =2B/ ni Cir, 
and substituting in the equations of motion 
lpV* = ay P+ a,,ln?+ a4, ln? + 2a,,lmn+ 2a,,2?n 
+ 2i.,0?m + (Ag, — Aq) P+ (gy — Ugg) 70° + (e193 — gg) 10 
+2 (Gg4— gy) 1° + 2 (g5— Ag5) Linn + 2 (gg — Ugg) Ln” 
+ (G5, + Ag) P+ (Aso t Ag.) M7 + (Azz + agg) 0° 
+2 (dsy+ ag,) mn7?+2 (A553 + Ag5) lir7 + 2 (Ag+ Ugg) Lire, 


with two similar equations, true for all values of J, m,n. Hence, 
multiplying the left-hand side by ?’+ m+n", which is unity, 


Oy = Ay t+ 2ohgg — 2atyg = My + 2455+ 21g, = pV", 
yy + 254 — Ags + Ase = O, 
3a, + as, = 9, 
3ag— My, = O, 


gg — Ugg = V, 
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q3— Ugg + 2 (G54 + Ay) = O, 

sg F Ugg +2 (g4— M4) = O, 
sg + Ags = O, 

yy = gg + 2diyy— 2etyy = Ayy t+ 2g + Ady, = pV", 
Ags + 20 sg+ Ag, — Ur, = O, 

Ag + dg = 0, 
3d tg = 0, 
342 Ap, = O, 

Mgt Ao3+ 2a4,—2a,, = 0, 

2ag5 + 2dgs t+ Ay— ay = 9, 
yg — Ars = O, 


with a similar group. From these it follows that 


pk = 2 
Ay = Ay = As = pV’, 
. at, — — 72 
ys + Bly = As + 255 = Ay + 2yg = pV", 


Any = Ag, = Mg = Y, 


Ag = Ae, = 0, Aggy = Uy = 0, 
Ag, = As) = 0, Ag3 = Ass = 0, 
Ong = Ag. = 0, yg == Ag, = 0, 


Opp 20,, = 0; do,+2a,= 90, ay peo = 0, 
OS 
pete ag = OOo, 
Oi de, — a 
and therefore the energy function is given by 
26 = K (e+ ftg)'+ ay (@—4fg) + M5 (0° — 49¢) 
+ Ags (c? —4ef) —a,, (be—2ea) — My, (ca — 2fb) 
— dys, (ab — 2gc) + a,, (2ew, + cw, + bw,) 
+ dog (Cw, + 2f,-+ As) + Ag (bw, + aw, + 2gu,) 


2 
+ (C415 Coos Cygo Cra» Crs Cog) (w,, Wy, Ws) ) 
where Ke: 
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au du, Ou 
Ly a orn fa) 


Bu dah ou du 
aie oon 


Now 2ew, teu, + bw, = 2 (0, 


be—2ea = — 0,0, +2 i Ov be Cu om ou Ov 2 Ou a 


Oz Ox Oy Ox Gye Oz Ow Oy 


&ec.; hence 2 \| 


oan {(| {K(e +f+9)+ Guten) w+ (455 + C2) w+ (Gg5 + C3) 5 
+2 (yy + Cys) W203 +2 (dys + Cg1) O30, 
+ 2 (sg + ¢9) WW, | da dy dz 





x dy dz 





+ dy | u (lwo, + mw, +nw;) dS+ &e. 


+ Oy, | Aw (n ov —m ie dS+ &e. 


Oz oy 
Ow Ov ,0” Ov 
— Oy 2u (m —— > +p —— — | —) — | dS —&e. 
| | Ae Cee ee =) 


Transforming to the principal axes of the quadrics 
(Q4,+¢,) a (dg5-+ Cog) y+ ( 5+ Css) z 
+2 (y+ Cog) YZ+2 (Gog + Cy) 2 +2 (Gy, + C1.) 2Y = const., 


the above takes the form 


2 (| ddxdydz = \(| {K(e+f+g)?+ O,0,+ O,0,+ C,w,t de dy dz 
+ a surface integral ;. 


and for this it is known that the wave surface for transverse waves 
is Fresnel’s. Thus, whenever Green’s condition, that transverse 
waves can be propagated independently of waves of dilatation in a 
continuous medium whose energy function is a homogeneous 
quadratic function of the nine first differential coefficients of the dis- 
placements, is satisfied, the wave-surface is Fresnel’s. 

In Green’s * theory, in which the medium is supposed subjected to 
the influence of extraneous forces, the energy function due to the 





* Mathematical Papers, p. 298. 
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displacements of the medium from its state of rest under the 
action of no forces to its state of rest under the action of these 
: 1 OO ne Nie 
extraneous forces is 3 (As, + Bs,+ Cs;), where s,, s,, s, are the principal 
elongations, and Green’s expression for the energy function for small 
motions is given by 
Ou Ov Ow 


Dh 2( A” +Ba +05") 


+A | (St) "+ 


("+ G2) 
+a (es +2) 
(sr) + (32) 3 


7 


a G (St)'4H 5) at al 


PERCE Oa OL EROS 
Seon eo) COD eae 
Etaoin oun Or kaguctacn 


+L ie +e) a (aes, (re ay 
Oy Oz Oz Oa Ox Oy 

It follows from the above that, if the condition that transverse 
waves are propagated independently of waves of dilatation is satisfied, 
the extraneous forces must be such that d= B=C; the wave 
surface is then Fresnel’s, and the direction of vibration is related to 
the plane of polarization in the same way as when there are no 
extraneous forces. In Green’s* investigation, the condition of perfect 
transversality 1s violated, except in the case of the three principal 
waves. 

The above investigation apples to any continuous medium which 
is isotropic as regards inertia, provided it is homogeneous as regards 
elastic properties. Ifthe medium is eolotropic as regards inertia, a 
similar investigation applies, which shows that when Green’s con- 
dition of perfect transversality is satisfied the wave surface is a 
surface derived from Fresnel’s wave surface by a homogeneous strain. 





* Loe. cit., p. 305. 
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Note on the Representation of a Circle by a Linear Equation. 
By Joun Grirriras, M.A. Received and communicated 
June 14th, 1900. 


[The coordinates a, y, z of the present note have been employed 
by me to prove various theorems in the geometry of the circle and 
triangle. See Proc. Lond. Math. Soc., Vols. xxv., xxvi., and other 
vols. Hence it seems desirable to give a simpler interpretation of 
them than I have hitherto done. | 


l. In the ordinary Cartesian method of determining the position 
of a point P in a plane, the equation «=h represents a right line, 
every point on which has the same abscissa h. In like manner, it 
may be possible to choose a coordinate x, so that « = h shall repre- 
sent a circle or curve. In other words, the position of P may 
possibly be fixed by considering it as the intersection not only of 
straight lines, but also of circles, or curves. For example, suppose a 
circle to be drawn through the vertices B, O of a triangle ABC to 





b sin @ . 
Big), afc OS eee ite BX Ce eres 
eu) dren X aenin (ose 


intersect the sides AB, AC in X, X.. See Fig. 1. This curve will 
be completely determined when either of the abscisse AX, AX’ is 
known. Hence we may take AX or AX’, or a function of them, to 
he the coordinate of a point P on a circle through B, C. 

AC AB 
AX’ AX’ 
by a, there is no difficulty in expressing # in terms of the trilinear 
coordinates a, 3, y of P. 


In particular, if we denote either of the equal ratios 
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Here the function a.Saa + Say is an invariant. Also, since 2 is 
an invariant for every point on the circle, we can assume 


f (a, B, y) = a.3aa + SaPy = F (2). 


This gives f (a, B, 0) =f (4, 0, y) = F(a), 
=) be sin A _ _bcsinA F (a) 
aie. c.AXsinA b.AX’sinA 
b 


or ly pee ream = F(a) =f (a, 8, y) =a.3aa + Safy. 


We thus have one coordinate, viz., 


a =35= =a.saa + Say, 
for fixing the position of a point P (a, /, vy). 
Similarly, if two circles CPA, APB intersect the sides BO, OA, 
respectively, in Y and Z, we obtain two other coordinates 
y=c+BY=f£.3aa + apy; 
g=a+0Z =y.3aa + Say. 
The position of P will then, in general, be uniquely determined by 
given values of the coordinates a, y, z. 
It is, of course, obvious that there must be the fundamental rela- 
tion Sax = Sayz between a, y, z, since three arbitrary circles through 
BC, CA, AB will not necessarily meet in a common point. 


2. Taking a, y, z to mean the three coordinates defined above, viz., 
ex=b+AX =a.3a0a + Say, 
y=or+BY=(£.yaa+ XaBy, 
g=a+ CZ=y. saa ~ Lay, 


it follows that a linear non-homogeneous relation le+my+nz =k 
will represent a circle, since the equivalent trilinear form is 
(la+mB+ny) Saa = k.daBy. 
[ It is worth noticing here that the relations Bees 2 hes 


as Denese’ 


tween the tricircular and trilinear coordinates of P, can be readily 
deduced by elementary geometry. | 





3. As #, y, may have any values between —o and +o, it is 
important to consider what convention is to be adopted with regard 
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to the signs of the intercepts or abscisse AX, BY, CZ. Now, since 
AX = b + 2, it is clear that AX is positive or negative according as 
#@ 18 positive or negative. Hence measure off AX in the direction 
AB or BA according as x is positive or negative. 

Similarly, in the case of BY and CZ, we have to take these 
abscissee, respectively, in the directions BC, CB; CA, AC, when y 
and z are positive or negative. 


For example, if Piety then AX =c= AB, 1.e., X coincides 
C 





C 
Fig. 2. vi LM ZBXC =x7—-B, when X coincides with B. 
€ 


with B, and «= Sk represents the circle which passes throngh B, C, 
C 


and touches the side AB at B. See Fig. 2. On the other hand, if 


P 





sn@ _ sinB 


: Ss ee oe if 7 BxXC = 8. 
c z sin (@—-4) sin 0” f 
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2=— *. then AX = — AB, so that the circle represented is BXU, 
where AX is measured off in negative direction BA, and is equal in 


length to AB or c. See Fig. 3. Again, since «= it is clear 


anor 
Axo. 
that x = a is the circle (BC) touching AC at C (Fig. 1). We thus 


‘aca 


4. The above method of determining the position of a point P, by 
the cointersection of three circles «= 4,, y= y,, 2 = 4%, gives an in- 
determinate result in two exceptional cases ; viz., when (1) 2, 4, z, are 
all zero, z.e., if P lies on the line of infinity; (2) all infinite, or P is 
on the cireumcircle ABC. To fix the position of P, in either of these 


he - : Cec OaerD 
easily discover the Brocard points ; viz., ( ens ~) an 
hie Cln 


cases, we must know the ratios w:y:z=a:B:y. The vertices A 
B, C are special points whose tricircular coordinates may be found 
as follows. For A we have «=o and be+cy=a. Here x= 
denotes the circumcircle ABC, and 6z+cy = ais the point-circle at A. 
The y and z coordinates are thus indeterminate. 


5. More generally, the position of a point P can be determined by 
the cointersection of three curves. If we denote two rational and 
integral functions of a, B, y of the nth and (n—1)th degrees, re- 
spectively, by U,, and V,,_;, and write 


Ue as Vicor (1) 
yU,, =a eh Viney (2) 
2U,, se Vie ets (3) 


these equations will represent curves, each of the nth degree, having 
n’—n principal points in common, viz., the intersections of 


OF os 0, Vag = 0. 


Moreover, the remaining common points of (1), (2), and (3), taken 
in pairs, will he on the right lines 


 ieey rae 





oy ? oa ’ Eel Same t, 2 


Y Zz wv Y z wv 


which meet in the point 
By y 


In other words, the curves in question have a radical centre P, and 
the condition for their cointersection is, evidently, that P lies on any 
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one of them; 2.e., 
Ue (Ge Y; Zz) — Vee (2; Y; Zz). 
In this case also a linear equation 
le+my+nz=k 


represents a curve of the uth degree passing through the n?—n 
principal points. It is evident that # is a function of an abscissa 
AX, or intercept on the line AB; and, similarly, y, z of BY, CZ, re- 
spectively. 

Let us consider the curve (1), for instance. This passes through 
n given points, viz., the n’—n principal points and the m intersections 
of BC with U,. One more point, X, will therefore completely deter- 
mine the curve. We may assume X to be on AB. Hence @ is a 
rational function of AX. In tricircular coordinates, as expounded 

b 
AX’ 

We may sum up, briefly, the results of the present note by saying 

that here a curve of the nth degree, drawn through n?—n principal 


above, we have seen that #2 = 


points, is represented by a linear non-homogeneous equation between 
three coordinates 2, y, z, connected by a fundamental non-homo- 
geneous relation of the nth degree; whereas in the ordinary trilinear 
method the same curve would be represented by a homogeneous 
equation of the nth degree in a, (, y, connected by a linear non- 
homogeneous relation. 

Otherwise—A curve of the nth degree W,, can be represented in 
various ways by a linear equation 

le+my+nz = 1. 
Suppose W,, to be intersected in n*—n points by an arbitrary curve 
V,,-, of the (xn—1)th order. Through these and the angular points 
of a triangle ABC a curve U,, can be drawn, whose trilinear equa- 
tion 1s 
U, (aby) = Ca+mpB +ny) Vii (a, By y¥)—W,, (a, B, y) = 0. 


Here /, m, n are known quantities. Tor instance, 


W,.(, 0, 0) 
et ‘Gils 0, 0) 


Hence W,, will be represented by 


a 





le+my+nz= 1, 


* : x 
if we write = 
oO 


= a = Ves (a, p, y) 





y | 
p UY i, (a, B, y) 
These equalities give U, (x,y,z) = V.-1 (a, y, 2). 
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On w Canonical Reduction of Bilinear Forms (Part IL.), with 
special consideration of Congruent Reductions. By T.J.TA. 
Bromwich. Communicated June 14th, 1900. Received, in 
revised form, October 3rd, 1900. 


The following paper is concerned mainly with reductions in which 
the coefficients of the substitutions on the two sets of variables are 
either the same (congruent substitutions) or are conjugate imagin- 
aries. Passing to the details of the paper; I give first a brief résumé 
of the general reduction-process, and add a slight extension of a 
theorem due to Frobenius. This is then used to reduce a single 
alternate form by a congruent substitution. 

The next and longest division of the paper deals with the simul- 
taneous reduction (by congruent substitutions) of a symmetric and 
an alternate form. So far as [ know, this reduction has only been 
carried out by Kronecker (in the paper subsequently quoted by the 
letters Kr.) ; and Kronecker’s direct object is the reduction of a single 
bilinear form by a congruent substitution. Thus Kronecker’s reduced 
forms are not always the simplest from the present point of view. 
Frobenius (Berliner Sitzungsberichte, 1896, p. 7) has shown that, if 
any substitutions P, @ (independent of A) can be found, such that 


P(AA—B) Q=AC—D, 
-and if, further, A, C be both symmetric or both alternate (the same 
holding for B, D), then R can be derived from P, Q so that 

R (AA —B) R= 0—D. | 
\A-B | and |AC—D | are the 
same, a congruent substitution can be found to transform (A.A — 6) into 
(AC—D). But, apparently, this method cannot be extended so as to 


Thus, if the invariant-factors of 





cover the analogous theory for conjugate imaginary substitutions, 
which would be applied to a pair of Hermite’s forms. I have, 
accordingly, discussed a direct process for finding in a way that 
can be applied in both cases. 

The reduced forms so obtained have been applied to prove certain 
theorems of Herr Alfred Loewy’s on automorphic substitutions, both 
of real quadratic forms and of Hermite’s forms. 

VOL. XXX1I.—NO. 730. Y 
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1. General Account of the Reduction of two Bilinear Forms. 


Let A, B be the two forms, and let the form reciprocal to 
(XA B) “abe | 


a 8 
QAP) SPL NSS! SC. eee 
y=21 y=l ec r=l 
where (A —c) is a typical factor of the determinant |\A—B |, and 
a, B, y ave the indices of the first invariant-factors (Hlementarthetler) 
of |XA—B| corresponding to \ =o, AX=0, A\=c respectively. 


In this expression for (AA—B)~’ all the terms P will disappear if 
| .A+|:3@ Opand all the-()'s 11.4) 0b ae 


Multiply up by (AA—B), and we have, in general, 
Abe Berea) == AQ,1— BQ, = AC,,,+ (cA—B) C,, 
but Jp == Al),— BP, + = AQ, 
The same equations hold if the order of the products is reversed, thus 
P,A—P,.,.B=0, &e. 
From these it follows that 
bib (AQ,— BP) A +> AGA 
= AQ, 4— BP, B+2Ae, A, 
and ge (AQ,— BP) Bt sa GiB 
=-AQA — BP, B+ (AC,A+cAC,A). 


If, now, we consider the form A(AA—B)~'A, and expand in 
powers of (A—c), it is clear that the coefficients of 1/(A—c) and 
1/(A—c)?’ will be respectively AO,A and AC,A. But Weierstrass + 
and Stickelberger { have shown how to arrange A(AA—B)7'A ina 
form which can be readily expanded in powers of any factor of 





* For the definitions of the product of two forms and of the form reciprocal to a 
given form, see Frobenius (Cre//e, Vol. Lxxxiv., p. 1); or Muth, Elementartheiler 
(Leipzig, 1899). Short accounts will be found in previous papers by the author 
(Proc. Lond. Math. Soc., pp. 78, 158, above). ZH is the unit form (= S2,¥,). 

+ Berliner Monatsberichte, 1868, p. 310; Gesammelte Werke, Vol. 11., p. 19. 

+ Orelle, Vol. LXxxvI., 1878, p. 20; this paper will be denoted in future by S/., 
for brevity, as we shall frequently have occasion to quote it. 
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| \A—B| (see also p. 326 below); and so from each expansion we 
obtain a group of terms in A and B, viz., AC, A and AC, A+cA(‘A. 

The same method still holds if c =0, for, if A(AA—B)°'A be ex- 
panded in powers of X, the coefficients of (1/A), (1/A)® are respectively 
AQ, A, AQ, A; which have been proved:to form parts of A, /} re- 
spectively. But the case is rather different for c= ; to deal with 
this we may first consider —B(AA—B) 'B and expand in powers of 
(1/A); then the coefficient of X and the term independent of A are 
—BP,A and —BP, 8B respectively, which form parts of our ex- 
pressions for A and B. 


Another method of dealing with this case depends on expanding 
B(uB—A)'B in powers of p and picking out the coefficients of 
(1/pn*), (1/u). To see this we note that 


-1 
Bee (= — 
PON Bar 
17 ae x . 
= jamb aampmenare? Cryo 


So, on expanding in powers of «, we find —P,, —P, as the co- 
efficients of (1/y)’, (1/m) in the expansion of (uB—A)~'; hence the 
coefficients of (1/)?, (1/u) in the expansion of B(wB—A)-'P in powers 
of » are —BP,B, —DP,B respectively, which are parts of A and B. 

Thus, on the whole, we can find the values of A, B by expanding 
A(AA—B)~'A in powers of the factors (A—c) of | A\-l\—B | and pick- 
ing out the coefficients of 1/(A—c), 1/(A—c)° for each ¢; and, in case 

| A | =0, we have also to expand Bi(wb—A)~'B in powers of p, and 
p'ck out the coefficients of (1/u)’, (1/p). 

This modification of Weierstrass’s solution of the problem was 
given in part in a short note (Proc. Lond. Math. Suc., p. 158, 
above), where more details will be found on the determination 
of the indices of those invariant-factors of | AA—B | which corre- 
spond to the infinite rootsif | A | = 0; it will be sufficient to state 
here that they are the same as the indices of the invariant-factors of 

| »B—A | to base p. 
In the foregoing it is, of course, assumed that the determinant 
|AA—B| does not vanish identically, or the reciprocal form 
(AA—B)-' would not exist. The examination of the so-called 
“singular” case, when | AA—B | = 0, will be deferred to § 2. 
I proceed to an account of Stickelberger’s transformation of 
Vee 
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A(AA—B)-'A, and I shall give an extension of it, suggested by a 
theorem for quadratic forms due to Frobenius. 


Notation.—I employ the following general scheme of symbols— 
, k-1 
Win — | yyy «++9 Ging Vip veey Ul 9 | 
| 
YA 
Qins Ung seey Un 5 Mr 


/ / 
Uy Nees hi Osean), 0 


Anls os 


~ 


k-1 k-1 


| yy ery Un Qe. 0 
er DIDS, ae 0, SOs) 0, Q 


If m, ..., m be replaced by v', ..., v', the value so obtained is called 
U,; if &, ..., €&, be'replaced by uss ..., UX, the value is V,; and, if 
both sets be replaced in this way, the result is A, (cf. St., § 1). 

In these symbols, the u’s and v’s are arbitrary constants whose 
indices do not refer to powers, but are to be considered as additional 
suffixes; the és and n’s are linear functions of the variables 2, ..., @,,. 
Yr --+> Yn respectively, whose exact form will appear later. 


Then, as proved by Stickelberger (St., § 1), 
FV ip er ee UW, 








for Wir-1 A,, U,, V;, ave first minors of W, corresponding to the four 
zeros which are complementary to A;_;. Thus 


Wie V8 





aR 5 
Axi A; A, Ay 1 
and so We = nea : 
pay k=l A, Ay aT 
for clearly W, = 0. This result is a generalization of Darboux’s * 


for the case of quadratic forms. Its importance in the present in- 
vestigation is due to the fact that (— W,/A,) is the form reciprocal to 
ASS eye 0r 1s te 

Frobenius + has shown that two consecutive terms of the series 








* Liouville’s Journal, Vol. xix. (2me sér.), 1874, p. 347 [p. 354, formula (17)]. 

t+ Berliner Sitzungsberichte, 1894, pp. 241, 407; reprinted in Credle, Vol. oxtv., 
1895, p..187. The theorem in question is (7) on p. 249 (SB.), p. 196 (Cr.). 
Frobenius also verifies that the sum (Ux, V,/AxAx-1) + (Un41%%41/4%+414%) can be ex- 
pressed in this form. 
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(U,V;,/A,Ax-1) can be combined if so desired; this is done by find- 
ing an expression for the difference (W,_,/A,-1— Whii/ Ages). 
Frobenins’s investigation relates to quadratic forms; and I shall 
now extend his method to bilinear forms, making a shght general- 
ization by using bordered determinants in the place of minors. 

Applying Sylvester’s theorem * (on determinants of minors) in the 
form given by Frobenius,+ we have 


Wea = (k, k), mek k+1), V;, ’ 
—(k+1,k), (k+1,%+1), -V; 
Us; —U,, Wi.-1 


where (7, s) denotes the value of W;_; when &, ..., €, are replaced by 
Ue we eae, DY 2,, .+:, Vay somual (hk. kK) = Apo also.le Vi 
are analogous to U;,, V,, but with ue tye ak in place of Urs fet Un, 
and a similar change in the v’s. To see the correctness of this equa- 
tion we have only to notice that the elements of the determinant so 
written are all second minors of W,,;, corresponding to the last nine 
zeros of W,,,; and these zeros are complementary to A,.,. We 


have also 
A, Ain = (k, k), SAV dae, 


—(k+1,k), (k+1,k+1) 
for (k,k), —(k, & +1), ... are first minors of A,,). 
Thus, expanding the determinants, we find 
WrsiAi-1 SES Wro1Ag-1 4x41 —-(k +1, k+1) U,V,.—(k, k) ULV; 
+(k-+1, k) U,V,.4+ (hh, k+1) U,V;; 
or, dividing by Aj_,Az41, 
Wie Wart Le ere 1, ect 1) Oye an) UV 
Ax-1 Ax 4) ANS EAS 
—(k+1, k) UiV,—(&, b+) U,V; |, 
which is the extension of Frobenius’s theorem. 


We may accordingly replace the two consecutive terms 
(O,Vi/ Ag Sn-1) + (Uni Viwi/4i+14.) In our expression for W,/A, by 
the quantity on the right of the last equation. 








* Phil, Mag., April, 1851. 
+ In §1 of the paper just quoted ; or Credle, Vol. Lxxxvi., 1878, p. 44, §3. 
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Special cases of this theorem have been given also by Kronecker* 
und Gundelfinger} for quadratic forms. 

For our future investigations we shall employ these results in 
ceneral when a,, is replaced by (Aa,,—06,;); and U;, Vi, A, W;, will 
generally be used to mean their values when this change is 
made in them also, and (&, ...,&), (m, ---.™) are replaced by 

dad), (04, 

(5), Sime ee a 


stitutions are made we have 


A{\A—~ By 7 = = Wi) Age V2) / (Apap 


), respectively. For when these sub- 


and in this form we can expand A(\A—B)"'A as _ explained. 

{t will also be necessary to use the corresponding symbols with 

e en ue eo Aw eH Ts placate cs. &;),2 (71, ey a 
Ay CdR aa aC 

order to evaluate the expansion of B(«#B—A) |B in powers of »; but 

the two investigations are distinct and no confusion need arise. 

It will be seen from Stickelberger’s paper (S¢., §$ 1, 2, 5) that in 
this method the w’s and v’s cannot be chosen entirely arbitrarily ; 
but that in general the w’s and v’s may be symmetrical (uw? = v%) with 
one special case of exception, when it.may happen that for a special 
value of & we may not have ui = vi in A,; wethen avoid A, by using 
our extension of Frobenius’s theorem. For Stickelberger proves 
that A,_,; and A;,,, are not altered by this exception. 


2. Axgplication of Weierstrass’s Methods to the ‘* Singular” Case. 


Kronecker (Berliner Monatsberichte, March, 1874, p. 156; Gesammelte 
Werke, Bd. 1, p. 381) has remarked that the reduction of a 
“singular”? family of bilinear forms could be effected by applying 
Weierstrass’s method to a family obtained by suitably modifying one 
of the original forms. Kronecker gives the necessary modification, 
but does not complete the reduction; and, so far as I know, no 
account of the whole investigation has yet been published. 

We have seen in a previous paper (Proc. Lond. Math. Soc., 
p- 88, above) that, if |AA—B| and all its minors up to the 





* Berliner Monatsberichte, 1874, p. 59, §II.; or Gesammelte Werke, Vol. 1., 
p. 349. Itis given more completely in § 1 of his paper on p. 397 of the Monats- 
berichte (Werke, Vol. 1., p. 423); the latter paper will be quoted as Kr. 

ft Crelle, Vol. xct., 1881, p. 221, Lemma 2. 
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(k—1)th be identically zero, some of the kth minors not vanish- 
ing, then A; (formed by bordering | AA—B| with w’s and v’s as 
above explained) will break up into the product of three determin- 
ants. Let the two sets of w’s and v’s be determined so that for 


ar i alld hes Pore ioe AI RR are) 
we have the one determinant* taking the form 
Az OS 10, eee eine 
Os Xo) een) 
Oe ee no 








O= 00-0 au eNce 


while tor u{ = 7, the determinant takes a similar form with a 
diagonal of unities.+ 

In the same way, for v; = q; or x}, we are to have another de- 
terminant in the shape 





ee: 0, ’ 0 or ’ 0, of) 
0, ee ’ 0 0, ’ ’ 
Oe Oemen A Oat ae 





Kronecker’s modification of A consists in adding terms; in fact we take 


k 
O=At 3 te (piyzt... tprYn) (Gia +... + gna), 


and apply Weierstrass’s process to the family (AC—B). The first 
step is to form the series of determinants A,, A,, ..., A, obtained 
from | AC—B| by bordering it with 7’s and «’s. We proceed to 
examine their invariant-factors. ‘To do this we note that 


n n k 
> (Ac, ie b,s) ip — a [ (Adys aa bys) ne al re D q: | if; 
s=l1 $= Se 


= AMM, qi (A*), 








* This is the determinant in which all the w’s appear, when A, is split up into 
factors ; and the second determinant contains all the v’s. 

+ It may be well to remark explicitly that it has been found convenient to alter 
the notation used in my previous paper (thus, the present p’s are the former x’s, &c.). 
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where f, has the same meaning as in the paper already quoted, so that 


5 ae bevees 0. 
Si 


Similarly, 


uM 


(Ac,,—6, 5) 9 = At ps A”) 5 


and analogous results hold for each set of f’s and q’s. 


Using these facts and bordering with the 7z’s, x’s in order, we see 
that 


‘aS, (A)/A, (A) = — ae a 
jas (Ane: (A) = _— ee kaa 
&e., 


for it must be remembered that in none of these determinants can 
squares or higher powers of any ¢ appear.* Now, in order that these 
powers of \ may be the invariant-factors, it 1s necessary and sufh- 
cient that the a’s and ’s should be arranged in descending order of 
magnitude. 

The next step is to consider the linear functions of a and y which 
appear in the process of reduction; the function U is found from 


yy iN Y 
A,(A) by putting the linear functions lee oe ae the last row 
oy OY 
in place of w;, ..., 2. Itis then easy to see that 
zn 1 
US AGN) i ee +... +f.20 +terms with ¢,A” as a factor. 
Yi n 


Now, owing to the definition of the f’s, we see that the expression 


pa cage 
Oy, OYn 





* For t, would be multiplied by a determinant, such as 


| PrQgo Ps Qo | » 


ant | Pr Qny Den 
which vanishes identically, 
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is only of degree (a,—1) in \, not of degree a,,* so that we may write 
U,/A, (A) = X,+ X,A+...+X,A°7' + terms with ¢,r* as a factor 
(a = a). 


Similarly, we shall have 
V,/A, (A) = Y, + Y.A+...+ ¥,A°"'+ terms with ¢,’ as a factor 


Thus we shall have, say 

U,/A, (A) = X, + X,A+... + XAT +E (K+ Xap A+...), 

V,/A, A) = Yi+ YaA+...+ Vere t+ tM? (Veuit Yerort+..-), 
and then, according to the usual process given by Weierstrass and 
Stickelberger, we have to pick out the coefficients of 1/A, 1/A” in the 
expansion of — U,V,/A,4,; or the coefficients of d**°, A**+*-! in the 
product 
2 peer aXe 2 A“(X 44+ X. aha) | 

X[ Yt... + Ved +b (Vout...) |]. 

Hence we find the two sets of terms 
(in C) 
poner ttt A gle eet Y not ty Xtc 1) py tet ees) a trees tA deel has 
(ines eee weg Cetera. + A Ye yt agi vat eet late 4. 


It is easy to see that we find similar sets of terms for each pair 
of indices a and 8; we can now remove the terms in CU which are 
multiplied by 4, 4, ..., t,, and so obtain the reduced form of 4. The 
comparison of these terms shows that 


D.e = GX +... +9n2ns BES, = Py t..- +P.Yny 
with similar results for each group of p’s and q’s. 


Finally, it is to be noted that (as proved by Kronecker) the 
numbers a, in addition to the ordinary invariant-factors form a 
complete set of invariants. 


* For f{rs—= +n tJf (A223) = 0 
A dy, ON 3 OYn OYn 


od 
n Yn 











’ 


so that A [A See | is only of degree q, in A. 
Y\ 
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As a consequence of the results that 
A, (A)/A, (A) = — Are, 
&e., 


it should be observed that the z’s, xs do not give values of A,(A), 
A,(A), ..., which are regular for the other invariant-factors of 
|\C—B|. These must be treated independently (as is usually the 
case in dealing with invariant-factors to different bases), and each of 
them will give a group of terms of the ordinary type found by 
Weierstrass and Stickelberger. 

This general method of dealing with bilinear forms requires very 
little change for the problem of quadratic forms or symmetrical 
bilinears. In this respect it differs from Kronecker’s last method,* 
which requires special modifications in dealing with a family of 
quadratics. Here we have only to note thata, = 6,(r =1,2,...,h). 
and that each q is equal to its corresponding p, and each « to7. Then, 
clearly, each Y is the same function of the y’s that the corresponding 
X is of the 2’s: and so, in the symmetrical bilinear family, we have 
sets of terms 


D.C) Grats mee Pine hee fie ag aoe ee nee 
XY oso re eX are 
or, in the quadratic forms, 
2 (X¢ Xo. Xe Ae, -r Ay Ao), 
2 (X, Xo, +X, Xou-y +... +X, Xas1)- 


3. Reduction of a Single Alternate Form to a Canonical Shape 
by Congruent Substitutions. 


Here the number w of ws and of y’s is even; otherwise A, would 
vanish. We make the assumption that ui = — v%, so that all A’s are 
skew-symmetrical determinants, and hence A, = 0 =A,=A, = 
while A,, A,, Ay, ... are all perfect squares.+ 


wee 








* Berliner Sitzungsberichte, 1890, p. 1225, for bilinear forms ; p. 13875, and 1891 
pp- 9, 33, for quadratics ; from which it will be seen that Kronecker’s discussion of 
the quadratic case is much longer than that of the bilinear. 


t Note, the A’s, &c., are here as originally defined, 7.¢., without any A; ¢.g., 


Ay = | Gs | - 
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Suppose then that k is odd; we can apply the preliminary lemma, 
and we shall have 


(hk, k) = O= (k+l, k4+1), 


for these are both skew-symmetrical determinants of odd order. 
Also, changing rows into columns and then changing the sign of 
every row, we see that 


(k+1, hk) = —(k,k+1) = HE, say, 


and we have Nee ey = | 0, (+1, k) = fie 
Wee eyo 
ie me Vs 3 1 


H oly UV,—UV2). 
ee nig 2 Nang re Ae ea? 








Again, taking U,, changing rows into columns, and changing the 
signs of every column but the last, we see that U, and V, are con- 
gruent functions of the és and 7’s respectively. If, now, we write 

a OA eo OA 
[i are 1 os ne Ee 
OY, Oa, 
we shall have that (7, and V;,, are congruent functions of the a’s and 
ys; and the same holds for U;, Vx. 


Making this substitution for the €’s and 7’s, we have that 
W, — AA, 


W, 1 , , 
deo we haverd een se Yvan), 
and SO e nave : A, A, i,‘ Ly 1 1) 





WB a NU ees per 8 
A, ne A, a a, 8, 608" 3 3)) 


we. 


Hence A is the sum of 4n terms of the type just written, or 


1 r 1 J , 
_— LEV ond + — Ve UVa ; eee 








1 ? , 
HAG Aceon nai Unt n-1)5 
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which is the canonical type for an alternate form.* Just as a quad- 
ratic form can be reduced to a sum of squares in an infinity of ways, 
so this can be reduced in an infinity of ways. 

- Jordant has given a special case of this, which is obtained by 
writing 


Ue saa) eee ee i |, | Oe a ey. 


Jordan takes (virtually) the substitution 
y= ied ya=404, oe EN ya 404 
Oy; Oa, Oy, Ox, 


then (Gf a, + 0) it is easy to show that the form 
AD Gay 
Ayo 


is independent of the four variables 2,, y,, 2%, y.; and, starting afresh 
from this form, we can remove four more variables, and so on until 
the whole form is reduced. It is not difficult to prove by induction 
that the coefficients of the substitution are all Pfaffians. Thus I find 


X, = (12) a,+(13) a+ ...+ (12) &,, 
X, = (21) x, + (23) e+ ...+(2n) a, 


l 
X= ap [ (1234) ay +...+ (1232) a, |, 


oe 1243) vst... + (124m) a, J, 


1 
masse 


ae 2 ; f 
Xs = qo3a [ (123456) a, +... + (123452) a, |, 


1 


= 4934) [ (123465) ast... + (12346) a, J, 


&e., 





* If n should be odd, it can be readily proved that 
Wy a A, 4, 
and then we find % (n—1) terms of the type just given. 
t Liouville’s Journal, Vol. x1x. (2me sér.), 1874, p. 35. 
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and then the reduced form of 4 will be 
1 (12) 


(12) (X,Y,—X,¥,)+ (1234) (X;,Y,— X,Y) 
1234 ‘4 
5 ape: (A; Y,— Xe ¥;) +..., 


where the numbers in brackets denote. Pfaffians in the ordinary 
way; for example, 


(12) =< (07th, (re ae Ay9 Agq + Ag Ayy + Ag, Mog, &e. 


Frobenius* has given a neat proof of Jordan’s transformations ; and 
HK. von Weber} obtains a form equivalent to Jordan’s. Mutht has 
published a short investigation showing how to modify a method 
of Kronecker’s§ so as to obtain the reduced form of an alternate 
bilinear form by means of congruent substitutions; this investigation 
(like Frobenius’s) is, in the first place, concerned only with forms 
whose coefficients are integers (in any assigned region of rationality). 

HK. von Weber also applies his results to reduce a family of alter- 
nate forms; I had worked out this reduction independently (using the 
transformation above), but shall omit the algebra here. 


4. Simultaneous Reduction of a Symmetric and an Alternate Form 
by Oongruent Substitutions. 


Let A, B be respectively symmetric and alternate; then we must 
find first the invariant-factors of the determinant |AA—B|. By 
definition of A, B, we have 


UE Ti As aerial oF 

where accents refer to the conjugate bilinear forms. Hence 
AA—B=dDAA HB, 

so that |AA—B} = |AA’+B | = | AA+B], 





for the determinant of a bilinear form is equal to that of its con- 
jugate. 





* Orelle (1879), Vol. uxxxvi., p. 146; the special consideration of alternate 
forms is in §7 (p. 166). 

t Miinchener Sitzungsberichte (1895), p. 369. 

t Cretie (1900), Vol. oxxm., p. 89. 

§ Crelle (1891), Vol. cv1t., p. 135. 
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Thus for every factor (A—c)’ of | \A—B| there will be another 
(A+c)'. 

Further, if c be complex (and if the coefficients of A and B are 
real), there will be two corresponding conjugate complex roots ¢, —¢, 
(where c, is the complex quantity conjugate toc); but, if ¢ = —ce, or 
if c be a pure imaginary, these two (c,. —c,) are the same as the other 
two (—c, +c). We shall prove now that the invariant-factors of 

| XA—B | occur (in general) in pairs. 

Consider the value of A, when the sign of A is changed; first inter- 
change rows and columns and then change the signs of the first » 
rows and the last k columns. Remembering that a,, = a@,,, 6»; = —0,,, 
we see that the new determinant only differs from A, by having the 
u's and v’s interchanged; but Stickelberger has proved (St., § 5) 
that we may in general take w* = vi; and, making this assump- 
tion, we see that changing the sign of A in A, will only multiply A, 


by (Lae 
So, writing A, = Ac) p Oe) FFe@sae), 
we have (—1)""*A, = (—A—c)'f (—A). 


Thus A, has factors of the type (A—c)’, (A+c)’ in pairs; and the in- 
variant-factors (which are obtained from the quotients A,_,/A,) will 
occur in pairs of the type (A—c)’, (A+c)*. 

This theorem is due to Kronecker [K7r., p. 440 (p. 477)].. We 
shall now combine the terms in the reduced forms of A, B which 
correspond to the pair of invariant-factors (A—c)*, (A+c)*. We have 
to spit A (AA —B)~' A into partial fractions; thus we consider only 
the special fraction —(U;,V;,)/(A,_;4;), and evaluate the fractions in 
1/(A—c), 1/(A+c) which can be obtained from this. As explained 
before (p. 322), we only require the coefficients of 1/(A—c), 1/(A—c)’, 
1/(A+c), 1/(A+c)?. To find them we write A =c+t,A=—c+¥?, and 
expand first in powers of ¢, then in powers of ¢’. 

We shall take for the present U;, to denote the value of U, with 
A=c+t; and VU; its value with A=—c+2#’. The same notation 
will be used for A,, V,, and then we have 


U;, =| (—et+t’)u,,—b,,, uz, uk ey Spee ee 1 
\ ae, e ? 
ue, 1) aa) | 
| 
| 


0A 
OY, 
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writing the determinant in the shortened form suggested by 
Frobenius and Nanson. 

Change the signs of the first x rows and then of the last / columns 
in U;,; finally, change rows into columns, then (remembering 
Ays = Ugyy De —— b,,.) 





‘ate OA 
ene (eS 2') 0. b: ee 
ae 
Ve Oat) | 
a, Gas 
Hence, if we change the w’s to y’s and write #’ = —¢ in Uj, we should 


have 


Ge ( — 1) ee 
and, with a similar change, 
Vig ie Lie 
By the same process we find 
Nee a Ape Agee Gah iO eee 
where t’ = —t. 


If, then, we write 


U,V; 


Leas 
re e Tage (Xe -peAwt +). GY ae Nee aeeoa 
k~k-1 


we shall have 
U,V: —1 ay "9 , 
eae ie -— = SF Ra S20 + Y,t°—... DG: —Xob'+... 5 
NEA (4) L 2 3 ya 1 2 ) 


where Y, is the same function of the y’s that X, is of the ws. Now 
the terms we require will come from the coefficients of 1/t, 1/#, 1/#, 
1/t?, which will be 


OES Ea On ENE ps ttniage Sod Che 
OXY oe8 path get oabatt tee ee) 
CXC SY ole placename ta lin)s 
et (Xo ky Ma eo che eee ee 
respectively. These will be parts of the coefficients of 1/(A—c), 


1/(A—c)?, 1/(A+c), 1/(A+c)’ in the expansions of A (Ad —B)7' A in 
powers of (A—c), (A+c). 
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Finally, combining these terms as explained (p. 323), we find the 
corresponding parts of A, B in the forms 


(A) X,VYoe+ Xoe¥it... + XeVeuit PX eryYa° 
(B) CUR Yoga Xias Val tet C ie ges iY.) 
se X Vog sae uae ae sions +X, 1 ee ee fe 


where the substitutions are congruent. 


It may be observed that the substitutions will all be real; and, 
further, that by means of a similar process, interchanging the parts 
played by A, B, we can obtain 


1 


(A) ae. OG Yx,+ X», Y;) al waits * (X,Y..1+ X- vie) 


C 
+X, Voe-y t+ Xoe-7¥y+ Penal Ben os “+ X eens 
(B) XW og— Ang Ye e A eaes 


as typical terms in the reduced forms. 


In case c is a complex quantity, we shall have an exactly similar 
pair of terms from using ¢, instead of c; if it is desired to restrict 
ourselves to real transformations, we can combine the corresponding 
terms after first dividing them into real and imaginary parts. If ¢ 
be a pure imaginary, X, and X,,, will be conjugate imaginaries. 

If c be zero and e be odd, we may still write w% = vi (S?., § 5), and 
in this case there will be no invariant-factor paired off with this one. 
But we shall have 











U; mr NGOs, Uy, pe ’ 
ur, Ue ere) 
ob O60 
af 
and, treating this as before, we find 
te (1 "| Nae bee 
by, | 
ue, QO, Car 
Ws OF ER 
or Gui (aes 


‘ where in V; we replace X by (—A) and the y’s by a’s. 
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Thus, if e =2p+1, we have to pick out the coefficients of A”, 
d*’-' in the product 


(.X, + X,A4+ X,\?+...)(¥,—Y4A4+ Y,V7—...), 


where Y,1is the same function of the y’s that X, is’ of the 2s. Se 
we have typical terms 


(A) OX ag hg Nosh o2. ap a ope 
(B) (X, Y,— X, Yop) ieee: (Xp pn Apt pei) 


Now return to the case of exception previously alluded to (p. 326), 
which occurs when c =O and the index of an invariant-factor is 
even; then (as shown by Stickelberger) it is not permissible to write 
wu = vy, and, to avoid this difficulty, we use the preliminary lemma 
given above. In the first place, one of the consecutive invariant-factors 
is the same (S?¢., § 5). Suppose that the invariant-factors (to base X) 
given by A,_,/A; and A,/A,,, are the same; let their common index be 
e, where e is even. By our lemma we have a part of A(AA—B)""A, 


Be (ee ty kb ht) UV i+ (ene) eke 


2 
On Anat 


—(k+1, k) UVi-(h, +1) UV; |, 


where in all the determinants we write (Aa,,—b,,) instead of a,,. We 
may assume now that u% = v%; this will make (k, &) and (k+1, k+1) 
divisible by a higher power of \ than appears in every kth minor of 

| AA—B| (St., § 5); let that which appears in every kth minor be 
A‘, so that A’** divides every (k—1)th minor and X‘~* every (k+1)th. 
Thus, if 


Ay) = Nt (6, + 0,A+6,A°+ ...), 

we have, by changing the sign of X as above (p. 335), 
(—A)'** [ a, +8, (—A) +4, (—A)’?+... | 

= (— eee SA 

= (—1)" A? [6,4 8444, + ... |. 


But ¢, #0, or A,_, would be divisible by a higher power of A than 
d'**, and so (n—k-+1) is odd (as e is even). Also, from the last equa- 
tion, ¢, = 0, 6, = 0, &c.; so we may write 
Ay, = Nt* (6, 4+0,47 + 0,A*+...)- 
VOL. XXX11.—No. 731. Z 


338 Mr. T. J. A. Bromwich on a [June 14, 


In the same way we have 
Ane) — ae (e,te,r° + 6, MA + fey 


Again, if we change the sign of A in (k, s+1), we get (k+1, ik) 
multiplied by (—1)”~*, and so we write 


(k,kK+1) =N (MytyAtys7+..-) 
(kK+1, k) = (-1)"4'N (Mm—yAtysVv—...) 
= —N(y,—y.\ + 73—...), 
and, applying the same process to (k, i), we see that, if 
(k, k) = M (a, +a,A+a,?+...), 
then also (k, k) =—A! (a,—a,A+a,—...). 
Hence a, =.0l sas = 0j8 sa ndao 
(k, k) = A? (a, +a, +agd*+...). 
Similarly, (k+1,4+1) =X"! (5,4 8,2+4+,A'4+...). 
Using the same arguments, we readily see that, if we write 
U, = NN (€4+6A+...), US NS a A.), 
then Vi = —N(y—mrA+...), Vi z—N (mat ...), 
where 7,, 7, are the same functions of the y’s as €,, € of the a’s. 
For brevity write 
(a) = agta,r’?+..., &e., 
(E£) f= 6 bo eAi ees 
(n) = m—mA +..., &e., 
(Y=ntyk Pie W) =n; 


then we have our typical term in the expression for 4 (AA —B)"'A, 





— £ Big [PMOOM--) OM + OM- MEI]. 
Now put (£) = (é) oral (H) = (7) Lastt5 5}: 
mmoles en=eolaes! 
(3) WG 





ol = (q) = 


[ma] Tom] 
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then (H), (H’) are derived from (4), (&’) respectively, by changing 
X to —A, and the a’s to y’s; further, (p), (q) are even functions of X. 
With these abbreviations we see that our typical term becomes 


+ [ (B’)(H)— (=) (WH) +2 (p) (2) (H) +2 (q) (2) (8) J. 
Av 


It is now possible to determine (g), (h), (9’), (h’) power-series in 7 
so that the expression in square brackets is equal to 


Lg) (2) + (9) (2) | Lo) @) (89 | 
—[ ) (2) 42h) (2) |) (H) —A Gg) (HE) J * 
or to (4) (Y)— Cs) Ga, 


where (Y) and (Y’) are obtained from (X) and (X’) respectively by 
changing the w’s to y’s, and » to —A. 
Now, if we write 
(X) = X,+ X,A4+ X,A7+..., (Sap eV T V EA cess 
CX Ne pe AeA XN CV) ston At 
it is clear that Y, is the same function of the i as X, of the x’s, and 


we find that the coefficients of 1/A, 1/7 in — 3 L(Y) - (X’)(Y) | 
are respectively 


De Yo.+ X, Yuet aoe + X5,_} ye “f EX, Ge 
eG Y3.-4— Be ey) + CX, Mi. Chee + eee + (X._4 Your — Xe ee ris 


and these will be the reduced parts of A, B corresponding to the 
pair of invariant-factors A’, A° (e even). 

In considering the infinite roots of | \A—B | = 0, it is easier to 
treat them as zero roots of |4B—A|=0. We use the same 
notation as before, but with (ub,,—a,,) in place of (Aa,,—b,,), and 





* We have to consider an expression of the type a#’y—wxy’ + acy + b2’y’, which is 
equal to [ (x + Bx)(y — ay’) — (w + av’)(y’ — By) /(1 + af), 
provided that 2B/a = —2a/a = (1+ a8). 
These equations will determine a, 8 by solving a single quadratic equation. In 
the special case required a, 8, a, ) will be power-series containing only odd powers 
of A. aa 


hol 
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Dee ALD 3 
oe - in place of oA 0A and we are concerned with the in- 
CoO. 


Ox, Oy, 


variant-factors to base pu only. 





Such invariant-factors may occur singly with an even index 
(St.,§ 5); but in pairs if the index be odd.* We shall consider first 
the case when the index is even, then we can treat one invariant- 
factor by itself ; in this case (St.,§ 5) we may still put wi = v%. 

We readily see that changing the sign of » in A, only interchanges 
the rows and columns, and so does not affect the value of A,; but the 
corresponding change in U; gives (—V;), with the y’s changed into 
as, for of =i EP cB if the y’s are changed into a’s (as B is alternate). 

Le j 
Thus we have (if ‘ = 2p) to pick out the coefficients of p??-?, pl in 
the product 


wef Ry Eg ts foe Ci ae cic ks ee), 


where Y,.is the same function of the y’s that X, is of the a’s. Hence 
we find the typical terms 


(A) oA x, Yea + X, Yo 2— eae Xoy-9 Yo Xoes 1G. 


(B) (X, Yop — Xp Y,) —(X, Yoy-1—Xoy-1 Yo) a ease (A, Ya 7 Y,). 


pti 


We have now to consider the case of a pair of invariant-factors of 
the type p’ (e odd). The investigation of the corresponding reduced 
parts of A, B offers little difficulty after the reduction for the pair 
A‘, X° (e even); we give the similar results without full explanations. 

Changing the sign of « in A;_;, 4,4; will not affect their values, and 
so we have 

Ay = wt (0, +e + o5ut+...), 


Ain =p (ebesm’ +esmit ...), 


where e is odd and J is odd [instead of (n—k+/) being odd, as before]. 
Thus we may write 


(hy +1) = wh (yt ryapetyse +...)3 


then (k+1, k) =— p(y yet Yyp'—..-) 





* This theorem (and the corresponding one relating to the invariant-factors of 
| AA —B | to base A) are due in the first place to Kronecker [ A’r., p. 441 (p. 477)]. 
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by changing the sign of pu. Also 
(hey ie) lpr ite an tet os 
GM kV) = pe Bites). 
We shall have also U, = w'(&4+é,4+&p?+...), 
Vi, = —(— png t gp —..-) 
=P (m—Mme+b SH —..-), 


where 7, is the same function of the y’s as &. of the v’s. Similar 
results hold for U;, V;. 


Just as before, we can reduce the expression for 
(= Wye] nat Waor/Aner) 
i! 


é 


to the form [ (Xx) (¥}—-(Y) (XJ. 


where (X) = X,+X,p+X,u7+.... (Y)= Y,—Y,yn+ Y,p’?—..., 


(X”) =X, 1 — Xeioft+ X- Syl ae ae) = artnet bers fey ope pea oo 


Y, being the same function of the y’s that X,.is of the 2’s. Hence we 
find the typical parts 


(A) Xi Vog-1 + Xo Voe-9+ ICD te Agee o ort ont 1) 


(B) (X,Yo,— XoeY,) +... + (X.Y 4 es) 


If | \A—B | =0, we may apply the method explained above (§ 2, 
p. 326). Here we have £8, = a,, for, by interchanging the p’s and q’s 
and changing the sign of A, we do not alter the value of 4, (A) (except 
possibly in sign) ; hence the invariant-factors belonging to these terms 
will be of the type A***’, and so (as_ before, p. 336) we may take 
each g equal to the corresponding p. Then, by the same investigation 
as given for the case of invariant-factors to base A, we find the 
typical groups of terms 


() XX Yo.41— 4, Yo, +... #(—1)* t2 a+l tit vee — Xn, V9 + X01 Vi, 
X, Yo,— X,Yon-1 chee + X,,.,Y,—X2YV;. 
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Thus we have in the original forms 
(A) (XY, t+ Xen Y,)—-CC¥, +45). 
eco + (—1)*"! (X,Y i.o+ DE NA ake 
(B) (X,¥..— X.Y) — (%Vo.-1— Xe.1¥) +... 
Mees ot (X.Y. ee 
and there are similar sets of terms for each a. These a’s are 
Kronecker’s Minimalgradzahlen, and may be found as described in 
my former paper (Proc. Lond. Math. Soc., pp. 87-92 and p. 111 
above) ; the invariants used by Kronecker are the numbers 2a+1, 
which are the numbers of variables in the sets of reduced terms. 

We have now six types of reduced forms, corresponding to five 
types of invariant-factors and the singular case, when | AA—B | = 0. 
These will be found to be im agreement with Kronecker’s results,* 
except in the arrangement of suffixes; there is also a superficial 
difference in the first and second classes (following Kronecker’s order 
of arrangement, the sixth and first in the foregoing), due to the fact 
that Kronecker has reduced his results so as to give the neatest type 
for the bilinear form (A+B). To indicate the real agreement it will 
be sufficient to consider two special cases— 


(a) Corresponding to the case |AA—B|=0, with a Minimal- 
gradzahl 2, Kronecker gives the type 
A+ B= 2, Yot+oYy + esY4t 24453 
and so A—B= Ai B = 2,y, 4+85o+4,Y.+%5Yi- 
Making the substitutions 
t,+22,+2, = 2X,, Gia + ty OX, 
45 oe! DIX tn aN 
,— 24,127, = 2X... 
with the congruent substitutions for the y’s, we find 
A= X,Y,+ X,Y,— (X,Y,+X,Y3), 
B= — X,Y,+X,Y,+X,Y,;— X,Y, 


agreeing with our general result. 





* See the paper Ar., p. 440 (Werke, Bd. 1., p. 475); the list is reproduced on 
p- 146 of Dr. Muth’s Theorie der Elementartheiler, Leipzig, 1899. 
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(b) Again, Kronecker gives a form 
A+B = ay Yo + axyY, + ay Yg+ Aes Yy + 2yY 4+ 2'4Ys, 
and so A— B= ayy, + Uy Yy + ay Yt Ady Yg+ X4Yg + Ads Ys. 


If we put w = (1+c)/(1—c) and then make the substitution 





m=— (X42), x = 7 ok, 
eS ee 
“ae ah X,, w, = (1+c) X,, 


with the congruent substitutions for the y's, we have 
A= XY,+ X,Y, + X,Y, + 43¥,, 
B= c(X,¥,—X,Y,) +o 4, Y,— XY.) + (4, Y,— X,Y), 


agreeing with what has been found before, corresponding to the 
invariant-factors (A—c), (A+c)? of |AA—B|. 


o. Application of the Reduction to Properties of Automorphic 
Substitutions. 


Herr Alfred Loewy * has proved certain propositions relating to 
automorphic substitutions of a real symmetric bilinear form (or of a 
quadratic form) of no~-zero determinant. These are deduced (in 
§ 9, p. 424, of the paper quoted in the footnote) from similar 
properties proved for conjugate imaginary substitutions which are 
automorphic for Hermite’s forms (see below, p. 350). The following 
investigation 1s complete in itself. 

Suppose that S is a real symmetric bilinear form and P a real sub- 
stitution automorphic for S; then, in Frobenius’s symbolical form, 


oS bane 


Frobenius has provedy+ that we can find Py similar (aéhnlich)? to P 
and S,congruent with S, so that PjS,P, = S,. Further, P,,S, will be 
each separable (zerleybar) into two parts such that P,=P,+P,, 
S,=8,+8., where the variables in P,, S, are the same and do not 


* Nova Acta Leop.-Carol. Akad., 1898, Vol. txx1., p. 379; an abstract appeared 
in Math. Annalen, Vol. u., p. 557. 

+ Crelle, 1878, Vol. Lxxxiv., p. 1; this proposition is given in 9 10. 

t Two forms P, Py are called dhnlich by Frobenius, if a third form Q can be 
found such that Py = QPQ-'. 


‘ 
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appear in P,, 8,, and vice versa; finally, -P, 8, P,=—8,; Pi8,f, = '8,. 
The invariant-factors of | P,—ALH;, | areall those of | P,—AZL | (or of 
| P—AH | ) which have the base (A+1); and the other invariant- 
factors of | P—AH | appear as those of | P,—AH, |. Here the unit- 
form H (Hinhettsform) has been separated into H,, /, in the same way 
as P,, S,. The process followed in finding P,, S,, P,, S, from P, 8 
shows that these are all real and obtained by real transformations. 
Then we have 


P,=—(8,+T))(8,-T), Pr= +(S,+2,)'(S.—Ty) 


where 7, T, are real alternate forms, each containing only the 
appropriate set of variables. 

It follows that | P,—\H,| has the same invariant-factors as 
| S,— 7, | [ey = (14+A)/(1—A)], and» | P,—AH,| the same as 
| HaSo— Ty | [ug = (1-4) /(1+A)]. 

Now, by hypothesis, | P,—AH, | has only invariant-factors of the 
type (1+A)*°; so that | »,S,—T, | has only those of the type pi. 
Thus, if e be even, we have a pair of equal invariant-factors, and 
the corresponding part of S, is (p. 339) 


U1 Yre F Wy Yoo. + «+. + bre Yr) 


and the s¢gnature® of this is zero; while, if e be odd, we have a single 
invariant-factor giving (see p. 337) 


Ly Yet Uy Ye ihe 0 FY, 


and the absolute value of the signature is unity. It follows that the 
signature of S, is not greater (in absolute value) than the number of 
odd indices of invariant-factors (1+) of | P,—AH | . 





Now take S,; we have here five cases 
(i.) The pair of invariant-factors (4.—c)’, (u,+c)* (¢c 4 0 and real), 
corresponding to (A—b)*, (A—1/b)* (b? #1, and 6 real). 
The corresponding part of 8, will be 
Uy Yr0e t Wg Yre-1 + see HF ®r¢ 4/1, 


which has signature zero. 


* Frobenius defines the signature as the number of positive squares, less the 
number of negative squares, when the form is reduced to squares by vea/ trans- 
formations. 
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Qi.) #5, pS (e even) corresponding to (A—1)*, (A—1)*. Here the 
reduced part of S, is the same as in (1.). 

(iii.) wS (e odd) corresponding to (A—1)*. Here the reduced 
part of S, is 
Hy Yo + Uy Yo-1 ae see Reis 


with the absolute value of the signature equal to unity. 


Civ.) (u,—6)%, (oe +6)*, (Me—Cy)’, (Mg +09)’ (¢ imaginary, with ¢, for 
its conjugate, c+¢) 0) corresponding to (A—b)’, (A—1/b)’, (A—b,)*. 
(A—1/b,)*. We find for S, the part 


(@, Yet ... +2 ¥,) + the conjugate imaginary, 


and we can readily reduce this to a real form, whose signature is 


seen to be zero. 


(v.) (#,—c¢)’, (ug+c) (¢ pure imaginary), corresponding to (A—)b)’, 
A—1/b) (mod b=1). This gives for § 
(A-] gives 2 


Ly Yor t Uy Yre-1 H .+- + Loe Yi5 


and, from the method used in making the reduction in the last section, 
ve,» and x, are conjugate imaginaries. It is now easy to see that 
the signature of this part of S, is zero if e be even, or 2 if e be odd. 
It follows that the absolute value of the signature of S, is not greater 
than the number of odd indices of invariant-factors of | P,—AH | of 
the type (A—b)* (mod 6 = 1). 

Hence, finally, as the absolute value of the signature of S, = 5,+ 8, 
is not greater than the sum of the absolute values of the signatures 
of S, and S,, it follows that the absolute value for S,is not greater 
than the number of odd indices of invariant-factors of | P,—AH | of 
the type (A—b)* (mod b = 1, including b= +1). But, since S, is 
derived from S by a real substitution, their signatures are equal; and, 
since P, P, are similar, the invariant-factors of | P—AH | , | P,—AE | 
are the same. Hence the theorem follows : 





If P be a real substitution which is automorphic for the real 
quadratic form S, the siquature of S vs not greater in absolute value 
than the number of odd indices of invariant-factors of | P—XE | , 
only those of the type (A—b)*° (mod b = 1) being counted. 

This theorem is equivalent to the inequality in § 9 of Herr Loewy’s 
paper. Herr Loewy asks me to state that this form of the theorem 
was familiar to him when his paper was published; but that, for the 
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applications he had in view (§§ 10-12), the form of the theorem given 
in his paper was found more suitable; this form of the theorem can 
be deduced immediately from the above by introducing the character- 
istic (as defined by Loewy)* of S. <A similar remark applies to 


the theorem stated on p. 163 above. 


6. Simultaneons Reduction of two Hermite’s Forms to a Canonical 
Shape. 


A Hermite’s form is a bilinear form in which the coefficients 
d,., Ms are conjugate imaginaries; and the variables 2,, y, are also 
conjugate imaginaries, but, for purposes of symbolical calculation, it 
is otten convenient to lgave this out of reckoning, just as we fre- 
quently use symmetrical bilinear forms instead of quadratic forms. 

Symbolically, a Hermite’s form (4) is defined by the condition 

Agere 


where the suffix 0 indicates that we should take the conjugate 
imaginary of each coefficient (the effect of the suffix is not to be ex- 
tended to the variables). 

If A, B are Hermite’s forms to be reduced to canonical shapes, 
we are restricted to conjugate imaginary substitutions on the a’s 
and the y’s; we have thus, in Frobenius’s notation, to determine a 
form S which will give 

ied Wks erage) 
as reduced forms. 

We shall see that we can modify Stickelberger’s results (S¢., § 1) 
so as to reduce A, B by substitutions of the type considered. We 
show, first, that the invariant-factors of | AA—B | occur in pairs of 
the form (A—c)*, (A—c,)’, where c, c, are conjugate imaginaries. 

For, according to Stickelberger (St¢., § 5), we may always choose our 
ws and v's so that wi, v? are conjugate complex quantities; in fact, 
they may be real and equal except in two special cases. With this 
assumption, take the conjugate imaginary of A, (without changing 4) 
and change rows into columns; we then have A; once more. Hence 


Ae A), 
Thus, if A, = (A—c) f(A) cee 0), 
we have Avi 0 Ane a) gh Cn) 04. 


> 


> 


~ The characteristic of a quadratic form is the number of positive or negative 
squares in the reduced form ; the smadler of these numbers being taken. 
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It follows that factors of A, of the type (A—c)', (A—c,)’ always 
appear in pairs, and thus, since the invariant-factors are given by the 
series of quotients A,_,/4,, the invariant-factors also appear in pairs 
of the type (A—c)’, (A—«)*. If cis real, or c =, this result will no 
longer hold. 

Next we combine the parts of the fraction —(U;V;) /(A,Ax-1) 
which are obtained from the invariant-factors (A—c)*, (A—c,)*. Let 
us write U, for its value when \=c+tH, U; for its value when 
A=c,t+t; then, taking the conjugate imaginary of U; (without 
altering the a’s or ¢’), we find, changing rows into columns, 





Ceo t,o, SRP (Bia ea oN 


Oy, == 1a ey ha 
Ue, row 
uk, Whe 8 


Now 0A, is the same function of the ws as cA is of the y’s, by 
Yr oe 

definition of A. Hence, if # be changed to ¢ in (U;),, we obtain the 

same function of the 2's as V; is of the y’s. Similar results hold for 

(V;), and U,. Hence we may write 





PA At + o) (Ye + Yi ,ot+... 
and Pa a dy GYoo-.Y,t -...) (Xoqi ae 5 


TE, a 


where the X’s are derived from the #’s and the Y’s from the y’s by 
conjugate imaginary substitutions, by virtue of what has been 
proved connecting U, and V;, U;, and V;, A, and Aj. 

Combining the coefficients of 1/t, 1/#, 1/t’, 1/f? (as explained 
previously), we find the reduced parts 


CAN eX Yo, + S5 Yoe ib et DGS dike 


(B) Cc (X, Y..+ eos + ERY i) Sy (X,41:Y¥.+ one + X), Y,) 
SES a ee ee ie feed Mee 


If c= c,, we do not have a pair of invariant-factors in general; but, 
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writing \=ct+t=c,+t, we find that 


9 


| OA | r — q’ 2 see 
Ue) ie | (c+t)a,,—b,. vu, ess 7 2, wa Ay ), 





Oy, 
U he ttn) | 
wh, OO 
which is the same function of the ws as V is of the y’s 
( by virtue of the relation between 04, and ca 
io are 


Hence, if we write 


U, = t' (€£+&é¢+ ee): 
we have Vi, = (mtmtt...), 


where the €’s are derived from the a’s and the »’s from the y’s by 
conjugate imaginary substitutions. If we write 


A, =? (6,+6,¢+8,F+...), 
we shall have (6,+6,¢+ 6,?+...)) = 6,+6,¢+0,P+4+... 
1.€., 04, Oy, Og, .-. are all real. 
So write pt Aa ttae Oy ct Ob tc, ) 


and then a,, a,, ... will be all real.* Thus 


iq yo Og te 2h 





— Wis (BAG E (nett 


AL Athan tyeh afc, 


If we write now 
X,+ X,t+... =(§+6t+...)/(aq,tat+...), 
Yy Yet eget aye ieane 


the substitutions for the Y's and X’s are still conjugate imaginaries. 
Accordingly the reduced parts are 


A) a XG Yo eX siete oes 
(B) 6(X) Y,4--X, 7; psy i gh oe hn ee eget gaat sak oe hee 








* They might be pure imaginaries, but we can avoid this by changing the signs 
of the resulting terms in 4, B; this change is equivalent to removing the factor 7 
from each a. 
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The case c =O offers no special feature; and the case of infinite 
roots is treated, as usual, by taking them as zero roots of 
| #B—A|=0. We shall thus find reduced parts (for ¢c = © ) 


(A) ASI yy bn 5 GY a re art wee 1 
(Bye eee pee 


It follows that the problem of reducing two Hermite’s forms by con- 
jugate imaginary substitutions has been completely solved, except in 
the singular case when | AA—B | = 0. 

In the singular case, following out the method given above (§ 2, 
p- 326), it is easy to see that reduced forms of the types 


(A) X,Yo0+1 Xe act sices Xe Vere NON ae DG, 3 Va. 1 Sb Pis 2 Ta Neel Ase, 
te NE eee X,Y + + XY 
will appear, where a is a Minimulgradzahl. 


Collecting all our results, we have the following theorem :— 


If A, B are two Hermite’s forms, and o is the absolute value of the 
signature of B, then 


o A the number of odd h’s+the number of even U's, 


where his the index of any invariant factor of | AA—B | correspond- 
iny to a real root (not zero) and 1 is the index of an invariant-factor 
to base X. If | A| =O, we are to include in the h’s the indices of 
invartant-factors corresponding to infinite roots of | ’\A—B|, such 
indices being determined as those corresponding to zero roots of 
| A—pB | =0 (ef. Proc. Lond. Math. Soc., pp. 158-163 above). 

This result holds still if |AA—B|=O0. In this case, if the k-th 
minors of |XA—B | are the first which do not all vanish identically, 
the number of invariant-factors to base X is (d’—k); and the number 
corresponding to \ = w ts (d—k), where d,d' are the defects of A, B 
respectively (i.e., 1—d, n—d are the ranks of A, B). 

This theorem is shghtly extended from one given by Loewy 
(Crelle, Vol. cxxtt., 1900, p. 69); the changes are due to the inclusion 
of the possibilities (i.) | 4 | = 0, (11.) | AA—B|=0. Loewy’s proof 
depends on reducing the Hermite’s forms to two real quadratics ; but 
it is interesting to see the connexion with our former reductions. 


350 Mr. T. J. VA. Bromwich on a [June 14, 


7. Sumultaneous Reduction of a Hermite’s Form and an ussociated 
Hermite’s Form; with an Application. 


We first define an associated Hermite’s form (beigeordnete Hermite’sche 
Form) ; B will be such a form if B’= —B,. Bilinear forms of this 
type have been introduced by Herr A. Loewy in investigating 
automorphic substitutions for Hermite’s forms.* 

If A be a Hermite’s form, and it is desired to reduce A, B by 
conjugate imaginary substitutions, we have only to observe that, if 
B=i7C, we have B, = —7(Q,, and so O’=C,. Hence C is a Hermite’s 
form, and the problem is solved at once by means of the investigation 
in the last section. We can, of course, give an independent investi- 
gation (which was the method I followed originally), but this is rather 
longer, and the results do not-reduce to so neat a form without extra 
labour. 

The problem of § 4 ought to be deducible as a case of the above; 
for a real symmetric form is a special case of a Hermite’s form, 
and a real alternate form of an associated Hermite’s form. If sucha 
connexion could be pointed ont,it would shorten the investigation of 
§ 4 considerably. 

The application is to find an alternative proof of the fundamental 
inequality of § 5 in Loewy’s paper. Loewy shows (§ 4) that, if S be 
an automorphic substitution of a Hermite’s form (A), so that 


Sana As 
then S can be reduced to the form 
S = e#(A+B)7'(A—B), 


where B, = — B (or B is an associated Hermite’s form), and ¢ is some 
real angle. 

In order to examine the characteristic equation of S we consider 
the form (rH—S); now 


rE——S = (A+B)7'|r(A+B)—e'* (A—B) | 
= (A+i0)"'[r (A470) —e” (A—iC) | (B = iC) 
=i (76%) (A170) (eee 





* Nova Acta Leop.-Carol. Akad,., Vol. Lxxt., 1898, p. 3879, §4; and Math. 
Annalen, Vol. u., p. 557. 
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where s = 1 (r—e'*)/(r+e’*), 


Hence, to investigate the invariant-factors of | rH—S |, we have 
only to find those of | sd—C|, where CO is another (arbitrary) 
Hermite’s form; corresponding to an invariant-factor (s—c)* there 
will be one (7 —b)’, where 6, c are connected by 


c = 1 (b—e’"*)/(b+e'*) 
or b = e* (l—vc)/(1+7c). 








It follows that, if L’ corresponds to c,, we have 
bY = e” (L—ie)/(A+ie). 


Hence, taking the conjugate imaginary, 


b, =e? (1+7c)/(1—Zc) 
or Nr anal 
1.e., Upeeelyp» or t.b ==alibe 


But, if ¢ be real, b — b, since c, = c, and thus 6b, = 1 or mod b = 1. 
We conclude that invariant-factors of the type (@7—b)*, (r—1/b,)° 

occur in pairs, unless mod b=1. Corresponding to the pair of 

invariant-factors (s—c)*°, (s—e,)*, we found a part of A of the type 


Vy Yre + @y Yre-1 Foes Xr Y)- 
Taking the pair of terms a, y.+2},y,, we can write them in the form 


5 [ (2, + 220) (Yi Yoo) — (a — X20) (41 — Yre) | ) 
and similarly for every other pair. 


lt follows that the characteristic* of this part of Ais e; and the 
stgnature™ is zero. | 

Next, if ¢ be real, we have a part of A, corresponding to (r—b)‘, 
when mod b = 1, 


ay Yer Ce Yi esse. +2.Y1; 





* Loewy ($5) defines the characteristic (q’) of a Hermite’s form G as the smaller 
of the two numbers 4, (»—g), when G is put in the form 
qd n 
G a= > GaYa— >s LaYa 
ae a=qt 1 


(the variables being conjugate imaginaries). Frobenius defines the signature (o) of 
G as (2q—n) ; so that 2g’ = n—mod o. 
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for which gq’ = $e or $(e—1) and mod o = 0 orl, according as e 1s 
even or odd. Now the characteristics of a sum of sets of terms is 
not less than the sum of the characteristics of the sets separately ; 
while the absolute value of the signature is not greater than the sum 
of the absolute values of the signatures of the separate sets. Hence, 
combining our results, we have that 


q 2 s+ 3H (4h), 


lo} <p, 


where 2s ts the sum of the indices of all the <tnvarrant-factors of 
| rH—S | which vanish for values of r whose absolute values are not 
unity ;* h represents the index of any tnvariant-factor which vanishes 
for a value of r whose absolute value ts unity, H (Sh) is the greatest 
integer contained in $h. Further, p is the number of the odd h’s. 


The aboveis Loewy’s fundamental inequality (§ 5) ; it is, of course, 
assumed that (A), the determinant of A, does not vanish; or we 
should have to consider some further possibilities (as on p. 349). 
This proof was originally sketched out in a letter from me to Herr 
Loewy (April, 1900) ; but the proof of the reduced form of A which | 
I gave there was insufficient. Herr Loewy is publishing a short 
note + in which he proves his inequality by combining my suggestion. 
with the results of a recent paper of his own (('relle, Vol. cxxur., 1900, 
p- 53). 

The theorem in § 7 of Loewy’s paper becomes almost intuitive by 
this method of investigation. This theorem is to the effect that, if 
we are given a set of invariant-factors satisfying the above in- 
equality and a Hermite’s form A, then we can find a substitution 
which (with its conjugate imaginary) is automorphic for A, and 
whose characteristic equation possesses the assigned invariant-factors. 





* These invariant-factors occur in pairs with equal indices; so that the sum of 
their indices is an even number 2s. 
t+ Gottinger Nachrichten, June 30th, 1900. 
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Notes on the Theory of Automorphic Functions (continued). By 
A. C. Dixon. Received March 7th, 1900. Read March 8th, 
1900. Received, in revised form, November Ist, 1900. 


The present paper is supplementary to one published tn the 
Society's Proceedings (Vol. Xxx1., pp. 297-314), the object of which was 
to derive the fundamental theorems in Riemann’s theory of the 
Abehan integrals from the properties of Poincaré’s theta-Fuchsian 
series. It appeared to me that, if our knowledge of the properties of 
those series were complete, we should be able to deduce these 
theorems from them. At.one point (pp. 307, 308) I had to fall back 
on the older methods to cover a want of rigour in the argument, and 
my purpose now is to supply this defect. 

The results to be proved are numerical; there are three numbers 
involved :— 

p, where p+1 is the least number of poles arbitrarily assigned that 

a Fuchsian function can have, if it is to have no more ; 


q,, the number of Abelian integrals of the first kind, or of theta- 
Fuchsian functions of index 1 without poles ; 


g, the number of irreducible closed circuits on the closed surface 
formed from the polygon by fastening together corresponding 
sides. * 


It is to be shown that p = q, = 49. 


§§ 1-18 are taken up in proving that p}q,. For this it is necessary 
to discuss the formation, by means of Poincaré’s series, of theta- 
Fuchsian and Fuchsian functions with assigned poles. Particular con- 
sideration has to be given to the case when poles are assigned at the 
vertices of the polygon, and account has to be taken of the special 
conventions as to the orders of poles and zeroes at these points. The 
proof would be incomplete if these points were excluded from its 
scope. 

The next result ($ 14) is that ¢q,f{g—p; this was established in 
my former paper. 

In §§ 15-19 the well known bilinear relation connecting the moduli 





* In my former paper this number was denoted by c. 
VOL. XXXII.—NO. 732. 2A 
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of periodicity of two Abelian integrals of the first kind is used to 
show that 29q,$g9. The relation is proved in §§ 15, 16, and in 
$$ 17, 18 it is reduced to the ordinary canonical form which is con- 
venient for the argument of § 19. 

The results p = q, = $g are thus established. 

§ 20 deals with Poincaré’s theorem that all theta-Fuchsian functions 
of integral index >4 can be expressed by means of his series. 

The paper is concerned almost altogether with functions of the 
first, second, and sixth families. The circular boundary of the 
functions is generally taken to have centre 0, radius 1. 


I. Let ¢,,(z, y) denote the function 





1 (dey 


2— SY 


where s denotes one of the substitutions of a Fuchsian group of the 

first, second, or sixth family, and the summation extends to all sub- 

stitutions of the group (compare Acta Math., Vol. 1., p. 242). 

Suppose that 

sy = ay +P 
vy +d 





2) 


and that for the different substitutions of the group s, a, B, y, 6 are 
distinguished by suffixes. The index m is taken to be an integer 
greater than L. 


Then, giving y a fixed value c, we have for any substitution s, of 
the group 





Pm (sy “5 C) — 1 (aee" 


s,z—sc \dc 


a Sola Gey 


S,2—8,s8c \ de 


(by rearrangement of the terms) 


Z—sC dsc dec 


= (y,2-4¢,) 2 Lue (y,s¢-+6,)~"™*" () 
Z—8C dc 
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l-m 
hus’. (52,0) (=) sobat eo 


fay sl \ (ee ia = (2)" 
eres y,sc+d, dc 


= Oo+ Cet O,2+ seat Cie on 


5 


where the coefficients U are theta-Fuchsian functions of ¢ of index m, 
and without poles. Let qg,, be the number of linearly independent 
theta-Fuchsian functions of index m, without poles, whether ex- 
pressible as theta-Fuchsian series or not. Let 6° denote one of 
these functions, + being one of the numbers 1, 2, ..., g,,. Then, if any 
Qm+1 values ¢,, ¢, ..., Cq,+1 are taken within the fundamental 
polygon, it is possible to choose coefficients A,, Ay, ..., 47,41 80 that 


Gm! 


SS. AiG (cy OMe i ga): 


i=l 


Now 0), C, ---> Com-2 are linear combinations of as (c), 6” (Sk 
Imt1 d m—1 isi 
. Sz 
Thus Sener.) (= “) u (69) 
ian dz = 


This holds when s, is any substitution of the group, and therefore 
amt 


Pap Aid» (z, C;) 
t=] 


is a theta-Fuchsian function of z of negative index 1—m having 
gn +1 arbitrary poles ¢,, ¢, ..., C41, and no others.* 


2. By means of the derivatives of the function ¢,, (z, c) theta- 
Fuchsian functions of negative index with given multiple poles may 


be constructed, since — , (z, c) has a pole at ¢ of order a+1, and 





4 CGs 
since 
Oo" Osa \ tar Oo" : 
mle Z,y 0) (2: 1 il Tact Pm (2, €) 
Oc* eras Oc* 
d*0, ihe Wp, 9 pes 1) 
— = + z— oh Est. 4. 97" 2 2m a 
ac dc* 3 dc* 


If, for instance, there is to be a double pole at c, and a simple one 


* Compare Acta Math., Vol. 1., pp. 245, 246. 


— 
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at each of the other points ¢,, ¢3, ..., ¢,,,, we must choose coefficients 
or residues:47, Bi, A... A auesomnad 


(r) Im 
B, OG) 4S 4,0 (@) =0 9 =1,2, 0 Ges 
1 i=l] 


and then the function 


Im 
B, ch On (2, ) + & Adm (4, 6) 
Oc, i=1 
will be a theta-Fuchsian function of z of index 1—m having its poles 
as desired. 

Fora multiple pole of order a at c, we must use the values when: 
y =c of 9, (z, y) and its first a—1 derivatives with respect to y, or, 
in other words, the first a coefficients in the expansion of »,, (z, y) in 
ascending powers of y—c. | 

In this way a theta-Fuchsian function of index 1—m can be con- 
structed with poles arbitrarily assigned, if the sum of the orders of 
multiplicity of these poles is g¢,+1. Thegq,,+1 residues must satisfy 
qn homogeneous linear equations, so that in general their ratios will 
be determinate and the function will be defined save as to a constant 
factor. If the q,, equations are not all independent, there will be two 
or more functions of index 1—m with the assigned poles. 

In particular cases one or more of the residues may come out with 
the value zero, so that some of the assigned poles may disappear or 
be of lower orders than were assigned. 

Hence, tf poles within the polygon are arbitrarily assigned, the sum 
of whose orders of multiplicity ts qmt+1, at least one theta-Fuchstan 
function of negative index 1—m can be constructed, having no poles other 
than those assigned, and having none of the assigned poles to a higher 
order than the assigned order. 

I shall call this Potncaré’s negative construction. 


4, Again, if z is supposed fixed within the polygon, ¢, (2, y) isa 
theta-Fuchsian function of y of positive index m, andit has a simple 
pole at z and no other within the polygon. The derivatives of 
dm (Z, y) with respect to z or the functions 


] (az)" 
(2—sy)* \dy / ’ 
where a is a positive integer, are theta-Fuchsian functions of y of 
index m, having multiple poles at z. 
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By means of these, thetu-Fuchsian functions of positive index m (> 1) 
can be constructed with arbitrary poles within the polygon of any orders 
and with arbitrary residues. When the poles and their orders are 
fixed, the number of arbitrary constant coefficients in such a function 
18 g,-+ the sum of the orders of the poles, for qg,, is the number of 
such functions without poles. 

This may be called Povncare’s positive construction. In it we use 
the coefficients in a Taylor expansion of ¢,, (z, y) considered as a 
function of z. 


5. Both constructions need special investigation when one of the 
assigned poles is at a vertex of the polygon. Let c be this vertex, 
27/X the sum of the angles of the cycle to which it belongs, c’ the 
inverse of c with respect to the fundamental circle. 

Then we must discuss the behaviour of ¢,,(z, 7) when y or z 
approaches c. Now #¢,, (2, y) is a theta-Fuchsian function of y of index 
m, and thus 


Pn (2, y)(y—e)" Ye)” 





7 


is a uniform function of (w= (Acta Math., Vol. 1., p. 218). 


Y—ec 
Let AO = y. oof. 
y—c Ga 


then it follows that 


Din (4, y) es (1—7)""9-™ vy (& es 


where w denotes a uniform function. 





Since ¢,,(z, y) contains a term , w must be infinite when 
re 


ny = f, and must, in fact, behave like 


x Obl (Rigayec 


aa C—7 





in the neighbourhood of this value of 7. Thus ¢,, (z, y) behaves like 


> P re Es es Cig ae 
EEN pee ca ater ay ys Me hoe Fo oa 
3) dor Ee 
where a is any integer. Now ¢,, (z, y) does not become infinite when 
z or y alone approaches c, and hence, if a is such that neither aA ——m 
nor A—aA+m—1 is negative, we have here an expression from which 
$d» (z, y) will differ by a finite quantity when z or y approaches c, or 
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when both approach c. The necessary value of a is ea: +1, 
where {x} denotes the integer next below ~. ‘ 

Now for the negative construction we take the successive co- 
efficients in a Taylor expansion of ¢,, (z, y) as a function of y. Here 
there is an expansion of the form 


dm (z, y) = (1-9) 9?" [ A472, +7°Z,+ pac 
and the functions thus available are 
Logi ise 


It is seen at once that these are equivalent to the series of derivatives 
of ¢,, (2, y) with respect to y when y =c, but that in the series of 
derivatives A—1 out of every consecutive 4 are useless for our purpose, 
being either identically zero or else linear combinations of lower 
derivatives. 


For a small value of ¢ the function Z, behaves like 


r hs ee at se 
ay ‘@ A+ —1 mrt)x (1 — fy? Ae 


and so appears to have a pole of order 
(a+n)A—m-+1. 


But, according to convention, this order must be divided by A, as the 
pole is to be shared among all the polygons which meet inc. Thus 


the order is 
m— 1 


r 





a+n— 


in any one polygon; allowance is made in this number for all the 
vertices of the cycle to which c belongs. 

Now the only orders that a pole at these vertices can have for a 
theta-Fuchsian function of index 1—m (Acta Math., Vol. 1., p. 218) 
are the numbers 


a+tn— es (n Ss ey iz 2, Oi) 5 


her —] yas 
where a +42} 


Hence, by means of the functions Z, Z,, Z,, ..., the negatiye con- 
struction is still possible when one of the assigned poles is at c. The 
order assigned to this pole must be “ admissible,” that is, it must be 
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: m—1 ; ? 
one of the numbers a+n— Ayer ns The functions used in construct- 


ing a function with a pole of admissible order h at ¢ will be 
Ve LE Zryts 


and others that are finite at c. Thus the number of residues at ¢ 
1s sh} +1. It will be convenient to call this the ‘“‘ rank’ of the 
pole. The rank is the same as the order when the order is integral ; 
otherwise the rank is the integer next above the order. 


6. For the positive construction in this case we must take the 
coefficients in the expansion of ¢,,(z, y) mm ascending powers of €. 


Suppose | 
bn (% y) = —9) nn” | Y4+-Vi64+ Y,E+... |. 


Then it is seen from the above work that the first of the series 
Y,, Yi, Ys, ... which becomes infinite when 7 = 0 is 


VA pce 





and that this behaves like a nats 
c—c 


The first that is infinite to a higher order than this is 
YR ig nt fe 


: : Xu 
and this contains a term —— 7”, and so on. 





The infinite terms that occur are multiples of 9, , 7, ..., 


and a term in 7-™ occurs first in Y,)2.44m-1- 
Hence the functions available for the positive construction are 
the coefficients of 


he a Cue 
5) OG 


in the expansion of ¢,, (z, y) in ascending powers of ¢. These have 
poles at ¢ of the orders 

. —a-+l, Cares eee 

the order being in each case the index of n~* in the most important 
term ; these are the only admissible orders for a pole. The ranks 
are 1, 2, 3, ..., respectively. It will be substantially the same 
thing to use the series 


}) dsy \™ ; 
—$___—___. : pi Was Sean) 
(sy leer Eh Oe cs (n ,) ’ ) 
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7. When a proposed pole is at a vertex c which les on the circular 
boundary there are special difficulties, since this point is an essential 
singularity of the functions. 

The polygon may be altered, without affecting the group, so that c 
shall form a cycle by itself. Suppose this done ; then the substitution 
by which one of the sides that meet in ¢ is changed into the other 
must be parabolic; for, if it were hyperbolic, the vertex c could be 
abolished, and the polygon would have as a side part of the funda- 
mental circle; so that the functions would no longer have the 
circular boundary.* Let ¢be this parabolic substitution, its actual 


. 
e 





* On this point see Klein’s paper (Math. Ann., Vol. xu., pp. 1380-139). The 
conclusion is that an automorphic group may quite well be generated by a polygon 
with a hyperbolic cycle, but that as a fundamental region this polygon is incom- 
plete. Parts of the area within which the corresponding functions exist are not 
represented on the polygon, that is, cannot be brought into the polygon by any of 
the operations of the group. 

Take, for instance, a Fuchsian group of real substitutions generated by a polygon, 
two of whose corresponding sides OF, OG touch at the origin O, F, G being 
collinear with 0, as shown. The substitution that turns OG into OF is of the form 





x’ = kz, where / is realand >1. Through F, @ describe two circular arcs cutting 
the real axis orthogonally in two points H, K to the left of O, such that OH = k.0K. 
Then the group is unaltered if we add to the polygon the half-meniscus OFH and 
take away OG K. 

Now it is clear that any point between OF and the imaginary axis is represented 
in the old fundamental polygon by a point in the curvilinear triangle O/G, and 
that therefore no point on the left of the imaginary axis is represented in the old 
polygon at all. Poincaré originally concluded from this that the imaginary axis 
was a natural boundary to the functions generated ; but this is not the case, for in 
the new polygon any point in the second quadrant is represented by a point in the 
region bounded by HA, the arcs HF, KG, and the imaginary axis. Hence the 
functions exist in the whole space above the real axis, and, moreover, can be con- 
tinued across HX, so that they exist in all the plane. In the original polygon the 
part representing the second quadrant had shrunk up into the point 0. 
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equation being 





De a0 ota 


tz—e z—c C 


where p is real and positive. 
Suppose the z-plane transformed by the substitution 
el lsertee 


Qu c—z’ 





so that the inside of the fundamental circle becomes the half of the 
é-plane on the right of the imaginary axis. Let yn, o, r correspond 
to y, s, t, so that 














a ae ee cen r= i CH! _ ¢_ om, 
Qu c—y Qu c—sz’ 2u c—tz 
dsy _ 4c? ( =| =e oht\y io 
dy (y—c)” (1+2u0n)’ dy 1+2u0n/ dy 


Now the substitution r gives a division of the ¢-half-plane into 
strips of breadth 27 parallel to the real axis, and each of these strips 
is further divided by the other operations of the group. One polygon 
in each strip reaches to infinity, and the sum of the areas of the rest 
must, therefore, be finite; so that the series 


Tl 


must be convergent if m {2 and 3’ denotes a summation over those 





operations which turn the fundamental polygon into another belong- 
ing to the same strip. This follows by Poincaré’s method, since the 
don |” 


areal magnification 1s 
“) 











ee hee 
Also = ~— is a convergent series. Thus the double series 


n=] 7 





is absolutely convergent, and its sum is the product of the sums of 
the former two. 
Now let f(7) denote a function of y, uniform, finite, and continuous 
over the right half-plane and its boundary, and such that 
Lt »’f (1) 


71 = 0 
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is finite or zero. Then, since all the points oy le in the right half- 
plane, there is a superior limit to the quantities 


n | f(ont+2mumr)|, n° | f (on—2n—2er)| ; 


and therefore the series 


mm 


5 PGS (on + 2n7) (aaa : 
n= -@ dn 


m 
9 


that is, =f (on) (=) 
n 


is absolutely convergent. The convergency is clearly uniform in the 
domain of an ordinary value of 7. 

This series represents then a continuous uniform function of n, 
and, in fact, of exp y, since its value is unaffected by the addition of 


2ir ton. As 7 increases “7 diminishes without limit, except for 
n 


the identical substitution, and those of the form 7”. Thus when n is 


infinite the series reduces to Lt & f (n+2m7), which is zero if the 


n=n Nn=--D 
real part of 7 is made infinite. Hence when exp 7 is infinite the 
function 


don\"" 
Sf (on) (2) 
| dy 
vanishes, and is, in fact, of the same order as exp (—7), or some 
integral power of this. 
Going back to the variable y, we find that 


ds m Ae 2m A 9, o oa don m 
SF (<u (= Query 1) 2H eee ( 
9) 3) a ae AICHE et Cr dy 





represents a theta-Fuchsian function of y, even if the function I (y) 
has a pole at c, so long as the order of the pole is not higher than 
2m—2. But this theta-Fuchsian function is zero at c to the same 
order as 





——-C; 


(y—e)-™ exp 2 ¥TO 
20 


where x is some positive integer; 7 is, in fact, the order of the zero 
according to the convention (Acta Math., Vol.1., pp. 216, 217). Thus 
the positive construction in its ordinary form does not succeed. But 
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it is now readily seen that 


% exp (~ 28H) (ay 


au c—sy/ \dy 


represents a function suitable for the purpose. For this series may 
be arranged in the form 


me 


(1+2uy)™ > > {1 + 2u (on + Qrem) > "exp non (=) 


and we may suppose the fundamental polygon in the y-plane to be 
one which reaches to infinity. Then there is a finite superior limit to 
'exp non! (except when o is the identical substitution) if lies in 
the fundamental polygon, and hence as y increases indefinitely all 
the terms tend to zero in the aggregate except those of the series 


(1 +2)?” exp ny = i1 a F 2p (y -- 2re7) F ~ 2m 


The sum of these terms is 





—s (1 +- 2un)” exp ny (2m—1)! dy 


y) 


(Quaee ( d eae fk 
exp (n+ | —l 

2h 
which is infinite with 7 to the same order as 


\ 


n” exp (n—1) 7, 


(y—c) -2m nl Cry 


e : : : 
or xp Qu AS y 


Hence the function 


n c+sy (au)" 
a Eb Ge ra dy 


is available for the positive construction. It has a pole at c whose 
order is n—1, for, according to convention, the order of a pole atc 
for a theta-Fuchsian function 6, (y) of index m is the exponent of 
exp 7 in the most important part of 6, (y)(y—¢)*". 

If a pole of order n—1 at cis among those assigned to a theta- 
Fuchsian function of index m which is to be constructed, the functions 
available, besides those that are finite at c, are m in number, namely, 


is Lf) (SY "(= 1, 2, 5 0). 
> exp is C—sy ay | C eae aul 


Hence the rank of such a pole is n. ‘This agrees with the general 
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rule that a pole of order h is of rank {h}+1if we remember that here 
properly the order is infinitesimally greater than n—1, the integer » 
of §§ 5, 6 being infinite. 


8. The negative construction is somewhat simpler. The expression 
hn (z, y)(y—c)™ is a uniform function of exp 7, and has a simple 
pole when y = z, that is, when exp 7 = exp¢. Thusin the neighbour- 
hood of this pole it behaves hke 


—— A - 
exp n—exp €’ 





eo 
y=% Zz 


where Act ae (exp y—exp €) 


Cc 2m —2 
= — — (2—c)™"* exp ¢. 
Be 


Let ¢,, (z, y)(y—c)*" be expanded in descending powers of exp 7. 
The successive coefficients will be functions available for the negative 
construction. The coefficient of exp (—nn) will contain a term 


Sera exp n¢ ; 
b- 


so that this coefficient has at c a pole of order x, or, rather, infinitesi- 
mally below n. 

It is now easily seen that the rank of a pole at cis equal to the 
order in the case of a theta-Fuchsian function of negative index. For 
the functions infinite at c that may be used in the negative con- 
struction when a pole of order 7 at ¢ is among those assigned are the 
coefficients of exp (—7), exp (—2n), ..., exp (—%y), and are therefore 
m in number. 


9. The results reached may now be stated as follows:—By the 
negative construction zt ts possible to form a theta-Fuchsian function of 
given negative integral index —m, all of whose poles shall be included 
among certain points arbitrarily assigned with ranks respectively not 
exceeding certain posctive integers arbitrarily assigned, whose sum ts not 
less than Gnyit+1. If this sumis g,4,+7, then 7 such functions can 
be formed. By the positive construction tt 2s possible to form a theta- 
Fuchsian function of given positive integral index >1 with any given 
poles, of any admissrble orders, with any assigned residues. 

The rank of a pole of order h is {hk} +1, and it must be borne in 
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mind that the order of a pole at a vertex lying on the circular 
boundary is infinitesimally above or below an integer according as the 
index of the function is positive or negative, since the integer dX is 
infinite for such a vertex. This convention will enable us to use the 
same numerical formule for elliptic and for parabolic vertices, 
although the proofs of these formulee may not be the same. 


10. With regard to theta-Fuchsian functions of index 1, it is to 
be noted that none of them can have one simple pole only. This will 
now be proved. 

Let 6, (z) be atheta-Fuchsian function of index 1, ¢ one of its poles; 
then the corresponding residue is 


Lim (z—c) 6; (2). 
Z=C 
Any point sc, into which c is transformed by an operation of the 
group, is also a pole, and the residue corresponding to sc is 


Lim (z—sc) @, (2), 


Z=SC 


or Lim (sz—sc) 6, (sz). 
This is the same as the residue at c, since 
sz Nee: 
HO et NOW| 


Also { 6,(z)dz taken along two corresponding sides of the generating 
polygon gives equal-results and, therefore, when it is taken round 
the whole perimeter of the polygon, the result is zero; therefore, the 
sum of the residues of 6,(z) at all its poles within the polygon is zero. 


11. In the interpretation of this result, the residue at a multiple 


pole c is, as usual, to be taken as the coefficient of = in the ex- 


“ 


pansion in ascending powers of z—c; there are also special con- 
ventions relating to the vertices of the polygon when the sum of the 
angles in acycle is not 27. Take an elliptic cycle in which the sum 
of the angles is 27/A, and suppose the polygon transformed, if 
necessary, so that the cycle shall consist of a single vertex c. The 
expansion of 6, (z)(z—c)(z—c'), where c’ is the inverse of ¢ with 


: zZ—C 
respect to the bounding circle, in powers of *— 


ree |, 
zc 


contains only 


such powers as the hA-th, where & is any whole number. 
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Let f, g be two corresponding points near to 
c on the two sides that meet at c. Suppose 
f, to be joined by an arc; then it will be 





necessary to take as the residue of a pole at c 
the value of 


1h q 
ae | 0, (2) dz 
amr I 


taken along this arc, which must be so near c that the triangle fgc 
does not include any other pole. Since the angle fcg of the polygon 
is 2r/d, this residue is C + A(c-c), where C is the absolute term 
in the expansion of 6@,(z)(z—c)(z—c’) in ascending powers of 
(2—0)[(z—2. 

Horm tence, 


| 


which has the same value at f, g; when h = 0, we have 


| NY 





= ie ae 1 er eee). 
(g—c)? hd (e—e’) pe 


a7: 
ato 


cay 


Pitz ee Leeks 1 ; 
ee ee -log 
\\e 61 (2-16) eueceeen manner CA. 


R 
| 
ier’ 








which is greater at f than at g by sels aug) 
c—c xX 
If the vertex c.is on the bounding circle and the substitution 
parabolic, let the substitution that turns cf into cg be 





ds en a Peper 


, Aeatt ’ 
pol 8) oa U, C 


where » is a real positive quantity. Then 6,(z)(z—c)* in the 
neighbourhood of ¢ may be expanded in ascending integral powers 


of exp oe 2+© Tet the absolute term of this expansion be C. Then 
2b 2—C 
g 
ET Gia) ae oe ea 
2ur |, C 


l zg+ec P 
since any integral power of exp.- —— has the same value at f 
fea 
and g. Thus —,C/c must be taken as the residue in this case. 
With these special conventions the sum of the residues is zero, and 


therefore, if there is only a simple pole, its residue must vanish, or a 
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theta-Fuchsian function of index 1 with only a simple pole cannot 
exist.* A pole of rank 1 is to be counted as simple. 


12. lt follows from the positive construction that the number of 
arbitrary coefficients in a theta-Fuchsian function of given index 
m(>1) having given poles of assigned ranks is 


Ym + the sum of the ranks. 


We may hence find an expression for ¢,,— Qm-1 When m>2. Takea 
particular theta-Fuchsian function of index 1, y,, and let 0,, denote 
the most general theta-Fuchsian function of index m without poles, 
+,,-; the quotient 6,,/n,, so that 4,,_, is a theta-Fuchsian function of 
index m—1l. The number of arbitrary coefficients in 4,,_, is the 
same as in @,,, that is, q,,. Now the zeroes and poles of n, are poles and 
zeroes of J,,_, in general, but the vertices of the polygon again need 
special consideration. Suppose the vertex c to be a zero of order 


ui ; an : : 
Cora or 7,, i being a positive integer. Then, since 6,, has a zero 


at c of order at least 


ra je 
Xx pas 


<,,-1 has a pole of order 


h ae 
eae Nik La 


at most; the rank of this pole is 
m—1 ( ™m 
ae s an 


* We have here a reason for not expecting theta-Fuchsian series of index 1 in 
the first, second, or sixth family to converge absolutely. For, if they did, the func- 
tion @, (¢, z) ef § 1 would exist, and would be a theta-Fuchsian function of < of 
index 1 with a simple pole at ¢ and no other, in contravention of the theorem here 
proved. The saine argument applies also to theta-Kleinian series when any of the 
regions within which the corresponding functions exist is only of finite extent. 
Another proof is given by Ritter (Math. Ann., Vol. xu1., p. 58). Lindemann, on 
the other hand, has tried to prove the contrary (JMinchener Sitzungsberichte, 
Vol. xxix., pp. 423-454). # 

It is possible that such series may converge conditionally ; for the two series 


dsy2 





o1(¢, 3) 2% and 91 (6, 2) 


“ 


consist of the same terms, but in different orders, and, if the convergency is con- 
ditional, we cannot conclude that their sums are equal. 
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which exceeds the order of the zero of », by 


Rome wis 


This formula applies to an ordinary point by taking ’\=1, and toa 





parabolic vertex by taking A infinite, the result in either case being 
ZeYro. 


If, on the other hand, ¢ is a pole of order h+ , rank h+1, for »,, 
then for #,,., it is a zero of order 


Now, for any theta-Fuchsian function of index m—1, it is, if nota 
pole, a zero of order at least 


m—l We 
oe d ale ae 


The order of the zero being here greater than this by 


mM m—l 
bl a ra 
the coefficients in 9,,_, are restricted by this number of conditions, 
which falls short of the order of the pole by 


eral) ae 


This is the same expression as before, and again it applies also to an 
ordinary point and to a parabolic vertex. 





The number of zeroes of y, exceeds the number of its poles by 
n—1-3 >, 


where 2x is the number of sides. The zeroes, generally speaking, are 
poles of 3,,.;, and increase the number of its arbitrary coefficients ; the 
poles, on the other hand, are generally zeroes of 9,,_,, and decrease 
this number. It follows from the discussion just given that the net 
effect 1s to raise the number of arbitrary coefficients from q,,_,, which 
it would be if 4,,., had no poles and no assigned zeroes, to 


Ses cael ni Wes Olde aha 


or qnartn—1+% | @—2} at 
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The summations are taken over the different cycles of vertices. 
This number would have to be increased if any of the restrictions 
arising from the zeroes that must be assigned to $,,_,; were necessarily 
satisfied ; but this cannot be, since it would imply that the function 
Jn—-1n, or 0, could not possibly have the corresponding poles with 
arbitrary residues, which we know from the positive construction to 
be untrue. 


It follows then that when m>2 


m ) m—1 
Im— Um-1 = n—1—3 { ( +3 { X ; : 





This ceases to hold when m = 2, since the positive construction is 
not available for the index 1. The result is, in fact, untrue. The 
number of arbitrary coefficients in a theta-Fuchsian function of 
index | with poles and ranks assigned is at most 


qg,—1+the sum of the ranks, 


since there cannot be just one pole of rank 1. Thus, by the above 
method, we find that 


2 1 
Q—G - n—-2—-J j=} +3 1+ : ; 
PE aay > Q—h = n—2—-S {= 5 aed 


yee 1 
where v is zero or a positive integer, for | eC a 0 always. 


It follows by summation that 


eels (nes | mY i 


13. We can now discuss the formation of Fuchsian functions with 
assigned poles. Let 9, be a theta-Fuchsian series of index 2, having 


a pole of order ent j=} for each cycle, and one other pole arbi- 


r 
trarily chosen. Thus it cannot be identically zero. It will have 
2(n—1)-— a +1 zeroes. 


By the negative construction two theta-Fuchsian functions 0_», 0”. 
VOL: XXXII.—NO. 733. 2B 
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can be formed of index —2 with q,4+2, that 1s, 
g+2n—1-—3 2 } —y arbitrary poles. 
The zeroes of 0_, or 0’, or AO_,+ BO“, will be 


D) 
in number, each cycle contributing oe) {=} ; since AO_,+ BO’, 


has an arbitrary zero as well as these at the vertices, it follows that 
g,—v is not negative, so that the poles of @_,, 6’, are at least as 
numerous as the zeroes of J). 

Suppose then that the zeroes of , are all included among the poles 
assigned to O_, 0/5, and take 0”, to be the reciprocal of 9,, which is 
allowable. Then the product O_,3, will not be constant, but will be 
a Fuchsian function having q,—v+1 arbitrary poles, namely, the 
arbitrary pole of 3, and the q,—» poles that are still to be assigned 
for 8_., and no others. 

In this result, which depends on a combination of the positive and 
negative constructions, the poles assigned may be at the vertices as 
well as anywhere else, the proof needing very little modification for 
this case. The rank of a pole of a Fuchsian function is the same as 
its order, the conventions as to the order being derived from those for 
a theta-Fuchsian function by taking the index of the function to be 
Zero. 

Now, as at Proc. Lond. Math. Soc., Vol. xxx1., p. 307, let +1 be 
the least number of arbitrary poles that can be assigned to a Fuchsian 
function which is to have no others, and let g be the number of 
irreducible circuits, so that 


g=n—k+1, 


where 2n is the number of sides of the generating polygon, k the 
number of cycles of vertices. Then, from what we have just proved, 


fhkests { Ps 


since a Fuchsian function with g,—”+1 arbitrary poles and no 
others can be formed.* 








* It may not be superfluous to point out that, if by some other process it should 
be possible to construct Fuchsian functions with a lower number of arbitrary poles, 
so that p < g,—v, the vertices of the polygon would still behave like ordinary 
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14. Other inequalities to be satisfied by the numbers p, q,, g may 
be found. Let be an Abelian integral of the first kind; then “m 
2 
is a theta-Fuchsian function of index 1, and is finite everywhere in the 
polygon and on its boundary. Conversely, if 6,(z).is any such theta- 
Fuchsian function, { 6,(z) dz will be a uniform function of z, finite 
everywhere within the polygon and on its boundary, and the values 
of this function at corresponding points in different polygons will only 
differ by multiples of certain moduli of periodicity, the multiples 
depending only on the particular polygons in question. Thus q,, the 
number of theta-Fuchsian functions of index | without poles, is the 
number of Abelian integrals of the first kind, and the argument used 
(Proc. Lond. Math. Soc., Vol. xxxt., p. 307) shows that this number 
does not fall below g—p. We have then 


1 9—P, 
and, from § 13, G1—v <9, 
so that 24, £ gty, 


We must now investigate a superior limit for q. 


15. The moduli of any two Abelian integrals u, v of the first kind 
are connected by a well known bilinear relation found by evaluating 
fwdv, taken round the perimeter of the generating polygon, as 
follows. - Let ab, cd be two corresponding sides, so that the ex- 


b c 
pression to be evaluated contains the two terms | udv, | u dv. 


a d 


Denote the values of uw, v ata, b,c, d by ua, Va, M, -... Then 
Ug@—Ue = Uy—Uq being a modulus for w, 
Ug—Ve = %—V« being the corresponding modulus for », 


rb 


ft; b ; 
| ude+| udv = | (y— Ue) dv = (Uy Up) W—Va) = (Ua — Ue) (Va— Ue) - 
a d ~a 





points in respect to this process, regard being had to the conventions. For any 
vertex may be one of the g,—v +1 arbitrary poles of the process in the text, and, if 
the other poles are ordinary points to which the new process applies, the function 
with g,—v+1 poles can be reduced by subtraction of functions formed by the new 
process, so as to have only y+1 poles, one being the vertex in question and the 
rest arbitrary. The same argument will apply if the pole at the vertex is to be of 
a higher order, the different orders being treated successively. 


i a 
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The whole integral, being the sum of a set of expressions typified by 
this, is therefore a homogeneous linear function of the moduli of w. 
Also the term just written 


= (Up—Ua) Vy— (Wa Ue) Va 
= (Uy — Ua) Va'— (Ua— Ue) Ve 
= Up (va —) —Ua (v.—V_) t My Vp — Ug Va— Ua Va he Ue Ve- 


Now the four last terms in this disappear on summation, and the 
expression sought is, therefore, linear and homogeneous in the moduli 
of v; in fact the effect of interchanging w, v is simply to change its 
sign. 

Since the modulus of periodicity for an integral of the first or 
second kind is zero in the case of an elliptic or parabolic substitu- 
tion,* the contribution of two sides connected by such a substitution 
to the integral just considered has been taken as zero. This needs no 
justification if the substitution is elliptic; but, if it is parabolic, 
there is a difficulty, as the vertex in which the sides meet is an 
essential singularity of the functions. 

This difficulty may, however, be easily avoided. Take the notation 
used for such a case in §§ 7, 8,11. We may replace the integral along 
fe, cg (Fig. § 11) by that along fg. Now u, v are both unchanged by 
the substitution ¢, and they are, therefore, both uniform functions of 
exp (—Q), or, say, Z. The path in the Z-plane corresponding to fg 
is a closed curve round the origin, and wu, v are uniform, finite, and 
continuous in the domain of the Z-origin, so that { wu dv, taken round 
this closed curve in the Z-plane, that is, along fg, will vanish ; which 
was to be proved. A cycle of vertices lying on the circular boundary 
may be reduced to a single parabolic vertex, and will, therefore, now 
cause no difficulty. 

Thus the value of {wdv round the perimeter of the polygon isa 
skew-symmetrical bilinear expression in the moduli of periodicity of 
u,v. This is true when the Abelian integrals w, v are of the first or 
second kind; but, when both are of the first kind, we have the result 
that this bilinear expression must vanish, since the uniform function 


dv vate E $ 
es has no pole within the contour of integration. 
dz 








* Proc. Lond. Math. Soc., Vol. Xxx1., pp. 305, 307. 
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16. It should further be shown that the bilinear relation thus 
found between the moduli of w, v is not illusory. Now, if there are 
irreducible circuits on the closed surface into which the polygon is 
deformed by joining together corresponding sides, there will be at 
least two pairs of corresponding sides which separate each other ; 
that is, if ab, cd are one pair, and ef, gh the other, the order in which 
these four sides are met with in going round the perimeter will be, 
say, ab, ef, dc, hg.* Now cut the polygon in two by a line from b to 
d, and subtract the part b...ef...d, adding the corresponding 
part of the polygon adjoining along hg. Thus, a,b, d,c are four con- 
secutive vertices of the new figure; ab still corresponds to cd ; suppose 
kl to be the side corresponding to bd, the polygon being thus 
abdc...h...lk...g.... Cut this in two by a line from d to J and take off 
the piece dc...h...l, adding on the corresponding part of the polygon 
adjoining along ab; let m be the vertex of this polygon which cor- 
responds to /; then, in the new polygon, m, b, d, 1, k& are five con- 
secutive vertices, and mb, ld correspond, as also do bd, ki. 

Let S, 7 be the operations that turn mb into Id, bd into kl, 
respectively, and let us examine the way in which S, 7 enter into the 
relations connecting the fundamental substitutions. The five points 
m, l, d, b, k belong to the same cycle of vertices, and the sequence 
T STS will occur in the relation arising from this cycle (see Acta 
Math., Vol.1., pp. 45-7) ; also the operations S, 7’ will not occur in any 
other of the relations. Thus the restrictions upon moduli of periodicity 
in general (Proc. Lond. Math. Soc., Vol. xxxt., p. 305, note) are obeyed 
if we take arbitrarily the moduli corresponding to 8, 7 and make all 
the other moduli zero. This will secure the isomorphism referred to 
in the passage cited last. 

Now, if this were the case with the functions u, v,f the value of 
{wdv round the rest of the perimeter would be zero, and from mb and 
dl we should have the contribution 


(Ua—Us) (v; i Va) 3 





* It is easily seen that if no two pairs of conjugate sides separate each other, 
there must be sides adjacent to their conjugates. These pairs being fastened 
together, the resulting surface must again have sides adjacent to their conjugates. 
Fastening these together, and continuing the process, we arrive in the end ata 
simply connected closed surface. 

t They would not of course be integrals of the first kind; but for the present 
purpose that does not matter, the object being to show that a relation which must 
be satisfied when they are of the first kind is not generally satisfied when they are 
not of the first kind. 
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from bd and lk, (u—Ua) (%—Va)- 


The sum of these does not vanish identically, and hence the condi- 
tion cannot be illusory. 


17. If there are other pairs of corresponding sides that separate 
each other, this reduction may be carried further so as to bring the 
polygon to a canonical form. Suppose ab’, cd’ to be a pair of corre- 
sponding sides, and ef’, g‘h’ another, the order of the vertices being 


WOT. ey a Inbal ig so cme ae. 


Cut off the part k... dc’ and add on the corresponding part of the 
polygon adjoining along a’b’; let k’ be the vertex of this polygon 
corresponding to k; then the order of letters in the new perimeter is 


Whe RCD Ge [ cD an, O.s.. 
and ak’, ck are corresponding: sides. 


Now let the process of §16 be used, the sides ak’, ef’, ke’, h’g’ 
taking the place of ab, ef, dc, hg. The result will be to bring to- 
gether two sets of four sides, in each of which the first and third 
correspond, as also the second and fourth. 

If two more pairs of sides separate each other, the same process may 
be applied again, and so on, until all such pairs are exhausted. Then 
the perimeter will consist of a series of sets of four sides, in each of 
which the first corresponds to the third, the second to the fourth, 
followed, possibly, by a series in which no two pairs of corresponding 
sides separate each other. If this latter series exists. it must include 
some pair of corresponding sides adjacent to each other, their common 
end forming a cycle by itself. Let abcd... denote the part of the 
perimeter now being considered, ef, gf the first pair of adjacent 
corresponding sides. Cut off the part a...ef and add on a corre- 
sponding piece of the polygon adjoining along fg; then the number of 
sides 1s not increased, but the first two have been made to correspond. 
In the same way the next two may be made to correspond, and so on 
till every side in this part of the perimeteris adjacent to the cor- 
responding side. The order of the vertices will now be, with changed 
notation, 


Gy Oy Cj Den Calg. 208, Oty 0, Cidire yen 
corresponding sides being ) 
a,b;, 0;0;: 0,0; d,0,,,, (== 1 oie ko 
QD, ClO OSC5. Ge; 3) Onl ig Je Cea Mea ceste sy AL) She, fan Jaa, 
(Compare Klein, Math. Annalen, Vol. xxt., p. 184.) 
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18. Let S;, 7;, U; denote the substitution by which a,b;, b;2,, e;f; 
are transformed into the sides corresponding to them respectively. 
Then the restrictions on moduli of periodicity for Abelian integrals 
of the first two kinds are simply that those corresponding to 


Ue eee 


Pp 


shall vanish; the others are arbitrary. 


Let A;, B; be the moduli corresponding to S; for the functions w, v 
respectively, and Aj, B; those corresponding to 7;. Then the bilinear 
relation to be satisfied if w, v are everywhere finite is 


SH CLNEP eh Tey 10 
C= 


this is the well known form. 


19. Thus, if any number j of Abelian integrals of the first kind are 
known, the moduli of periodicity for each of these, as also for any 
others, must satisfy 7 lmear equations, which are all independent ; 
. if they were not, the systems of moduli for the 7 known functions 
would not be linearly independent, and, therefore, the j functions 
themselves would not be. This is made very clear by the form in 
which the bilinear relation was written at the end of § 18. 

Thus the g, sets of moduli belonging to the q, Abelian integrals 
of the first kind are common solutions of gq, linear equations. Since 
the number of moduli in each set is g, it follows that 


I-A tH 
or 2q, > g- 
But now 2q, € g+y, 


where v is zero or positive. It follows that v = 0, and 
= 39 = 3 (n—k+1); 
also ppa—v and ¢{ g—q, sothat p=q; 


these are the desired results. 


We have further, when m>l1, 


dm = § (n—k—1) + (m—1) (n—1) —3 { ue ; | 





(Compare Acta Math., Vol. 1., p. 266.) 
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20. Lastly, it must be possible to express all theta-Fuchsian 
functions of index >1 and without poles as theta-Fuchsian series 
(Acta Math., Vol. 1., pp. 244-246, 285). For, if of the g,, such func- 
tions of index m not more than q,,—1 can be expressed as series, the 
coefficients (,, O,, ... of §1 must be linear combinations of these 
Qm—1, and thus by the negative construction a theta-Fuchsian 
function of index 1—m can be formed with q,, assigned poles only. 
More generally r+1 can be formed with q,,+7 given poles and no 
others, and two of these, say 6,_,, and 6;_,, will have r—1 assigned 
ZeLoes. 

Let these r—1 zeroes be the poles of any particular function 6,,_, of 
index m—1, and assign the zeroes of 6,,., among theq,,+7r poles of 
O,-my Om. The sum of the orders of the poles thus assigned is 


; 1 
r—1+(m—1) (n—1—3 +), 
and the sum of their ranks is easily found to be 


Pela ay es es i=} | 


Thus Im +t 1L—(m—1)(n—1) +3 { = or 

of the poles of 6,_,,, Oj.» are still at our disposal. Now we may take 
the reciprocal of 0,,_,; to be 6;_,,, and thus the product 6,,_,0,_,, 18 not 
a constant, but is a Fuchsian function having q, arbitrary poles and 
no more. ‘This is impossible, since g,<p+l. 

Thus every theta-Fuchsian function without poles, of index >1, can 
be expressed as a theta-Fuchsian series. If a theta-Fuchsian function 
of index >1 has poles, a theta-Fuchsian series can be formed by the 
positive construction with the same poles and residues and the same 
index; the difference between this series and the function will be a 
theta-Fuchsian function without poles. Hence every theta-Fuchsian 
function of index >1, with or without poles, can be expressed as a 
series of Poincaré’s form. 

Also the product of a theta-Fuchsian and a Fuchsian function, or of 
two theta-Fuchsian functions, is a theta-Fuchsian function. Thus, 
any Fuchsian function or theta-Fuchsian function of index | can 
be expressed as the quotient of two theta-Fuchsian series. 


[I am indebted to the referees for pointing out some flaws in this 
article as originally written. The effect of their suggestions has been 
a considerable increase in its length. | 
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Sur les déformations finies et sur les systémes triples de surfaces 
orthogonales. Par Gaston Darpoux. Read, at request of 
the President, June 14th, 1900. Received November 6th, 
1900. 


1. Si l’on considére une transformation ponctuelle dans laquelle la 
relation entre les deux points homologues, de coordonnées a, y, z et 
X, Y, Z respectivement, est définie par des formules quelconques 


(2h maa 
(1) Y=9 (a, Y; Z), 
lz = (a, y, 2), 


on peut encore envisager cette transformation comme une deforma- 
tion finie d’un espace continu dans laquelle le point m (a, y, z) est 
transporté au point M(X, Y, Z). Ce point de vue est évidemment de 
nature & suggérer des recherches de nature trés varicée. 

Par exemple, a tout élément infiniment petit de courbe qui part de 
m, la déformation fait correspondre un élément linéaire partant de 
M, et la relation entre ces deux éléments est évidemment de nature 
homographique. 

Si nous nous proposons de chercher les éléments linéaires partant 
de m auxquels correspondent des éléments paralléles, nous aurons 
évidemment & résoudre le systeme 


AL A Uae 
da dy © dz. 


En désignant par A la valeur commune des rapports précédents et en 
représentant par les indices 1, 2, 3 les dérivées relatives a a, y, z, nous 
sommes conduits au systéme 
(fi—Y) dat+fady +fydz = 0, 
(2) 4 pdt (¢,—A) dy + sda = 0, 
W, dx +, dy + (Ws—A) dz = 0; 


d’ou l’on déduit par Vélimination de da, dy, dz une équation du 
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ws 


troisiéme degré a laquelle devra satisfaire A. De 1a résulte le 
théoréme bien connu suivant :— 


Dans une transformation ou dans une déformation finie quelconque, wl 
y a en général trois éléments linéaires infiniment petits partant d’un 
point quelconque qui sont paralléles a leurs homologues. 

Ces éléments, qui peuvent étre d’ailleurs réels ou imaginaires, for- 
ment un triédre que nous appellerons le trvédre principal du point 
considéré. 


2. Dans l’ensemble des déformations finies, proposons-nous de 
chercher toutes celles pour lesquelles le triédre principal est tri- 
rectangle. Hn nous reportant aux idées de Cauchy et d’ Helmholtz, 
nous dirons que ces déformations sont dépourvues de rotation. 

Si nous désignons par les caractéristiques d et 6 les difféventielles 
relatives 4 deux éléments linéaires, arétes du triédre principal, nous 
devrons avoir 


df = dz, Op mean Oe, 
dp = Ady, op = A, Oy, 
dw = Adz, cur = X, 02, 


et aussi, en supposant les axes rectangulaires, ~ 
dxda+dydy+dzcz = 0; 
de la on déduira l’équation 
df du—odfdx+dddy —d¢ oy + dip dz — dw dz =) 


que donnera, en développant, 


(fo — 1) (6x dy —dax dy) + (bs— Wa) (Oy dz — dy ez) 
+ (wW,—f,) (zda —dxdz) = 0. 

Les binomes dydz—dydz, ... sont les paramétres directeurs de la 
droite perpendiculaire aux deux éléments, c’est-a-dire ici de la 
troisiéme aréte du triédre principal. 

Si donc on désigne par d, les différentielles relatives a cette troi- 
sieéme aréte, il faudra que l’on ait 

(;—ty) e+ (i—fs) y+ fr—d) Lez = 0. 

Cette égalite devant avoir lieu pour les trois arétes du triédre 


entraine nécessairement les suivantes :— 


d=, Y = fs; fr = 4 
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Ainsi, pour qu’une déformation finie soit dépourvue de rotation, il 
faut et il suffit que f, ¢, YW soient les trois dérivées partielles d’une 
méme fonction. 

Par suite, wre déformation sans rotation sera définie par les équations 
suavantes :— 


er ee), nt Vo e, S ne 
OU Vy, Vo, Vz sont les dérivées partielles dune fonction quelconque v. 


Tous ces résultats étant démontrés ou plutét rappelés, proposons- 
nous maintenant la question suivante :— 


3. Parmi les déformations dépourvues de rotation, en existe-t-il 
pour lesquelles les faces du triédre principal relatif a chaque point de 
Vespace s’ordonnent suivant les plans tangents @ trois familles de 
surfaces, qui seront uécessairement deux-a-deux rectangulaires ? 

On peut éevidemment résoudre ce probléme comme il suit. 

On considéra une famille de surfaces (0) 


O.(4,.Y0 2) ==. Cons te 


et l’on exprimera que la normale a celle des surfaces qui passe en un 
point quelconque m est une des arétes du triédre principal en m. 

Les arétes de ce triédre étant définies par les équations déja 
données 





dv, _ dv, _ dvs _ r 
dz dy dz 


’ 


il suffira de développer dv,, dv,, dv; et de remplacer ensuite dx, dy, dz 
par les quantités 6,, 6,, 6, proportionnelles aux cosinus-directeurs de la 
normale a la surface (©), ce qui donnera 


(4) Gere 9s%y 05 oy 


? 
0, 6, 0, 
le symbole ¢,f etant employe ici, et dans ce qui va suivre, pour ex- 
primer la combinaison suivante :— 


oj Of, +9: fo+ Os fs ere 7. 


Si, dans les équations (4), nous faisons, pour le moment, abstraction 
de A, nous aurons deux équations aux dérivées partielles du premier 
ordre auxquelles devra satisfaire la fonction 6. Prenons, par 
exemple, les suivantes :— 


{ 6,6,v,—9, ov, = 0, 


5 
\ ) { 6,6,v,—-9, 0,05 nh). 
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En écrivant qu’elles sont compatibles, c’est-a-dire en écrivant que le 
crochet de Jacobi relatif a ces deux équations est nul, nous serons 
d’abord conduits apres quelques réductions, a l’équation suivante :— 


6, (6,0, O,V3) +6, (6,%5, 65%) — 6, (0,2,, 0,U.) a) 3 


puis, en replacant les crochets de Jacobi (_ ) par leurs expressions, 
nous obtiendrons l’équation suivante :— 


(6) (2,212 Or Mis) 6, + (Co, %2n— Or, Yas + &o, Vis — 97,211) 9, +... = O, 


ou les termes non écrits s’obtiennent par des permutations circulaires, 
et qui est, comme les équations (5), du second ordre par rapport aux 
dérivées de 6. 

Si l’on exclut une solution parasite, les équations (5) fournissent 
trois systemes de valeurs seulement pour les rapports mutuels de 
6,, 9,, 9,. Si un seul systeme de ces valeurs vérifiait les equations 
(6), une seule des trois faces du triédre principal relatif aux différents 
points de l’espace serait formée de plans tangents 4 une famille de 
surfaces. Nous allons voir que ce cas ne saurait se presenter: Si un 
systéme de solutions des équations (5) vérifie l’équation (6), il en est 
de méme des deux autres. Hn langage géométrique : 


Si une des faces du triedre principal est formée de plans tangents a 
une famille de surfaces, il en est de méme des deux autres faces de ce 
treédre principal. 


Pour démontrer ce résultat, reportons-nous aux equations (4) et 
ordonnons-les suivant les dérivées 6. Hn désignant par les notations 
v; les dérivées secondes de v, nous aurons les equations 

(ty —A) +26, +%34; = 0, 
(7) YO + (V_—A) A, +0434, = 0, 
1519; +0524 + (UVss—A) 8, = 0. 


Si on désigne par D le déterminant 


Uy—A Vip Vi3 
(8) D=| vy Uy— A U3 | 
V3 U9 Ug3—A 


et par D;, le coefficient de l’élément appartenant a la ¢-iéme ligne et a 
la x-ieme colonne du déterminant, on déduit, comme on sait, des 
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equations (7), les relations suivantes :— 


Ce 0; om OO 


w 








weet DOO see gy 
Dy, Dry Dy 


qui permettent de remplacer l’équation (4) par la suivante :— 
(9) (6.,%—8..%3) Dut... + (8,0 — 81,0 + Oy, 3 — 9,01) Dig +... = 0; 


Vou les dérivées 9, ont disparu puisque les déterminants D,,, D,, 
contiennent seulement A. Mais A lui-méme disparait comme on s’en 
assure aisément, de sorte que, si lon désigne par A le déterminant 
(8) ot X sera égale & zéro, on est conduit & l’unique équation 


PEO Oy ct... Vp Oag ee 0) 
ou l’on a posé pour abréger 


V. — dy. V 9 —3d,,v 39 
(11) baie! Rae 


Ves ——- 8, Vag — 9p, Ung + Sy, 0g — Oy, Ui: 
On a aussi 
ay 
(12) Ay = Vo9 Ugg — Voay Ay = Vy13 Vo3 — Vy 9 Ve35 


de sorte qu’il sera trés facile de former |’équation (10). 


Nous avons en résumé le théoréme suivant :— 


St la fonction v satisfait a l’équation aux dérivées partielles (10), les 
trois faces du triedre principal seront tangentes a trois familles de sur- 
faces, nécessairement orthogonales. Si non, aucune des faces du triédre 
principal ne demeurera tangente aux surfaces d'une famille quelconque. 


4, L’equation (10) est aux dérivées partielles du troisiéme ordre ; 
elle est homogéne, ne contient ni la fonction v ni les dérivées pre- 
miéres de cette fonction. De la résulte que, si l’on en connait une 
solution particuliére 


Oey 
on en aura une solution plus générale par la formule 
v= kb+aet by+cz+d, 


ou a, b, c, d, k sont des constantes. Mais il y a plus: les calculs par 
lesquels A s’est éliminé de l’équation (10), montrent aussi qu’on 
pourra ajouter 4 toute solution connue la combinaison 


K (av +y'+2’), 
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ou « désigne une constante, de sorte qu’a toute solution ¢ on pourra 
faire correspondre la solution 


hot+k(a@t+y+2)+ax+by+ez+d, 


qui contient siz constantes. 
Introduite dans les formules (4) cette propriété, nous donne le 
théoréme suivant :— 


Toute transformation dépourvue de rotation peut, sans perdre le 
caractéere précédent, étre composée avec une homothétie. 


5. Avant de développer et d’appliquer les résultats précédents il 
importe que je rappelle quelques propositions relatives aux systémes 
triples de surfaces orthogonales. 

Htant donné un systéme triple quelconque de surfaces orthogonales, 
Combescure a montré le premier qu’on peut établir une infinité de 
transformations ponctuelles de lespace faisant correspondre au 
systéme triple un systéme triple orthogonal, telles en outre que les 
plans tangents aux points correspondants des surfaces correspond- 
antes dans les deux systémes triples soient paralléles. De mon cété 
jai obtenu le theoréme de Combescure par une voie nouvelle, et j’ai 
montré que, si, conservant les notations de Lamé, on représente 
Vélément linéaire de l’espace par la formule / 


(13)  ds* = H°dp’+ H'dp' + Hy dp, 
et si l’on forme les trois équations linéaires aux dérivées partielles, 


Oe. WOH Camm OH, Onc G Wy Veen 2), 


Opdp Hi Op, Op, He Op; Op, 
auxquelles satisfont les coordonneées x, y, z considérés comme fonc- 
tions de p, p;, p,, toute solution U des trois équations (14) donnera 
un des systemes découverts par Combescure, a l’aide des formules 











(14) 


Suivantes :— 


(15) xiv ey oo CUS ney 





BH EET Te 
d’ou Von déduit presque immédiatement que, si U etait exprimée en 
x, Y, 2, on aurait aussi 


yecon 7 OU. 


cat anes Oz 


ae) x—0U 





De 1a résulte qu’a tout systéme orthogonal on peut faire correspondre 
une infinité de ces transformations dépourvues de rotation que nous avons 
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considérées. Il suffit de prendre une solution quelconque des trois 
équations aux dérivées partielles (14) de lV’exprimer au moyen de 
«, y, 2; la transformation sera alors définie par les formules (16). 
Comme la solution générale des équations (14) comporte trois fonc- 
tions arbitraire d’une seule variable, on voit bien. qu’on pourvu 
obtenir avec le méme degré de généralité, une infinité de transforma- 
tions de la nature de celles que nous étudions. 


6. Puisqu’a tout systeme triple correspondent une infinité de 
transformations sans rotation, on voit que l’on peut aborder la re- 
cherche des systémes triples en cherchant d’abord de telles trans- 
formations, c’est-a-dire en essayant d’intégrer Péquation aux dérivées 
partielles (10), de sorte que cette équation peut remplacer celle 
dont j’avais indiquée l’existence dés 1866 dans les Annales de 
l’Hcole Normale Supériewre et qui a été formée en premier lieu par 
Cayley. Les deux équations sont, l’une et l'autre, du troisiéme 
ordre; mais elles ne s'applquent pas 4 la méme fonction et sont 
d’ailleurs de formes tout-a-fait différentes. 


7. On peut évidemment donner un grand nombre de solutions 
particuliéres de l’équation (14); je me contenterai de signaler la 
suivante :— 


me 


v= ax”y"2, 


ou u, m,n, p sont des constantes quelconques ; et je remarquerai, en 
terminant, que lon exprime la propriété essentielle des déformations 
précédentes sous la forme suivante :— 

On peut, & l’aide de trois familles de surfaces, partager l’espace en 
petits parallélépipédes rectangles que la déformation transporte 
parallélement & eux-mémes, en les dilatant ou les contractant dans 
chacune de leurs trois dimensions. 
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The Invariant Syzygies of Lowest Degree for any number of 
Quartics. By A. Youne. Received and communicated 
June 14th, 1900. 


li a previous paper™ I found the irreducible system of types for 
any number of quartics. The reductions were effected by means of 
systems of equations between forms of the same degree and order; 
these were written [abc...f|=R, &c. If, instead of R, we write the 
sum of products of forms for which f stands, these systems of 
equations will give us the syzygies. This method has, as is shown in 
§ 1, the merit of exhaustiveness. 

So far as results are concerned, I have only dealt exhaustively with 
the invariant syzygies up to degree 7. There is no invariant 
syzyey of degree lower than 7; and all syzygies of this degree 
are linearly deducible from syzygies of a single form. From this 
syzygy it is possible to deduce, by means of differential operations, 
syzygies between covariants and syzygies of higher degree between 
invariants. 

The system of syzygies for two quartics has been worked out by 
von Gall.t The syzygy degree 7 obtained here is identically 
zero when fewer than three quartics are under consideration, so that 
it does not appear in his paper. As some use is made of substitutions, 
it is convenient to use Roman letters for symbols indicating them. 


The following abbreviations are used :— 
{s} denotes the sum of powers of the substitution s. 


Ss, 8+ denotes the sum of the substitutions of the simplest grou 
1 82 p group 
containing s, and s,; and so on. 


fa, b, c, ... } denotes the sum of the substitutions of the symmetric. 
group of the letters a, b,c, .... 


{a, b, c, ... }’ denotes the sum of the substitutions of the alternating 
group, minus the sum of the substitutions which do not 
belong to the alternating group of the letters a, b, ¢, .... 


The invariant types in my paper referred to above were written 
(aba), (abca) ; they are written here simply (ab), (abc), .... 





* Proc. Lond. Math. Soc., Vol. xxx., p. 290. 
+ Math. Ann., Bd. xxx1., p. 197, and Bd. xxxiv., p. 332. 
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1. All relations between quartic types, including, of course, 
syzygies, must depend ultimately on the fundamental identities found 
in §2 of my previous paper. Hence, if we form from these all 
possible equations between quartic forms of a given degree and order, 
we shall obtain all the relations which exist between forms of that 
degree and order. To construct these equations it is only necessary 
to take those obtained by multiplying one or other of the identities by 
a single factor; all other equations being linearly dependent on these. 
Hence the relations [abc...g)= R, &c., already used to obtain 
the irreducible system of types, must also give all the 
syzygies. 

Having obtained a relation between types of a certain degree, it is | 
possible, by a certain operation, to obtain from it a relation between 


types of a higher degree. Thus the result of operating with 
(kb) [ity +k, oO +h, <| on the symbolical product (abcd...) is 
Ob, Ob, Ob, 
(abked...) + (akbed...). _ Before, however, using this operator, it is 
necessary to have the relation written out in full in quadratic symbols. 
ug Now we shall find it convenient to ignore symbolical factors of the form 
[aa]. When this is done, any single symbolical form represents a 
single invariant. In fact, the relations as written will be relations 
between invariants themselves, rather than between quadratic sym- 
bolical products. To pass from the actual coefficients of the quartics 
to quadratic symbols, and vice versa, we have the identity 


ee a ee 2 a. 42\2 
2 2 
heretotews | A, "dy ety O,0;,. Ay — 01d, mea, 
2 2 
6A, = 4a,+2a,a, = 6a,+[aa] = 6a,a,—2 [aa]. 


Hence, if P be the type represented by the symbolical product 
(abed...), 


P= (abeds.) +s laa) hte hae | Oo Pee. 


To find P,, consider the product 
Lab |[bc] = Bya,c,—2B, (a,c, +4; ¢) + (By + % [bb ]) (ae ey + a2) 
+4 (By—$[bb]) ae, —2Bs (a 65+ ay0,) + By ay Cy 


= a function of the coefficients B+4 [bb ]{ ac]. 
VOL. XXX1I.—No. 734. 2¢ 
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Therefore P, = — 34 (acd...). 


The result, then, of operating with [kb] Ue +k, oO +k, <| on 
Ob, Ob; Ob, 
the invariant type (abcd...) 18 


(abkcd...) +(akbed...)—2 (bk) (acd...). 


The effect of this operator, it 1s easy to see, is the same as that of 
substituting the coefficients of the covariant type 2 [bk] bk, for 
those of the quartic bis. 


2. Before proceeding to the discussion of syzygies by the above 
method, we shall establish certain syzygies which exist for the types 
expressible as determinants. 


First, 
96 | ABCDE | | FGHKL | =| (af) (ag) (ah) (ak) (al) 
(of) (bg) (bh) (bk) (Ol) 
(of) (eg) (ch) (ck) (el) 
(df) (dg) (dh) (dk) (dl) 
(ef) (eg) (eh) (ek) (el) 


Similarly the product of | ABCDH| and any form of the type L,, as 
also that of two forms J,, may be expressed as the sum of products 
of forms J, and J,. 








Next, any function homogeneous and linear in the coefficients of 
9 9 


re . 2 2 2 2 Be) me . 
each of the five quartics aj2, bys, C2, dia, €,: 18 of the form 
P = SAAp, Br, Crs Dry Hrs, 


where r=0, 1, 2,3,4; and can therefore have only five distinct 
values. Hence 


fa, b,c, d,e}’ P =| ABCDE| Q. aby 
Similarly, fa, b,c, d}’P =| ABODQ|, 
and, if P be also homogeneous and linear in the coefficients of f,:, 
10:0; C) Oe iat tele (Ade 


[nw Syaputel. — | ABOD, HF |; the right-hand side must be zero, 
otherwise Q would be an invariant of the first degree of fj»; this 
gives the identity for the forms | ABCD, E'F'| (found before). 
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In (I1.) put P=(fg)| ABCDE|; the result is a relation which 
may be written 


(fg) | ABCDE | = (ag)| FBCDB| + (bg)| AFCDE | + (cg)| ABFDE | 
+(dg)| ABOFE| +(eg)|ABCDF|. (IIL) 


In this we may write for /, F,, F,, F;, F, the coefficients of F,, 


—A4F,, 6F,, —4/,, Ff, in any type (f...), invariant or covariant. The 
result will be 
(yee) | ABC DE Sle 


where J is reducible, except when (g...) belongs to one of the types 


I,, I;. Operate with [eh | i = oie a Phy 2 | and we obtain 
€ 


J tle ee 


where =P, represents a sum of products of forms, there being at 
least three forms in each product, and J is any type except I, or J;. 


Operate on (III.) with 
[eh] i 0 are ay 2] loafa 5 + ie +k, a 
2 (gfk)| ABCD, HH | = 2(geh)| ABCD, FK| + SP. 
Similarly, (geh)| ABCD, FK| = (fkh)| ABCD, GH| + Ps. 
Therefore (gfk)| ABCD, HH| = (hfk)| ABCD, HG| + SP. 
It is not possible to express I,J, in the form }P,; for suppose 
(abc) | DHEFG, HK| = SP,= 3{14,,54+L4544+54454+LL5h4}. 


Then the syzygy would still be true if we supposed the quartics 
represented by the letters a, b, c,h, k to be all the same—we may 
without confusion express this supposition by using only one letter 
for this quartic. Then 


(aaa) | DHRG, AA| = SP, = 371,574... }. 


Operate on this with {d, e, f, ge a little consideration will show 
that the result is 


24 (aaa) | DEFG, AA| =A (aa) (aa) | DEFGA|; 
and therefore (aaa) | DEFA, AA|= 0. 


Hence (qga)= 0 or | DHFA, AA = 0; 
2 OL: 
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either result being absurd. In exactly the same way, it may be 
shown that there is no syzygy of the form 

| Leda eld, et 
or of the form gl a BG B® > f eas 


3. For the sake of finding syzygies, the equations of my previous 
paper must be written out in full. As regards degree 4, there is only 
one equation, 


2 (abcd) 4+ 2 (adbc) + 2 (acdb) = (ab) (cd) + (ad) (bc) + (ac) (ab) ; 
which is the expanded form of 
[ab] [ae] [ad] [ax] | =0. 
[3b] [be] [bd] [ba] 
[cb] [oc] [ed] [ca] 
[db] [de] [ad] [da] 
The only form of equation for degree 5 is 
[ab...] = (abc) (de) + (abd) (ec) + (abe) (cd) +2 (ab) (cde). (IV.) 
Now it was proved before that 
60 | ABCDEH | = — Sa, b, c, d, et’ (abcde) + R. 


In this case R = 31, 1,, but fa, bene. e}’ SLI, = 0; hence R must 
here be zero. It will be convenient to use the form 


(abede)’ = (abcde) —} $ (ab) (cde) + (be) (dea) + (cd) (eab) 
+ (de) (abe) + (ea) (bed) }. 
Then 60| ABODE | = — }a, b, ¢, d, e}’ (abcde)’. 
Further [ab... J =—4 ‘a, Dye, d, e} (ab) (cde). 
Hence [ab...]+[ae...]’—[ac...]—[ad...]’ 
= 2 (abede)’+ 2 (abdce)’—2 (acbed)' —2 (acebd)’ = 0; 
and therefore 
(abdce)’— (acbed)’ 
= (acebd)’ — (abcde)’ = (adecb)’— (acdbe)’ 
=... =|ABODE| 
= 4 { (abdce)’ + (acebd)’ + (acbde)’ + (adecb)’ + (adcbe)’ + (abedc)’ 
+g {a, b, c, d, e} (ab) (cde). (V.) 
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The equations of degree 5 give nothing in the way of syzygies. 

For degree 6 there are two kinds of equation to be discussed— 

[abe... |] = (abed) (ef) + (abce) (fd) + (abecf ) (de) + 2 (abc) (def) (VI.) 
and [ab, cd, e, f | = (abcd) (ef) + (abef ) (ed) + (abfe) (cd) + (ab) (cdef ) 

+ (ab) (cdfe) + (abe) (cdf) + (abf) (ede) — (ab) (cd) (ef). (VIL) 
As in the former problem, we will use, in addition, the equation 
4 abe|? | def |? 
= 2[a—b—c—]+ fd, e, f} [(ad) (be) (ef )—(ad) (becf ) 


— (bd) (aeef)— (ed) (aebf')] 
= 4 (abc) (def ) 


or [a—b—c-— | | 
= 2 (abc) (def)—$ {4, e, £4 { (ad) (be) (of) —(ad)(beof) — (bd) (ceaf) 
—(cd)(aebf)]|. (VIII.) 
Let S represent the sum of the sixty possible forms (abcdef), and 
operate on (VIII.) with fa, b, c, d, e, ff ; 
728 = {a,b,c d,e, f? [2 (abc) (def) —3 (ad) (be) (of) +9 (ad) (beef) | 
= fa, b,c, d, e, £}| 2 (abc) (def) +3 (ad) (be) (cf) }. (IX.) 
Now we proved before that 
6 [ (adbecf) + (afbdce) + (aebfed) | 
= { (abc), (def) } [ Lad, be, c, f] +4 [abe...]-—§S+ 5 [a—b—c—] | 
i (abc), (def) } [ (cf) (adbe) + (ad) ( becf) + (ad) (befc) + (be) (adcf) 
+ (be) (adfc) — (ad) (be) (ef) + (ade) (bef) + (adf) (bec) 
+ (ef) (abcd) + 3 (abc) (def) —§ (abe) (def) 
— 2 (abd) (cef) — § (ad) (be) (of) —3 (ad) (bf ) (ce) 
— (ab) (de) (of) + (abe) (def) —% (ad) (be) (ef) 
—2 (ad) (bf) (ce) + (ad) (beef) | 
= { (abc), (def) } [2 (abc) (def ) + (ad) {4 (becf) +2 (befc) 
—% (ab) (de) (ef) —% (ad) (Of) (ce) 
— $ (ad) (be) (cf) ]. (X.) 


We proceed to find the exact expression for.(abcdef) in terms of 
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the determinant forms degree 6 and products of types of lower 
degree. For this purpose, it is useful to note that (abcdef) is un- 
changed by any substitution of the group {(abcdef), (ac) (df)}. 
Operate, then, with the sum of the substitutions of this group on the 
expression given by (X.) for 


(abcfed) + (afcdeb) + (adcbef ). 
The result is 


{(abcdef), (ac)(df)* [3 (abefed) — (ace) (bdf) — (ab) {2 (ofed) + (cedf) t 
—(ad) {2 (chef) + (cefb) | — (af) {2 (cdeb) + (cebd) } 
+3 (ab) (ce) (df) +% (ad) (ce) (bf) +% (af) (ce) (bd) 
+% (ab) (cd) (ef) +4 (ad) (ef) (eb) + & (af) (cb) (ed) 
+3 (ab) (of) (de) +4 (ad) (cb) (ef) +4 (af) (ed) (eb) | =0 
or {(abedef), (ac) (df) } [3 (abefed) — (ace) (bdf) 
—2 (ab) {2 (cdef) + (cedf) | —(ad) {2 (befe) + (beef) } 
+ % (ab) (ce) (df) +3 (ab) (cd) (ef) +4 (ad) (ce) (Of) 
+4 (ad) (cf) (be) +3 (ab) (cf) (de) | = 0. (XL) 
Similarly, by operating on (X.) itself, 
{ (abedef), (ac) (df) ¢ [2 (abecfd) + (abfdec) — (abc) (def) 
—§ (ab) {4 (cedf) +2 (cefd) } —§ (ad) {5 (beef) + 4 (befc) } 
+4 (ab) (cd) (ef) +25 (ab) (de) (cf) +3 (ab) (ce) (df) 
—3; (ad) (ce) (bf) +3 (ad) (be) (cf) | = 0. Piet cll) 
Operate on equations (V.) with [fel Ee +f, é th “a sna 
| DEAB, CF | 
= (acfebd) + (afcebd ) — (abefde) — (abfcde) 
—3 (ef) { (aebd) — (abde) | —(acf) (ebd) — (cfe) (bda) + (bef ) (dea) 
+ (cfd) (eab) —3 (eb) } (dacf) + (dafe) { —% (bd) { (acfe) + (afce) § 
—% (da) } (ofeb) + (feeb) } +4 (de) } (abef) + (abfc) t 
+4 (ea) { (befd) + (bfed) | +4 (ab) } (cfde) + (fede) } 
+4 (of) {2 (eb) (da) —2 (de) (ad) } 
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= (adecfb) + (adefcb) — (acfdbe) — (afcdbe) —2 (ef ) | (adeb) — (adbe) } 
— (eof) (bad) —(efb) (ade) + (acf)(dbe) + (ef) (bea) 
4 (ba) { (decf) + (defo) } —4 (ad) { (eof) + (efeb)} 
—4 (de) { (cfba) + (feba)} +4 (db) { (eacf) + (eafe) } 
+4 (be) { (acfd) 4 -(afed) } +4 (ea) ‘ (cfdb) + Cae) set 
+4 (cf) {2 (ab) (de) —2 (bd) (ea) }. 
Operate on these with { (abcdef), (ac) (df)  ; 
| (abedef), (ac) (df) } | DE AB, CF| 
= }(abcdef), (ac) (df) [2 (abecfd) —2 (abcefd) 
+ (ab) ‘ (cdef) + (cedf ) t— 4 (ad) 45 (becf) +3 (befc) —2 (beef) ‘ 
+ (ad) (be) (ef) —3 (ab) (de) (ef) | 
= }(abcdef), (ac) (df) } | (abefed) — (acfdbe) 
—(ab) { (cdef) + (cedf) } + (ac) { (bedf) + (befd) } 
—4 (ad) { (befc) — (beef) } +3 (ab) (de) (of) —3 (ad) (ce) (bf) J. 
Hence, using bai Dew cn ap 
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the last expression for {(abcdef), (ac)(df)} | DEAB, OF'| becomes 
{(abedef), (ac) (d£) } [2 (abcfed) + 4 (abecfd) —2 (abd) (cef ) 

— (ab) {(edef) + (cedf)} + (ac) { (bedf) + (befid)} 

4 (ad) {7 (beef) +8 (bef) } +3 (ab) (de) (cf) 

2 (ad) (ce) (bf) + (ad) (be) (cf) ] 

= {(abedef), (ac) (df) } [ 4 (abecfd) +2 (ace) (bdf ) —2 (abd) (cef) 
+4 (ab) {5 (cdef) + (codf)} + (ae) { (bedf.) + (befit) } 
—4 (ad) {7 (beef) +4 (befe) —2 (boef)} —4 (ab) (ce) (af) 


—4 (ab) (cd) (ef) —§ (ab) (de) (of) —8 (ad) (ce) (OF) 
+§ (ad) (be) (cf) |, 
using (XI.). 


From [ab, de, c, f], we have 


{(abedet), (ac) (df)} [ (abedef) +4 (abcefd) + (abfdec) —2 (abc) (def’) 
—2 (ab) 5 (decf ) + (defc)} — (ad) (beef) + (ab) (Fe) (shy 0: 
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‘Eliminate (abfdec) between this equation and (XII.); then 
Laces (ac) (df) | | (abedef) +4 (abcefd) —2 (abecfd) — (abc) (def ) 
4 (ab) {6 (cdef) +2 (cedf) —2 (cefd) } 
+4 (ad) {5 (beef) +4 (befe) —3 (beef)} — 4 (ab) (ed) (ef) 
+ yx (ab) (de) (of) —3 (ab) (ce) (df) +e (ad) (ce) (Uf) 
—3 (ad) (be) (cf) ] = 0. 
Eliminate (abcefid) and (abecfd) between this equation and the two 


expressions we have found for {(abcdef), (ac)(df)}| DHAB, CP; 
then 


3 {(abcdef), (ac)(df)} | DEAB, CF | 
= {(abcdef), (ac) (df)} [ (abedef’) — (abe) (def) —4 (ace) (bdf) 

+ (abd) (cef) +4 (ab) { —5 (cdef) +7 (cedf) + 4 (cefd) t 

—} (ac) {(bedf) + (befd)} +4 (ad) {—3 (beef)} 

~4(ab) (de) (cf) —4(ab) (ce) (df) + # (ad) (ce) (bf) +3 (ad) (be) (ef) J. 
Therefore 2 (abcdef ) 
= |ADEB, CF|+|EBCF, AD| + | CFAD, EB| 

+ {(abedef)} [4 (abe) (def) + (ace) (bdf) —§ (abi) (cef) 

+3 (ab) (cdef) —% (ab) (cedf) —§ (ac) (bdef) + § (ad) (beef) 

—5 (ab) (cd) (ef) + (ab) (ce) (af) — ae (ad) (ce) (bf) 

— Hs (ad) (be) (ef) ]. (XIL) 
This expression for (abcdef) satisfies the equations [abc...] = R and 
[ab, cd, e, f] = R identically ; hence no syzygies amongst invariants 
degree 6 can exist. 

4. Degree 7.—From the invariant identity degree 6, we have 
{a, b, e}'| FBAD, HC | = 2| HBAD, FC| +2|FBAE#, CD|. 
Hence 
{a, b, e}’ [ (afdbec) + (cfdeba) +2 (efdcba) + (bfdace) | 
= 4{a, b, e}’[| ABEF, DC| + | DCAB, EF| + 3|ADFB, CE| 
+|CHAD, FB| + | FBCH, AD| 
+|ABFC, ED| + | HDAB, FC\|+R 
= 6| ABEF, DO| + {a,b,e}' | (af) (dbec) + (bc) (aefd) — 4 (af) (bd) (ec) |. 
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+9; oe + Jo a, and then with 
Cpe es swale 
{g, d,f}; therefore, using the equations [a...bec] = R, &c., 


Operate on this with [gf] bee 


6{g,d.f}|A, B, EB, FG, DC| 
= ig, d, f} {a, b, e}’ | 4 (fy) {2 (adbec) + (abcde) } —2 (afg) (dbec) 
+ (afg) (bd) (ec) | 
= 12A, B/G, DC) + 12|'A, BH, DF GO) £12) A, BBIGD, FO). 
Hence, operating with 4 {(cd)}, 
12143 GO| 
= {(cd), (fg)} {a, b, e}’ [4 (dg) | AFBEO| + (dg) (afbec) 
—2 (adg) (fbec) + (adg) (ec) (bf) |, 
and 12 (AN BAUME Dan GH 
= —2{a, b,c, e}’| A, B, EH, FG, DC| 
= {(fg)} {a, b, ¢, e}’ [ay (dg) | AVBEO| + zy (fg) |ADBEO| 
— (eg) (afbed) |. 
From these we proceed to find an expression for the reducible type 


(abcdefg). 


Operate then on (XIIT.) with [af] en d +9, +5 : | and we 
J 2 


i 
obtain, after multiplying by 12 and ites 
24 (abcdefy) + 24 (abcdegf) 
= {(fg), (ae) (bd)} [4 (7g) (abede) +6 { (ab) (edefg) + (be) (defga)} 
—2 { (ab) (cedfg) + (be) (dfgea) 5 | 
— {2 (ac) (bdefg) + (bd) (acefg) + (ea) (bedfg) } + 4 (ad) (becfg) 
+ 4 (ace) (bdfig) +4 (bed) (aefg) + 8 (abc) (defy) 
—4 { (abd) (cefg) + (abe) (edfg) + (acd) (befg) 5 
+ (afg) {6 (bcede) — 2 (bdce) | —2 (bfg) (acde) +2 (cfg) (adbe) 
+2 (afg) { (bd) (ce) —2 (be) (de) § 
+2 (bfg) { (cd) (ae) + (ca) (ed) — (ad) (ce) § 
— (ofg) {2 (ad) (be) + (ae) (64) § 


394 Mr. A. Young on the Invariant Syzygies of [June 14, 


— (fg) {4 (ab) (cde) + (ae) (bed) + (bl) (ace) —2 (ac) (bde) $ 
+2 (cg) |ABDEF | + 2 (ag) { (bedef) — (bdcef) | 
+2 (bg) {(adcef) + (dfeac) — (afcde) —(adfce) } 
—(aeg) {2 (bedf) —2 (bdef) } + (bdg) {2 (acef) —2 (aecf) j 
—2 (abg) { (feed) — (fede)} —2 (acg) { (dbef) —(dedf)} 
—2 (beg) { (adef) — (daef) § —(aeg) (bd) (of) + (bdg) (ae) (ef) 
—2 (abg) (cd) (ef) +2 (acg) (bd) (ef) +2 (abe) (of) (dg) 
—2 (aed) (bf) (eg) J. 
Now, 24: (abcdefg) + 24 (adcbefq) 
= — 24 (abdcefg) —24 (adbcefg) — 24 (acbhdefq) —24 (acdbefg) 
+24 (bc) (adefg) + 24 (cd) (abefg) +24 (db) (acefg) +48 (bed) (aefq) 
= {(bd), (ae) (fg)} [ —2 (bd) (acefg) — (ae) {4 (bdefg) —2 (bdgef)} 
+2 (fe) {(abdeg) —2 (abdge)} 
—(ef) {6 (bdega) +6 (bdgac) —4 (bdacg) | —+ (fa) (bdcea) 
—4 (ae) (bdfeg) +2 (eg) {(bdefa) + (bdeaf )} —4 (acf’) (bdeg) 
—A4 (cef)(bdag) +4 (ace) (bdfg) +4 (cfg) (bdae) —16 (efg) (bdac) 
+8 (aeg) (bdef)—(abd) {4 (cefy) —2 (cfeg)} 
~(fbd) {4 (aege) —2 (aceg)} + (cbd) {6 (aefg) +2 (aegf)} 
+2 (abd) {(ce) (fg) — (cg) (ef)} + (fb2) {6 (ae) (cg) —2 (ee) (ag) } 
+ (cbd) {4 (ag) (ef) —2 (af)(eg)} 
+ (bd) {6 (ce) (afg) +4 (ag) (cof) —2 (of) (aeg)} 
—4 (fd) | ABCHG | + (cd) {10 (abefg) +2 (abefg)} 
—2 (fd) {(cbeag) + (abceg) — (abgce) — (ebgac) } 
—2 (ad) { (ebefg) + (fbecg) — (chgef) — (ghee) } 
+2 (acd) { (befg)- (begtY} +2 (egd) { (ach) —(abef)} 
+2 (fed) {(aegb) ~ (eagb)} +2 (agd) { (befe) -—<beef Y} 
+2 (acd) {(fb) (eg) + (eb) (f9) 5-2 (egd) i (fb) (ac) + (cb) (af) § 
— 2 (fed) (ab) (eg) +2 (agd) (cb) (ef) +2 (aef) (cb) (ga) 
—2 (age) (eb) (fd) —2 (ace) (fb)¢ *d) +2 (fae) (ab) (ed) ]. 


1900. ] Lowest Degree for any number of Quartics. 395 
Similarly, —24. (adcbefg) — 24 (edebafg) 
= — 24 (ae) (debfg) —24 ( fg) { (adebe) + (edeba)} 
~24 (bed) { (efga) + (afge)}—24 (deba) (e/g) — 24 (debe) (afy) 
+24 (deb) (ae) (fg) +24 (debeafg) +24 (debacfy) 
+24 (debfgea) +24 (debfgae) 
= {(ae), (bd) (fg)} [2 (ae) (deb) 
+ (cd) {4 (fgbae) +6 (bfgae) 2 (ghfae) 
+ (fg) {—6 (debae) —2 (dbeae)} 
+ (gd) {6 (febae) —2 (bfeae) —2 (chfac)} —2 (bil) (Fgcae) 
+ (fd) {4 (egbae) —2 (gebae)} +2 (ge) (bafae) +4 (bdf)(egae) 
+4 (fd) (chae) +4 (gde) (fac) —4 (bed) (fgae) — 8 (def) (gbae) 
—4 (gef) (bdae) + (bae) {6 (fgde) +2 (fdge)} 
+ (fae) {4 (debg) —2 (degb) }—2 (cae) (dbfg) 
—(bae) {2 (fd) (cg) +2 (fe) (gd) +4 (fg) (de) 5 
+ (fae) {2 (gb) (cd) —2 (gd) (cb) 5 
+ (cae) {2 (bd) (fg) +2 (bf) (gd) —2 (bg) (dF)} 
— (ae) {4 (cb) (f9d) —2 (fa) (bed) +2 (bf) (cdg) +2 (eg) (baf) 
—2 (bi) (cfa) ~2 (af) (beg)} 
‘4 (da) | CBEFG| +2 (ca) {(gefbd) —(bedgf)); 
+2 (ga) { (befed) + (cebfd) — ( fedbe) — (decfb)} 
+2 (ba) {(cefyd) — (ceflg)} +4 (bfa) {(ecgd) —(eedg)} 
—2 (bea) {2 (edfg) —(edgf) — (egdf')}—(fga) {2 (edbe) +10 (bed) } 
+2 (gea) {2 (efdb) —(efbd) —(cbfd) } 2 (bda) { (egef) — (cof): 
—2 (dfa) { (ebge) —(eghe)} —2 (bfa) (eg) (de) —2 (bea) (gd) (fe) 
~2 (fga) (cd) (be) +2 (goa) (fb) (de) +2 (bda) (ge) (fe) 
+2 (dfa) (cg) (be)— 2 (def) (ba) (ge) —2 (b4g) (ca) (fe) 
+2 (fbe) (da) (ge) +2 (fgb) (da) (ce) ]. 
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Add these three results, and we obtain, after some reduction, 
336 (abcdefy) 
= {(abedefg), (be) (cf) (de)} [ 4 (ac)| BDEFG| + 16 (ad) | BOHFG| 
+ (ab) {40 (cdefg) —8 (cdfge) —8 (cedfg) | . 
+ (ac) {—8 (bdefg) 4 (debfg) +24 (bdgef)} 
+ (ad) {—4 (beefy) +16 (cebfg)} + (abe) {36 (defy)—4 (efdgy} 
+ (abd) (8 (efeg) —16 (cefg)} + (abe) {8 (efdg) — 24 (edfg) $ 
+ (ace) {16 (bdfg) —20 (bfdy) } 
+ (abe) {—4 (ef) (dg) +4 Cif) (eg) —16 (de) (19) } 
+ (abd) {28 (ce) (fg) —12 (ef) (eg) $ 
+ (abe) { —2 (ed) (fg) —8 (eg) (af) —14 (of) (dg) $ 
+ (ace) {—12 (bd)( g) +2 (bg) (df) + 6 (Bf) (dg)} J. 
Now, if we write 
(cdefg)” = (cdefg) +4 |CDEFG | 
+ {(edefa)} [ —3 (cd) (efy) +4 (ce) (ayy) ], 
we shall have (odefg)” = (cegdf) 
and fe, f, g} (cdefg) = 0, 


so that the reductions will be much simplified. For the same 
reason we will use the form 


(defy)! = (defy) —& {(de) (fg) + (af) (ge) + (dg) (ef)}- 
With this notation we obtain ; 
536 (abcdefg) 
= {(abedefe), (bg) (cf) (de) } [ —20 (ab) | CDEFG| —2(ac)| BDEFG |. 
+10 (ad) | BCEFG| + (ab) {40 (cdefy)’”—8 (cdfge)’”’ —8 (cedfg)’’+ 
+ (ac) {—8 (bdefg)” —4 (debfg)” + 24 (bdgef)”} 
+ (ad) {—4 (beefg)” +16 (cebfg)”’} 
+ (abe) {36 (defg)’—4 (efdg)’} + (abd) {8 (cfeg) —16 (cefg)’S 
+ (abe) {8 (ofdg)’—24 (edfg)’} + (ace) {16 (b4fg)’—20 (bfdg)’$ 
+ 23 (abc) { (de) (fg) + (df) (ge) + (dg) (ef) § | 
— #2 (abd) U (ce) (fg) + (A) (ge) + CoM) (ef) 5 
+ 33+ (abe) {5 (ed) (f9) — (of) (gd) — (eg) (4) $ 
+28 (ace) { —2 (bd) (fy) + (Bf) (dy) + (b9) (af) } J. (XTV.) 
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If we take this value of (abcdefy) and substitute in the three 
identities degree 7, viz., 


L[abed...] =, [abc, de, f,g,)=R, [ab, cd, ef, 9,] = R, 


we shall obtain all the syzygies of this degree. Owing to the form 
of the expression obtained for (abcdefy), it is only necessary to take 
one equation of each type. Take, then, the equation 


abe, den}! ag, =="h.; 
this may be written 


{(fg), (ac) (de)} [2 (abedefy) + (abefdeg) +4 (fy) | ABODE | 
—4 (fy) (abedey” — (de) (abefy)”— (abe) (defy)’— (deg) (abefY 
—& (abe) { (de) (fg) +2 (df) (eg)} 
~ de (fg) {4 (abe) (cd) —2 (abd) (ce) +4 (ade) (be) —2 (acd) (be) 
—(bde) (ac)} 
—4 (de) {2 (abg) (cf) + 4 (afy) (be) —2 (ach )(bg) — (bf 9) (ae)} 
—& (deg) { (ab) (of) + (ac) (fb) + (af) (be)} ] = 0. 


Hence, putting in the values of the first two forms, 


{(fg), (ac) (de)} | (fg) {3 (abede)” —(acdbe)” —8 (acbed)’ } 
+ (bf) {8 (cdaeg)”’ +6 (daceg)’ +4 (adecg)”’} 
+ (af) { —12 (ecbdg)” —4 (bdecg)"” +2 (debcg)"” +2 (ebdeg)” 
+ (ef) {4 (cbadg)” +6 (cadbg)” +10 (adebg)’’—8 (bacdg)’’* 
—9 (ac) (dbefg)” —9 (de) (abefg)”” +18 (cd) (abefg)” 
+ (ab) {8 (cdefg)” —2 (cedfg)”’} + (eb) {8 (acdfg)” —2 (cadfg)”’} 
— 3 (bf 9) (adce)’ + 6 (afg) { (cdbe)’—(cdeb)’} 
+ (efg) {10 (abed)’ +2 (acdb)’} —9 (acf) (dbeg)’—9 (def) (abceg)’ 
+6 (abf) (cdeg)’ +2 (ebf) {(cadg)'—(edag)'$ 
+4: (aef) { (cbdg)’—(cdbg)’} + (adf) {—14 (bceg)’—10 (beeg)"§ 
+6 (abc) (dfeg)’ +6 (dbe) (afeg)’—3 (abe) (ofdg)’ 
—9 (abd) (cfeg)’] = 0. (XV.) 
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This may be simplified thus:—Interchange a and e, ¢ and d, and 
subtract the resulting from the original equation, 


{ (fg), (ac) (de)} [ (fy) { —2 (abede)” +2 (acdbe)”} 
+ (Uf) {2 (daceg)” —2 (adecg)”} + (af) {4 (beedg)’—4 (debeq)”} 
+ (ef) {4 (cabdg)” —4 (badeg)’’} + (afg) {4 (cbde)’—4: (cdeb)’' 
+ (efg) {4 (deab)’—4 (dbca)’| + (abf) {4 (cdeg)’ —4 (cedg)’ 
+ (ebf’) {4 (dacg)’ —4 (deag)’} +4 (aef’) { (debg)’— (cdbg)’} 
+ (adf) {4 (becg)’ —4 (beeg)'} | = 0. (XVI) 
Now, let the expression 
(gf) (abcde) + (af) (gbdce)” + (bf) (ageed)” + (cf) (adgbe)” 
+ (df) (abege)” + (ef) (acbdg)” — (agp) (beed)’— (bgf) (cdae)’ 
— (cgf) (debay’— (dgf) (each)'— (eg) (abde)' — (abf) (dege)’ 
— (aef’) (egdb) — (adf’) (cebg)’— (aef) (ghed)’— (bef) (edga)’ 
— (bdf) (agec)’— (bef’) (dacg)’— (edf) (gbae)’ — (cef’) (adbg)’ 
— (def) (gcba)" = @ (abcde, g, f) ; 
then o (abcde, f, g) = ¢ (bedea, f, g) = ¢ (edcba, f, 9). 


Then equation (X VI.) is equivalent to 
y (abcde, g, f) + (abede, f, y) = 9 (acdbe, g, f) + (acdbe, f, 9). 


Operate on this equation with the substitutions (bed), (abcde), 
(abede)’, (abcde)* respectively ; and we obtain 


y (abcde, 9, f) +9 (abcde, f, g) = 9 (acdbe, g, f) +o (acdbe, f, 9) 
= 9 (adbee, 9, f) +9 (adbee, f, 9) 
= ¢ (acedb, g, f) +9 (acedb, f, g) 
= ¢ (abecd, g, f) + (abecd, f, 9) 
= y (acbed, 9, f) +9 (ached, f, g) 
240) 

since the sum of the above six expressions is zero. 
Consider then the expression @ (abcde, g, f) ; it may be written 
{(abede)} [4 (fg) (abede)” + (af') (ybdce)” —(agf)(beedy 

—(abf) (degey’ — (aef )(egdby’ J. 
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But it might equally well be written 
{(gbdce)} [ (af) (ybdee)” + (gf) (abede)” — (gaf’) (beed)’ 
| ~ (gbf)(cdaey’— (gdf)(eac)’]. 
Hence ¢ (abcde, g, f) = 9 (gbdce, a, f) = 9 (ageed, b, f) =... . 
We have proved that 
{(fg)} ¢ (abede, g, f) = 0; 


hence also 


{(fa)} 9 (abcde, g, f) =0, {(£b)}  (abede, g,f) =0, &e. 


Suppose, now, we express (abcde, g, f) in linear symbols, the quartics 
being a,, 3%, ys, 2, €:, €:, 42; then, if £ and y be interchanged in @ and 
the result added to the original form, we obtain identically zero. 
Hence, if we put ¢/¢2, = 7,/n, in ¢, the result is zero. Similarly, if we 
give ¢/¢, any one of the six values a,/a,, 6,/6,, &c., p vanishes. Now, 
wl is a rational integral function of @/%, of degree 4, and it 
vanishes for six values of the variable; hence ¢ = 0. 


The syzygy may be written symmetrically thus 
{(abede), (gbdce) } [ (of) (abede)” —$ (agf ) (bced)’ | =e GN VELts) 
or {(abede), (gbdce)} | (gf) (abede) —§ (agf) (bced) —8 (gf) (ab) (cde) 
+ (gf) (ac) (bde) + 8 (agf) (bc) (ed) 
+85 (agf) (be) (cd) | = 0. 
All other syzygies degree 7 are reducible to this one. In order to 
prove this, it is well to further abbreviate the notation. Thus, let 
(gf) (abede), = (gf) (abede)’—{ (abede)} [4 (ag) (beed)’]. 
Then the syzygy just obtained becomes 
{(abede)} [8 (gf) (abede), + (af) (ghdce), ] = 0. 
The syzygy 
(fg) {(becda), + (bedea),} + (fe) {(gbdac), + (gbdea),} 
+ (fd) {(gcbea), + (gebea),5 + (fe) { (egdba), + (gedba),} 
+ (fa) {(gdecb), + (gedeb),} + (eg) {(foead), + (fbeda)} 
+ (ge) {(fdbea), + (febda),} + (gd) {(efeba), + (fecba),} 
+ (ga) {(feedb), + (fecedd),} + (ed) {(gabfe), + (gfbac),} 
+ (ea) {(gfebi), + (fab), } + (ec) {(gafab), + (gfdab);} 
+ (de) { (gbfae), + (gbfea),} + (da) {(gfeed), + (gefeb):} 
+ (ac) {(edgfb), + (egdfb),} = 0 (XVII) 
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is also required. It is obtained by subtracting 
{(gedea) } [ $ (bf) (gedea), + (bg) (fecda), | 
from the sum of the syzygies 
{(gedea)} [4 (Uf) (gedea), + (fg) (becda), | = 0, 


{(fecda)} [4 (bg) (fecda), + (bf (gedea), ] = 0, &e. 


First consider equation (XV.). We obtained (X VI.) from it by 
interchanging a and e, ¢ and d, and subtracting the resulting from 
the original equation. If we now add, instead of subtracting, and 
discuss the result, we shall have completely discussed (XV.). Hence 
we need only consider the result of operating with {(ae)(cd)} on 


(AVE dbase, 
§ (fg), (ac)(de), (ae)(ed)} | (fg) {—4 (bedea), —8 (bedac),} 
4 (bf) {8 (cdaeg), +10 (daceg),} 
+ (af) {4 (bedeg),+8 (ebdeg), + 12 (debeg), — 20 (ecbdg), 
— 4 (bdecg),} 
+ (ab) {16 (cdefg),—4 (cedfg),}—18 (ac) (dbefy), 
418 (ae) (cbdfy),] = 0. Ve (XIX) 
From { (cdefg) } [4 (ab) (cdefg), + (bc) (adfeq), | =i 0) 
we obtain 
{(fg), (ac)(de), (ae) (ed)} | 4 (ab) (edefg), + 2 (bf) (edaeg), | = 0. 
Similarly, | 
{(fg), (ac)(de), (ae) (ed) } [4 (ab) (cedfg), +2 (bf) (ceadg), | = 0. 
Also {(fg), (ac)(de), (ae) (ed)} [ (bf) (daceg), + (fg) (biteae), 
+ (fa) {2 (edbeg), +2 (bdceg),} | =a) 
and {(fg), (ac) (de), (ae) (ca)} [ (Bf) (ceadg), + (fg) (deaed), 
+ (fa) {2 (dbegc),+2 (cedbg),} | = 0. 
Using these four equations, (XI X.) becomes 
{ (fe), (ac) (de), (ae) (ed) } [ (f9) { —2 (bedca), —14 (bcdea), — 8 (bedca), } 
+ (af) {4 (ebdceg), +4 (bedeg),—8 (cedbg), —8 (debcq), 
— 20 (dcebqg), — 20 (ecbdg),} 
—18 (ac) (dbefg), +18 (ae) (chdfg), | = 0. (XX.) 
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But, from (XVIILI.), 

{(fg), (ac) (de), (ae) (cd) } [2 (fg) (bedea), —4(af’) {(beedg), + (dbceg),} 
—2 (ae) (dbefy),—2 (ad) (chef), +4 (ae) (cbdfq), ] = 0. 

Then (XX.) is merely the sum of numerical multiples of this, and 


two other equations similarly obtained, after interchanging c and e, 
and c and a, respectively in (XVIII.). 


Take next the equation 
[ 6, ca, ef, ga, | = hh; 
this may be written 


{ (ce) (df), (cee) (dfa) } | 6 (abcdefg) —6 (ef) (abcdg) —8 (abg) (cdef ) 


a +3 (abg) (cd) (ef) | = 9, 
or, putting in the value of (abcdefq), , 
{(ce)(df), (ceg)(dfa), (cd) (ef) (ga) } [ (bc) {20 (defga),+16 (deafg), 
+ 12 (dfgea),} 
+ (cil) {20 (befga), +8 (beafg)s} + (ce) {24 (byfda), + 12 (bfdga),} 
+ (cf) {4(bdega), +48 (begda),—8 (bgdea), +4 (bdgae),} | =U! 
Eliminate the terms (bc)(...),, from this by means of (XVII.), and 
the equation reduces to 


{(ce) (df), (ceg) (dfa), (cd) (ef) (ga) } [20 (ed) { (begat), — (befga),} 
+20 (ce) {2 (begda), — (bgdea),— (bdgae),} | == Up 
And this equation is merely the result of operating on (X VIII.) with 
{(ce) (df), (ceg)(dfa), (cd) (ef)(ga)}. The equation 
[b, cd, ef, ga,| = RB, 
then, gives no fresh syzygy. 
We may proceed in exactly the same way with the equation 
baocd 2. |b 
with the same result. But the following is better. Suppose the 
quartics e°,, f*., J: to be all the same; and in the invariant forms 
denote them all by the same letter e. (The form of the equation 
under consideration is practically equivalent to this supposition. ) 
Then [abc, de, e, e,] = 2 (abcdeee) +2 (abcedee) + 2 (abceede), 
[abc, ed, e, e, | = 2 (abcedee) + 2 (abceede) +2 (abceeed), 
[abc, ee, d, e,] = 2 (abcdeee) + 2 (abceeed) 
+ (abcedee) +-(abceede) ; 
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therefore 2 [abc, ee, d, e,|+ abc, de, e, e,|—2 | abc, ed, e, e, | 
= 6 (abcdeee) = [| abcd... |. 


Tf the values of these expressions in terms of irreducible types be 
substituted, the equation is stillidentically true. Hence the equation 


labed leah 
eanigive us nothing more than is given by 


| abc, des TG nie=-el: 


The above proof holds for types of any degree, and so we conclude 
that this form of equation never requires special consideration. 

The expression for (abcdefg) may be simplified with the help of 
(XVII.). Operating with {(abcdefg), (bg) (cf)(de)} on the various 
syzygies of the form (XVII.), we obtain five mdependent relations ; 
~ by means of these (XIV.) reduces to 


36 (abcdefg) | 

= {(abedéfg), (bg) (cf) (de) } [6 (ab) (cdefg), —3 (ac) (bdefg), 
—3 (ad) (cbefg),—18 (ab) | CDEFG| — 3, (ac) | BDEFG| 
+44 (ad) | CBEPG| + (abc) {6 (defg)’—3 (degf)’} 
+ (abd) 7 8.(efegy —3 (cafg) 5 — 3 (abe) (adjig) 
+(ace) {3 (bdfg)’ —§ (bfdg)’} + (abc) { (de) (fg) + (af) (ge) + (dg) (ef)} 
— (abd) { (ce) (F9) + (of) (ge) + (eg) (ef) } 
+ (abe) {3 (ed) (f9) —& (of) (49) 4% (eg) (af) 
+ (ace) {—2 (bd) (fg) + (bf) (ga) + (b9) (af) ¥ | 

= {(abedefg), (bg) (cf) (de) } [ 6 (ab) (edefy) —3 (ac) (bdefg) 
—3 (ad) (chefg) +6 (abc) (defy) —6 (abd) (cefy) —3 (abe) (cdgf) 
—3 (ace) (bfdg) + (abe) { — (dg) (ef) —4 (de) (fg) +2 (df) (eg) } 
+ (abd) {4 (ce) (fg) +4 (eg) (ef) —2 (of) (ge)} 
+.(abe) {— (ed) (fg) — (eg) (af) +2 (of) (dg)} 
+2 (ace) { (bd) (fg) + (bf) (gd) + (bg) (Gf) } + $ (ab) | CDEFG| 
—4# (ac) |BDEFG | + 48 (ad) | BCEFG |]. 


_ 
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5. From (XVII.), syzygies of higher degree may be deduced. 
Thus, if we operate on (X VII.) with 


0 0 0 
h\| hk \[ kl)) §$ — +4,— +2,— 
Ly ]L2 IL Joa + Naa ma 
we obtain at once (fghkl) (abcde) = &P3, 4 


where =P, is used, as before, to denote a sum of products of forms, 
there being at least three forms in each product. Again, by means 
of syzygies deduced from (X VII.) itis possible to show that [,1,=  P; 


Thus, operate on (XVIL) with [lg] hy 2. ay, & +h, <| 
Yo 91 92 


2 (fgh) (abcde) + {(abede)} | (af) {(bdcegh) + (bdcehg)} + (agfh) (bced) 
—(abf) { (edegh)+ (edchg)}—(aef) { (dbegh) + (dbehg)} ] = 3P,. 

Operate on this with {f, c, d, e}’; then 

{f,c,d,e}’ {g,h}| (fgh) (abcde) +4 (af) {| BEGD, CH| + | CHBE,GD |} 


+4 (bf){| CAGH, DH| + | DHCA, GE | | sa Sy 
Hence 


{f, c, d, e}’ {a, b}’ {g, h} | (fgh) (abede) 
+2(af){|CHGD, BH|+|BHCD, GH| }] ass Pl 
and therefore 
{f, c, d, e}’ {a, b}’ {g, h} | (fgh) (abcde) +4 (ag) | CEFD, BH| 
+4 (agh) |BECDF| | = 3P,. 
Operate now with | fk | iE oO +k, ce +k, ©), and we obtain 
Gia Chas 
4e,.d,vet 4a, bt’ {g,h}[— (fgkh) (abcde) 
+ (cgh) {(abfked) + (abkfed) + (abdkfe) + (abdfke) + (abedfk) + (abedkf) } 
+4(agh) | BECD, FK| | = 3P,. 
Or, since (cgh)|AKEB, DF'|— (dgh)| AKEB, OF | = SPs, 
1c, d, et’ Ja, b}’ {f, k} [| — (fgkh) (abcde) +4 (agh) |BECD, FK| 
+(cgh){|BEDF,KA|+|BFED,KA \+|HDEKA, BF | 
+|HKAD,FB i} aa plese 
and therefore : 
{c, d, e}’ {a, b}’ {f, k} | —(/gkh) (abcde) | = SP. 
PASE We 
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Hence (fgkh) { (abcde) + (abdec) + (abecd)} = SP,. 
Similarly, (fgkh) {(abede) + (cabde) + (bcade)} = SP; ; 
therefore (fgkh) {(abecd)—(abdce)} = SP;, 

and hence (fgkh) (abcde) = SP, 


Thus the product of any pair of the invariant types J, I,, [,—with 
the exception of J,.[,—is expressible in the form =P;. But the pro- 
duct of I, or J; and any other invariant type is not so expressible. 
Covariant syzygies may be obtained from (XVII.) by means of 
combinations of the operations just used with operations of the forms 


Ls = mee < ve Fal 


2 ) ae 6) 2 6) 2 
and ( ee Uy, — 2 B,) Sepa (aya, — 4,25) er ae (aya, + ay, 2) aa 
2 


Ob, ob, 
The search for covariant syzygies is, however, much simplified by 
noticing that each of the irreducible types, .C,, C5, 4Cs, «Ca, oC, 6Cs 
may be expressed in the form W+3J, where J denotes a Jacobian, 
and A a sum of products of concomitants; and therefore the product 
of any pair of these types may be expressed in the form >P,. 
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1. The definition I adopt for the single theta-functions differs 
somewhat from that which is ordinarily used. Thus, taking the 
three equations 

0, (2) = O (@) sn# 
0, (2) =: 6 @) curs, (1) 
0, (v7) = 0 (#) dnz 


we at once obtain gp Teg te maan 


dx de 
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and five others, which may be thus represented : 
M(60,) = (d—d)00, = 0,0, 
M (8,9,) = (d’—d) 0,0, = 0,0 
M (0,9,) = (d’—d) 0,0, = 69, 




















(2) 
M(0,0;) = (d’—d) 0,0, = k?00, 
M(9,0) =(d—d)0,0 =/°0,0, 
M(9,0) = (d—d) 0,0 = 0,0, 
The symbol M” being defined by M”(XX’) 
= (d’—d)” XX’ 
aX’ n! a"X d®-"X’ 
— 1 12 core 3 
da” Soe) ri(n—r)! dx” da" sass gaa) da” » (3) 
we further obtain 
a 1 : 
ete fi = 8)= sn° 
a | og 8, —log 9) ay sn” u 
Z 
<, 2 (log 0,—log 0) = ou sn? u 3 (4) 
ad? pep 2 
a (log 0,—log @) = es +h? sn? u 
, 2 
and, taking log 8 = C—i sn’? u (5) 


dx i 3 


and integrating twice, determining the constants so that O(#) is an 
even function and 60 has a constant value conveniently assigned to 
it, we have 9, 0,, 0,, 8, defined. 

In Cayley’s Hlementary Treatise C has for value 1—H/K, and 
8 (a) is a function of z and kh”. In this memoir 0 (2) is a function of 
x and of three constants 00, k?, and OC. 


We note the equations 
M? (90) = 2(Ce?—#e)) 
M?(0,0,) = 2(00,— 0’) 
M?(0,0,) = 2 (Ce;—9,) 
M? (0,0,) = 2 (C0;—k®@;) 


(6) 
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Taking the first of these, we find, successively, 
id@’e 3 dee. 2 (2 
Onde, 0% dire da Oia 

1 do 4 dede, 3 (f2\" 


da 


OPda* C6? dz-dv 6? 





3 
= — 2k’ sna cnx dna, 








2 2 2 
=64 I do _ 1 (=) ‘ 2k? (en’a dn? 2—sn?a dn?x—k’ sn’ xen’) 


© dx ©? \du 
= 6(2?—2?—4 (30—1—F*) k? sn? 2, 
and M* (00) = 2 (60?— 2k) 6? — 8 (30—1—#") FO®, (7) 


M* (60)—4 (80—1—F*) M?(00)+4 {30°?—2(1+k’) 0+#} 0? = 0, (8) 
0, 9, 8, 8; each satisfy this differential equation. 


2. If we take 
X = Aexp (4um’*2? + 2bmx) O (ma+a), (9) 
1 ax 
xX dz 
Li Ae le 


2 d 
Telggindieers ik, Nem [lever ya 3 
XR as ules! He aes 


so that = pme+ 2bm+ log 0 (ma+a), 
x 


2 





log 8 (mxv+a), 


we shall obtain, as before, 
M* (XX)—4m? {3 (C+ w)—1—I?} M* (XX) 
+ 4m4 43 (O+py?—2 (1+#?)(C+ pe) +k} Xa Uae LO) 


the w merging into O+p. So (9) is the complete integral of (10), 
four fresh constants, A, b, m, a, being introduced. 


3. If we require to solve the equation 


M‘ (XX) =0, (11) 
taking Kak) 00d = +7 sin e } (12) 
and 3(C+p) = 14+#? 
we have 1—*+x* = 0 
and 3(O+p)—2 (14+?)(C+p) +h? =0, 
and A = Ae?” (mz-+a) (13) 


will be the complete integral of (11), O, i? being determined by (12). 
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[ (11) admits of three remarkable solutions, viz., 


et Ay een an 

(a) xX — t= SG + 13! — eee (14) 
a] 6 

(oye exe — Se Pat ao (15) 


(c) X=met+ec. 
If we call the series (a) th, x, we shall have 
th, 2 = x’ th, 2, the =i thy ee (16) 
th k*7 = th, 2, th «x = th; (17) 


th,, ths, being what ©,, ©,, become for the values of CU, k’, given by 
(12). The further consideration of equation (11) must be postponed, 
the object of the present memoir being to establish the following 
propositions. | 


4. We have, generally, corresponding to (2), 


M*"** (60,) = W (2n+1) 0,9, 
M*"*! (6,0,) = W, (2n+1) 0,0 
iM 2(0,0,) = W, (20421). G0; 


(18) 
M***! (8,0,) = W’ (2n+1) 60, 
M**"(9,0) = W; (2n+1) 6,9; 
Me (O.0 a= W, (2736.0: 
and M*" (00,;) = W(2n) 90, | 
M” (8,0,) = W, (21) 0,0, 
M™ (8,0,) = W, (27) 6,0, (19) 


A ™( O03) 429)0.0 
M™ (0,0) = Wi 2n) 0,0 
M*™ (0,0) = W;(2n) 0,0 


These W functions are all independent of x, being constants, func- 
tions of C and k’. 
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Piha we have, corresponding to (6), 

M™(00) = U(2n)0? = 2V (2n) 0?—2V’ (2n) ©; 

mM (0,0,) = U, (2n) 0; = 2V, (2n) 0; —2V, (2n) 

M* (0,0,) = U, (2n) 0, = 2V, (2n) 05 +2V, (2n) O, 

M*" (0,0;) = U; (2n) 0, = 2V, (2n) 0; —2V;, (2n) 6, 


(20) 


M*"*! (60), &c., all, of course, vanish. 


These V functions are, also, all independent of #, and functions of 
CU and k*, to be determined. | 


5. In what follows the symbols Lelie. and LL, , By L,, I, are 
defined as follows :— 








OZ uke 0, : __ dO 
da dx 
Boe (21) 
0. 
6,2, = Se 0323 rR 
ibe — “Z,4+Z4+ 4,+Z, 
[L = Z,+2Z4-Z,—-Z, 
(22) 
L, = 7,—Z—4,4+Z, 
DL, = 4,—44+24,—Z, 
so that jpeg pe span (23) 
de da da 
aL 2 2 2 2 2 2 C 
and oie +/7=40, L-i,=4, L—L, = 4k, (24) 
XL 
or we may define L, L,, L, by the equations 
2 2 cn 2u 2dn 2u 
— —— Fis mesa I. = 95 
sn 2w,’ ; sn2u ’ er oten Bae eo 


| By using L, L,, L;, we can pass from one set of formule to 
another very easily, and the expressions obtained will be more 
elegant. 


6. We might proceed by first proving that the V’s are constant, 
and, from that, that the W’s are. But, as the following theorem is 
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true for all functions which admit of successive differentiation, and 
so is generally true, and holds for all functions, and not theta- 
functions only, we shall first establish it, and then show that 18), 
(19), and (20) must be true, since theta-functions are holomorphic, 
and Ow always finite when w is finite. | 


Suppose that, X, X, being any functions of 2 capable of successive 
differentiation with respect to 2, 


aX _X(Y+ux), “= X,Y, +p), (26) 
dx dx 


and that #,, is generally defined by the equation 
XOX Pi eee CXEX Sr (27) 


then we have as follows :— 








R,= Y,—Y 
R,+ i = a + fy (Y¥,;-Y) +2 
ak dY iy 
dR ad" Y. aly, 
vain — 9 14+ Ink, —— +... 
gait Ae da” + an 1 dx-} ag 
2 (n)! Gey onk, a&(Y,+p2) R — 
DOE ay Rea Nyy da" Piece tt NLVy — 1 da =f n vg Y) 
_— ]\r+l — oe) = oY ea arty 
ae (Baer da] ss da” ate da" Bis ; 
! n-97 
+(—l) eae R a RS) 


r!(n—r)! "dx" 
+(-1y te, te) +R, (Y,—Y) 


(29) 
where we shall have 


Leelee (30) 
dp. 
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7. To establish (29), we proceed as follows :— 


TRG aX ae Ae 
M*+! XX” — xX abe ness SED Wee . 
( ) dant) he ax 2n 
OE Ween’ dh ae 
9, (2X PX, _ PX PAM), 
Le dx da” da? da" =} ) ae 























; 2n) ! ad’ X \ aie agru1x ght xX. 
ca (cay 2, | ia hee 
( ) y! (2n—r)! da” ada 1*! da’ *} da"-* Ae 
oy Gas dX ya zs 
at eee dx" dz 
(ox a eee qenrix 
da" dx ee a 


In each of these terms we develop the first term by applying 
Leibnitz’s theorem to the second factor, obtaining, for a general term, 





(1, (2n)! UXO Xe ae, + ua) 
p! (2n— or —~p)! ae dv” dager" -P ; 
for 
ae (Qa—r)! aX, a"? (¥, + pa) 





dyn-* -r 


DELVE = 
t ( CRE p!(2n—r—p)! da? Odea, 
In the second term of each of the above terms, we apply Leibnitz’s 
theorem to the first factor, obtaining, for a general term, 
(aay a) eK (Lt pe) 
(Qn—r)! q! (r—q)! da? dat phe 





Now consider the series 


\ a> 1 
xx @ Cire Y) 4 2n(x EOP SWE (Yi+¥), 




















dx dx. dx dx 2n-1 
Co i a ieee 
SCR phy das "da dae mh OS dx * 
q7"-2s aay) 
Ages *s 
oe (2n)! { Cee OS . a3 dex 
(2s+1)! (2n—2s—1)! dig ih) ae eto) 
pee 28 ree +¥+ 2a) 
da" - -2s-1 
ies a 
fe | x Tae ot SS Xt (Y— Y); 
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and the two developments are seen to be identical, and Me""(XX)) 
can be developed in hke manner. 


[ The identity of the two developments is readily seen by success- 
ively developing M*(XX,), M* (XX,), ... according to the directions. | 


8. Hence we have, successively, 


ip ee A he 
Rk, = Y,—Y, 
etegine + 2 (YW, 


a aoe 2, Ce ee CY Y), 
ia ya 














ig 
< ad”"-'(Y,+Y) rin a"? (Y¥,— Ya \ 
By = Rt) + Qn 1) R, AS) +... 
(2n—1)! mh ee aay Y) 
eo +1)! (2Q2n—2r—2)! 7" "*" — da?n-*r-? 
nel! ay Pa OGRENOP 
bao +2)! (2n—2r—3)! ee dan -2"-3 





PEE nea Fats OSS Et Eu + Ry+(Y%—Y) 
Ak 


acre Vv qe - a Ee + Y ° (31) 
Pon = gen ) +2n Ete det 1 rae 


(Qn)! a (¥,-Y) 

















a (2r)! (2n—2r)! ieee 
(2n)! R 2-277] CY, a Yee 
eb Kop Or 1) fet eS gina) 


oe ae 2r Foy 1 





A) + Ba (Y,—Y) 


9. Differentiating, we obtain, 
dit, _ d (¥,—Y) 


dz da : 
dR, __ @(¥,+ Y) pry tame 
da dx” da 
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and we observe the law 





NS the ree qr) (Y=¥) 5 ) 
Sr Oy 
dx dx 2r XE By dx Me 


Lc 























(2r)! R aq" - ye — Yaa 
7 Os-aiy! CR Rare 
wk 2r Bord i d(Y,—Y) 
dx 
.. (82) 
r+1 oy . 
ante sua Siem Oy Gye tie 2) 
dx da aM da” 
Ai: (2r+1)! ; ie y) 
(2s)! (2r—2s+ 1)! ee dz” *28+1 
fgets e yy Po ee OLN 
(2s+1)! (2r—2s)! ai dre" 
a eeraiky et shee 
da ) 
1 ARo,_y 
Now suppose this law to hold up to ae then 


, r-1 27 
Ba EEL) po 1) {ee a 
dx dae” da 


Aa fy big J 











(2r—1)! RPM =Y) | Ran PY, — ay 
OSC ea TC aie PG) dee Weer 
arr 2)! 

(2r—1)! fr, POO (YAY) | dReg PAY, + ae. 
* 542)! Qr—2s—8)! Oe Ogi de ih eet: 





HC Yie SVAN a Rae 
Res a. a mut (YY), 


d Fy, A Po, 1 
dz’ da 





Substituting in this for ..., , ., and collecting together 
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413 
2r-3s 
all the terms containing es st 1g , we obtain 
(2r—1)! aed (2r—1)! i; 
(2s)! (Qr—2s—1)! 2+ ey (Or —Dayt rt Me 
(2r—1)! (Qr—2)! pd (¥, + ¥+2ua) 
1! (Qr—2)! (Qs—2)! (vr—s)! *? dae ne 
Bat (2r—1)! day ayn 
(2s—1)! (27—2s)! dart? 
Pi. (rl >, (2r—1)! 
ei Oreser yt (051) (onan 
a (2r)! R 
TCL Ca a 
2r—2s-1 a 4 
and similarly for the terms containing Z . AG Shas Bye in like 


manner, the law can be shown to hold for ae 
established. f 


Thus (32) is 


| The identity it expresses is readily seen by successively develop- 
TEES UES 
ache Mle a 


in the manner we here indicate. | 


Jet 
Bs = 


10. The formule (29) follow at once from (31) and (32). And (80) 
can be proved by induction in much the same way. We have, in 
succession, 

diy 


dk, d ity _ 9 

dy ae A) da : 
MEETS Sidr) Sree Ce, 
du dp 


and, assuming that, up till r= 7, 


eho 
aa 
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adk,, | at id; tae _ ahi, +1 
dp. dxdu —s ds 


we have 





+n (1 — 1) hae: Figs =? 
oe +n (n—1) dh, 2 


— 9 %(n—1) ee Ne me peeciivs ss Ys 











2 [Ome aie r! (n—r)! au” an" iy 
aR a Cree dk 
2 1 eel on n fe AUS 
ae att ap ae ae Line a ptae dy (2 ) 
; d-2Y 2(n-2)!_ pp ah*Y, 
= —])3}2—— 4+...4+ —.__. 
\ ) { da"? = + (7 —2)! (n—r)! 2 gt 2 n- ae: 


+ 2, (1—2) Tins oie + f,,_» (Y,- Ya) i +2nR,_1 
XV 


= n(n—1) (Byat S ) 


Te 2nk,,- i) 


d 
so that 2 —— = 


= (n+1)nR,-1. 


[iat Applying the general formulee (29) to © functions, we observe 
that the 0’s need not have the same argument, nor the same modulus. 
In fact, much more general formule than (18), (19), and (20) are 
obtainable. 


To obtain (2U), put Om em AS 
so that Yo — Be 
then we have, in succession, 

7 (2) — 994 — 20K an? 
dx 


U (4) = 24 +60 (2) @ 





qGdn-17 2 (2n—1)! an. Dy — 17 
an) = 9 ca 
U( nv) dat") a T py! (Qn —2r— wee "4 dj P= 1 + 


(33) 


Now, 0x being holomorphe dans toute Vétendue du plan, it and its 
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derived functions are never infinite when @ is finite. But, since 
i sn”2 =r(r —1)sn”?a—7r7’ (14+ /) sn’a4+7 (741) #sn"** 2, 
U(2n) develops into a finite series of even powers of snz. Now 
U (2n) 8? is never infinite when z is finite. So we have 
U (2n) = 2V (2n) —2V’ (2n) sn’ za, 


where V (2n), V’ (2n) are constants, functions of C and #’, and the 
other equations (20) can be established in like manner. 


I find that 
U (6) = 8 §150°—1580+2h (1 +i)? 
—8 §450°—30 (1+h*) 0+44 11k? +4k't sn?u; (84) 
or, corresponding to (8), we may write 
U (6) —4(830—1—#) 0 (4) -12 (380?—2 (1+ #*) C+} (2) 
+96} C—O (1+*)+ Ch} = 0. (35) 
The successive coefficients being symmetrical functions of DL, L,, L,, 
the formule (8), (85) will be unaltered when 0,, 0,, 0; take the 
place of 6. | 
12. In (26), putting 
Ne eA ema), 
we have Yt+pu=Z, Yitpr =; 
then, since (Z4,—Z) 00, = ©,8,, 
we have, in succession, 


W(1)(Z,-2) = Z,-Z, 


W(2) = a aed +W(1)(Z,—2), 
aW(2)_ @ A +2 ae _ 2 thx Z) 
da 


P(Z,—Z 
Five 25-0 ) 


+2W (1)(Z;—Z) 
+ W (2)(4,—Z), 
i g a2) 


d Gas 
dx 


W(3) 


ee ee a2) 


Ree ate ae ee 


416 


q’n-} (Z7,+Z) 


W (2n) me da} 





* cae, ae W(2n—3)(Z,—Z) 


+ (2n—1) W(2n—2) 


+ W(2n—-1)(Z,—Z)’ 


aW(2n) _ 
dx 


ad” (Z,+Z) 
da 27 
2n ea 2) 
oat 1.9. 








4 an? 


4 2nW (2n—1)(Z,— Z) 


(W2n+ 1)(Z,—2) 


A on Wt 


da” 


4 on Gre 1) 7 @n— 


+2nW (2n—1)(Z,—Z) 


+ W(2n)(Z,—Z) 


S {W (2n+1)(4Z,—Z)} 


Ad qt (7,—Z) 


dat"* | aN (2n+1) 


(2n+1) 2n (Q2n—1) Sad 
AE Wap isa] oo CO aaa W (2n 2) 


(2n+1) 2n 
ii Lee 


+ (2n+1) W(2n) 
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+ (One 1 CN ieee 


+20 Wid Zee 


n—1) a, 2 
eo ar W (2n 


W (2n— 


d(Z,—-Z) 
da 


[May 10, 

— Z) 

a oe 
dx” 


Best 


pe Zi 2) oe 
da” - 1 








W (2n—3)(Z,—Z) ®A=2) 


(Z,+Z 
page 


4 (Z=2) 


WER (4,4 4), 
daz" -} 


CAD 
dx’ 


Z 





2) 


d(Z,+Z) 
ada 


WO)(Z—-2) © Ce 





d? be Z) 
da? 


@ (24.457 
DG) ae 3 





(36) 
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Here we observe that, since 


ACG a Be yuan eS (37) 


dx : sn? @ 


W (2n) develops into a finite series of even powers, positive and 
negative, of sna. Also, since W(2n+1)(Z,—Z) develops into such 
a series multiplied by sna cnw dn vw, W(2n+1) does so too. 

Now, Ox, 0,% being holomorphic throughout, and they and their 
derived functions never infinite for finite values of a, M*” (60,), 
M*"*' (60,) are likewise never infinite. 


So, if W (2n) 00, = ( ee type; sn?) 08, 
‘ wy, 


A 
a 
© 


we must have Behr 0: 


So W (2n) is constant. In like manner, W (2n+1) is constant. 


dW (2n) dW (2n+1) 


Of course, then, 7 vanish. So, too, the other 


W’s in (18), (19) are all constant. 


13. If we express W, W’ in terms of the L’s, we can at once find 
W,, W,, &e., by permutation. 


For small values of x we have as follows :— 
Waly sl SG lie el 
Weeb\a=«1, (Wal =eeea (38) 
W.a)=1. may=1 | 


W (2) = W’ (2) =20—1—#* 
W,(2)=W3(2)=20-8 +, (39) 
W, (2) = Wi(2) = 20-1 } 
W (3) = 60-1-# 
W, (3) = 60—4—# 
7, (3) = 60—1—4}3 
w(3) =k (3) 
W: (3) = BW, (3) 


W;(3) = W,;(3) 
VOL. XXXII.—NO. 736. 25 


(40) 
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W, (4) = 120°—12K?C' + k* 
W,(4) = 1207-12041 J 
W(5) = 600?—20 (14%) 0+1-68 + 
— 160?+246 (O—1) +240 (C—#)+(0-1) 
SB(O21)\(0—P)+0O- ie 
W, (5) = 16 (O—1)?+24(C—1)(C—##) + 24(C—1) C 
+(C—1)?—6 (C—*) 0+ C? 
= 600°—20 (44h?) O+16 + 24k? + ht 


W (4) = 120°?—12 (1+) O+1+4 101 + kt 
| ; (41) 


W,(5) = 600?—20 (14 4k?) C+1+ 244? 4 16/4 
| (42) 


W (6) = 12008 —180 (1+?) 0? +30 (1 +10k? + i) 
—1—59k? — 59k! ke? 
— 15 (20—1—%)*—14(20 —1—#)(1— #320 (1- 
WW, (6) = 15 (20—#)8—14 (20—K) kt 32 (0-1) 4 
— 12003— 180k?0? + 30k*C + 32k*—k° 
W, (6) — 12008 — 1800?+300—14 32h" 
(43) 





Kxtensions of the Riemann-Roch Theorem in Plane Geometry. 
By F. 8. Macautay. Received and communicated June 
14th, 1900. Received, in revised form, October 22nd, 1900. 


§1. IntRopuction. 


The ordinary form of the theorem known as the Riemann-Roch 
theorem in the geometry of plane algebraic curves is capable of 
generalization in more than one respect. In the following paper I 
have stated and proved what I believe to be the most general form 
of the theorem (§4); and have given a corresponding, but less 
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definite, theorem for a more extended case (§6). The paper forms 
an addition to an earlier one on “ The Theorem of Residuation, &ec.”’ 
(Proc. Lond. Math. Soc., Vol. xxxt., pp. 881-423), to which several 
references are made in the course of the proof (§§ 2-4). Apart, 
however, from any external reference, I have endeavoured in the first 
instance to explain what the generalized Riemann-Roch theorem is. 

Suppose that two given algebraic curves 0,, (,, having no common 
factor, intersect in any manner in the plane, and that the origin is 
taken at one of their points of intersection. In the most general 
case C,, C, will have multiple points of any kind at the origin, with 
any kind of contact. The intersection of C, and (, at the origin is 
called a base-point, whose degree «a is the number of ordinary points 
to which it is equivalent. This base-point a, and the conditions 
which it supplies for a curve, are determined by finding its a inde- 
pendent equations, which are the linear equations satisfied identically 
by the coefficients of both CO, P, and C,P,, where P,, P, are arbitrary 
power series in 2, ¥. | 

More generally, the condition that a given system of linear equa- 
tions may be the equations of a base-point is that the equations are 
satisfied by the coefficients of OP as a consequence of their being 
satisfied by the coefficients of C, where, as before, P is arbitrary. 
Without entering into further details as to the: character of the 
equations, we may add that the particular kind of base-point which 
is the whole intersection of two given curves at a point is called a 
one-set point, and its set of equations a one-set system. 

Base-points include all kinds of points, viz., the ordinary point, of 
degree 1 and order 1, the equation of which is 2} =0 (z} being the 
coefficient of x?-*y? in the general polynomial of any order, so that 
p2q2 0); the ordinary z-point, of degree $7 (¢+1) and order 7, 
which supplies an ordinary ?-fold point for a curve and no further 


conditions, whose equations are z, =O for all values of p, q, such 


q 
that 7 > p 2 q; the one-set point, which is the whole base-point 
common to any two curves at a point; and, in general, the ¢-set 
point, which is the whole base-point common to ¢+1 fixed curves at 
a point, of any order 7 2 ¢ and any (finite) degree g > 41 (¢+1). 

A base-point is said to form part of and to be contained in another 
if both are situated at the same point and if the equations of the 
first are deducible from those of the second. Given any base-point, 
we can always find an ordinary 7-point, and also a one-set point, 


which contains it. 


PA tps 
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A point-base is any group of base-points (including any number of 
ordinary points), all finitely separated and in the finite region of the 
plane; and its degrée N is the sum of the degrees of its base-points. 
A point-base forms part of and is contained in another if each of its 
base-points is contained in’a base-point of the other. 

If S is the general algebraic curve through any given part q of a 
one-set point a, then the remaining part r of a is that base-point 
through which S’ must pass in order that the composite curve S+8’ 
(analytically SS’) may pass through a. The base-points q, 7 are 
said to be residual with respect to a, and the sum of their degrees 
qtrisequal toa. — 

‘Similarly, if N+.N’ is any given point-base made up of one-set 
points (including ordinary points), and N any given part of it, and S 
the general algebraic curve through N, then the remaining part N’ 
is that point-base through which 8’ must pass in order that the 
composite curve S+S’ may pass through N+N’. The point-bases 
N, N’ are said to be residual with respect to N+ N’. 

With this explanation it is hoped that the enunciation of the 
generalized Riemann-Roch theorem (§ 4) may be understood. This 
theorem gives all the defects and excesses of N in terms of those of 
N when N+ WN’ forms the whole intersection of any two given curves. 
The n-ic defect of N is the degree of freedom of an n-ic through N ; 
and the n-ic excess of N is the excess of the number N over the 
number of independent conditions supplied by N for an n-ic. 

The generalized Riemann-Roch theorem may be thus contrasted 
with the ordinary theorem:—The ordinary theorem refers only to 
the point-base formed by the whole intersection of any given curve 
Y,, with an adjoined. curve ish ; not to the whoie intersection of any 
two given curves. Again, in the ordinary theorem, the point- 
base N, instead of' being any part of the whole intersection N+ N’ 
of C,, and C,,-3, has an ordinary (¢—1)-point at each multiple point 
of order z on C,, and z—1 on C,,_3;; the corresponding residual base- 
point of N’ being then also an ordinary (i—1)-point. Lastly, the 
ordinary theorem gives only the values of dj,_; and e),_3, viz., 
OG ereaivde ,eantlae4 


tr) aa dn —3° 


§ 2. Resotution or Bass-Points 1xto Srpie ELEMENTS. 


It is easy, in practically endless ways, to resolve any given base- 
point g into simple elements, that is, to arrange its equations in such 
a way that any the first q, of them shall be the equations of a base- 
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point q.* It will be sufficient to explain one. wav of doing this. 
Let # = 0 be any prime equation of the base-point q, and let n-be 
the highest value of p in any z, appearing in H. Arrange the 
derived equations in the following orders — 


(Pie) 
CH eemme we CH), 1-0) 
Cho = ae Gea = 
(F)7=0, (A) =0, GRY =0, ..., (Bo 0. 


Any one of these equations has all its eee occurring before 
‘it. Thus the. pigeon (BE) a = =i 6 preceded. immediately by its 
derivative (H)_ fae = 0, and at a greater distance by its derivative 
(B)2,, = =0(0. Hence, if we take the equations i in this order, and reject 
‘all those which are deducible from equations. previously written, the 
first g, which remain'are always the equations of a base-point q,. 
These equations may be combined in any way with the derivatives 
of all the other prime equations of q; it being only necessary that 
the derivatives of the same prime equation preserve the right order 
among themselves. The reasoning 1s not affected if two different 
prime equations have several of their derivatives the same. 

In the case of a one-set point q+r a further property can be 
proved, viz., that its q-+7 independent equations can be so arranged 
that the first g of them sre the equations of any given base-point q 
contained in g +7, while any the first q, of them are the equations of 
a base-point g,. If H =0 is the prime equation, and 


tee ee ee plete) 
any set of independent equations of the one-set point, and if S and S’ 


stand for S2?a? %y7 and eae Peay? pss. then the value of H 


for SS’ is Son eal ; 
Re 


q+r 


+ H, a+r Fata pH, Feat Byes le +H), FF, 








* A base-point differs in character from a point- -er oup; in respect to the fact that 
the simple elements from which it is built up must ‘be regarded as having an order 
of arrangement. 

The notation employed is. the same as that in the paper of Vol. xxxr. The L’s 
here used have no cunnexion with the /,, which stands for ”-ic excess ($§ 4—6). 
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where F,, F,, ..., Fy4, are linear homogeneous functions of the co- 
efficients 2,” of S’ (loc: ctt., p. 402). The equations 

3 | Deen hl aT eet Lee 


express the condition that H vanishes for SS’ when S is arbitrary, 
i.¢., they are a set of equations of the one-set point ¢g+7, but with 
z,’ written in the place of 2;. Now choose 


WN it ee Uy Tee AD) 
to be the equations of the given base-point q; then 
F.=F,=...=F,=0 


are the equations of the corresponding residual base-point r (loc. cit., 
p- 402). Further, choose H,, H,, ..., H, so that any the first q, of 


them correspond to a base-point g,. Also choose Ff, Fi, ..., F. so 
that any the first 7,-of them correspond to a base-point 7,. This last 
is effected by a suitable linear transformation of F, F,, ..., F,, and a 


corresponding linear transformation of Hy41, E442, .... Hy.,, which 
leaves the value of H,.,f.4+ £,..7,1+...4+4,.,f, identically the 
same as before. ‘T‘hen, since 


bE Rg en ee pe Ls ees 
are the equations of a base-point 7, 

B= f=... =H, = 0. (g=¢t+r—l, ¢4+7—-2;...%, 9) 
are the equations of the corresponding residual base-point q, (loc. cit., 
p. 402). Hence any the first q, of the equations 

Me Cae ee) 
are the equations of a base-point q;. 
Also, if S passes through the base-point g, whose equations are 


H, = H,=...=H,,=0, and S’ through the base-point 7,—1 whose 
equations are Ff, = F,=...= F,,_.=0, where g,+7r, = q+7, then 


SS' passes through a base-point q+r—1 contained in g+7r. The 
value of H for SS is in this case H, ,.,F,, which does not in general 
vanish ; but all the derivatives of H vanish for SS’. For the value 
of (E)-|, for SS’ is the value of E for 2'-"y" SS’, which is equal to 
(Hy.1)- F,, and to EY OCH Wee Each of these vanishes, for if 
r, <7, then (F,)-,,=0; and if r,>7, then q+1<q and 
Gipuay en =0. The curve SS’ does not, however, pass through the 
whole one-set point g+yr unless H, ,, vanishes for S, or F, for S”. 
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From this it follows that, if N+ N’is any point-base made up of 
one-set points, and if N is any given part of it, and N’ the remaining 
part, then the conditions which N+ N’ supplies for a curve may be 
resolved into simple elements 0;, (,, ..., Cy.w,* which can be chosen 
definitely in such a way that the first N of them are the conditions 
which the given point-base N supplies for a curve, and any the first 
N, of them the conditions which a point-base N, supplies. To these 
will correspond a unique residual set of conditions Cj, C), ..., Onxsxe, 
such that any the first N; of them are the conditions supplied for a 
curve by the point base N; which is residual to N, with respect to 
N+N’, where N,+N; =N+N. Moreover, it the conditions 
C,, Cy, ..., Cy, are satisfied for 8, and 0}, C3, ..., Cy,1 for S’, then 
SiS" passes through a point-base N+ N’—1 contained in N+ N’. And 
SiS’ does not pass through the whole of N+ N’ unless Cy. ,, is satisfied 
for S, or Oy. for &. 


§3. Potnt-Bask FORMING THE WHOLE INTERSECTION OF Two CuRVES. 


The (1+m—3)-ic excess of the point-base lm formed by the whole 
intersection of two curves C;, CU,, is 1. In other words, the point- 
base lm supplies lm—1 independent conditions for a curve of order 
l+m—3. It does not necessarily follow that any point-base N 
forming part of the point-base /m supplies N independent conditions 
for a curve of order 1+m—38. Hence the following theorem, which 
states this to be the fact, is of importance :— 


Any curve of order 1+m—3 through any point-base ln—1, forming 
part of the intersection of two curves Ci, C,, passes necessarily through 
the whole intersection of O., Cn. 


Any point-base Im—1 forming part of the point-base lm has a 
residual point-base of degree 1, which must therefore be an ordinary 
point. Take the origin at this point. Let ©,.,,_; be any curve of 
order /+m—3 through the point-base Jm—1. Then, since w and y 
are two curves through the residual point-base, we have 


x Opes = O, Aarts Om Ars ; 
and . Y CO.m-3 = C,B,,-2.+€,, Bi; 











* These conditions are that certain homogeneous linear functions of the co- 
efficients of the curve S, expressed by means of the values of S and the partia 
differential coefficients of S at the various base-points of N+ N’, should vanish. 
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where A,_5, Am» Bro, Ba-2 are polynomials whose orders are in- 
dicated by the suffixes. From these we have 


v (C,By-2t+ On By — y (CO, Amo+ Cy. Aiea)s 
or C; (aB, 2—Ydw 2) = ie (yAi_.—#B;_»2). 


Hence, since ©, C,, have no common factor, and #B,,_.— yA,,-2 18 of 
less order than C’,,, we have 


@Bm2—YAm-2 =O and yd,.—2#B,_, = 0. 


Hence A,,-, and A,_. are both divisible by 2; and, writing xJA,,_3, 
2A,_, for them, we have 
6 ee pe C, A mag at Cr rae. 


which proves the theorem. | 


§ 4. THe GENERALIZED Rismann-Rocu THEOREM. 


Tf the point-base forming the whole intersection of two curves C), C,,, 
which have no common factor and no intersection at infinity, 1s divided 
into any two residual point-bases N, N *, and if d,, d,, D, are the n-tc 
defects, and €,, €,, Hi, the n-ic eacesses, of N, N’, N+N’ respectively, then 
di, =e,+Dy and e, = d,—D,, where n4+n' = 1l+m—3. 

We shall prove first that e, = d,—D,. Since d,+1 and D,+1 
are the numbers of linearly independent curves of order 7 through 
N and N+WN’ respectively, it is clear that d,—D, 20. Also, if 
d,—D, = 0, then:e, = d,—D,, sinee e, 2 0. This shows that the 
inequality holds in all cases in which N does not le on an n-ic, for 
then d, =—1=D,, and in all cases in which an n-ic through N 
passes of necessity through the whole of N+ N’. 

If d,—D, > 0, we have d, = 0, since D, => —1. Alsod,—D,, is 
the number of (extra) independent conditions which the whole point- 
base N+ N’ supplies for an n-ic drawn through N. Hence an v-ic 
can be drawn through N, and can be made to satisfy d,—D,—1 
further independent conditions supplied by the point-base N+ N’, 
without vanishing identically and without passing through 
whole of N+ N’. Let the conditions that N+N’ supplies for a curve. 
viz., O;, Cy, .... Cy.x, be arranged definitely as in §2; and suppose 
them applied successively to a.curve of order x. Among the condi- 
tions Cy,.1, Cyse ..-5 Cyix there will he d,—D,, each one of which is 


Or 
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not a consequence of all the preceding (including C,, C,, ..., Cy). Let 
these be Cy, Cyiii, + On, «1 WHGrOmY tha te oul ey 
and p= d,—D,. The last condition Cy,+1 will require that the n-ic 
vanishes identically if D, =—1, otherwise not; but an 7-ic can in 
any case satisfy all the conditions up to Cy. Now apply the residual 
set of conditions (, Cj, ..., Cy, to a curve of order »’. Then the 
condition Cy,» where N,+N, = N+WN’, will be satisfied as a conse- 
quence of the conditions C1, C3, ..., Own,,-1- For an n-ic which satisfies 
the conditions C,, C,, ..., Cy, and an w’-ic which satisfies the condi- 
trons: Uo Gy aes Cy -1 make up an (n+7n’)-ic which passes through a 
point-base N-+N’—1: contained in N+WN’ (§2). This must pass 
through the whole of N+N’ (§3). Hence one of the conditions 
Cy,+1; Cy,, must be satisfied ($2); and since, by hypothesis, the 
condition Oy, ,,18 not necessarily satisfied by the n-ic, the condition 


Cx, 18 necessarily satisfied by the ’-ic. Inthe same way it is shown 
ve 


ated . 
Ny-p «+9 Uyy 18 a consequence of those 


that each of the conditions Cy, C 


, 


which precede (N,,< N,-1<...<N; < N’ since N,>WN,1>...>N,2N). 
If at any time the conditions applied to the n-ic make it vanish 
identically, then all the remaining conditions up to OU}, are conse- 
quences of those already applied. - Hence there are at least 
p=d,—D, of the conditions Ci, O:, ..., Cy which are consequences 
of the rest, when applied toan n-ic. Hence e, = d,—D,. Similarly 
é, = Ay — Dy: 

These two inequalities can be converted into equalities by means 
of the known formule 


N—e,+d,+1=4(m+1)(4+2), Gi) 
and D,+1= [4(n—I+ 1)(n—1+2) | + [4 (n—m+1)(n—m+ 2], (2) 


the square brackets in (2) indicating that the products enclosed are 
to be retained only when the individual factors are positive. By 
formula (2), since n+”' = l+m—3, we have 


eke Dy tl = 2 @—il\ to) (n 11) (n’— 1-22), 
Also, by (1), ey —di, = N’-+1—4 (n'+1)(n’ +2), 
and e —d, = N+1—4(n+1)(n+2). 
Also Nt+tN=lm. 
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Adding, we have (e,—d,4+D,)+(e,—d,+ Dy) = 9. 
Therefore e, =d,—D,. and dy, =e,4+D,. (3) 


The two formule (3) are equivalent by virtue of (1) and (2). 


§ 5. CONSEQUENCES OF THE THEOREM. 
The equations e, =d,—D, and dj, = e,+D,, 
where n == l+m—n—3, 


besides giving all the excesses and defects of N’ in terms of those of 
N, yield the following important results, which are different aspects 
of a single theorem. We assume as heretofore that the whole inter- 
section of OQ, C,,, is in the finite region of the plane. 


Gi.) If e, =0, then’ d, = D,, 7.¢e., an n-ic through N passes 
through the whole of N+ N’; and, if e,,>0, then d, > D,. Hence an 
n-ic drawn through any point-base N, forming part of the intersection of 
two curves 01, O,,, ts or ts not necessarily of the form C,S,-1+Cn Sym; 
according as the (l+m—n-—38)-ic excess of the point-base N’, forming 
the remaining intersection of O,, Om, ts or ts not zero. 


(1i.) If e, = 0, then d), = D,.. Hence, if the n-ic excess of the point- 
base N is zero, t.e., if the point-base N supplies N independent con- 
ditions for an n-tc, or im other words ts regular for an n-tc, then an . 
(l+m—n—3)-ic through N’ zs of the form C,8+0C,,8. If l4+m—n—3 
is less than m, but not less than 1, the (l4+m—n—3)-tc is of the form 
CS; and, if l+m—n—3 is less than both 1 and m, there ts no 
(+m—n—3)-ic through N’. 


(iu.) An important particular case of (ii.) is obtained by putting 
n=l. IPf the point-base N, forming part of the intersection of two 
curves U;, C,,, ts regular for an l-ic, then any (m—38)-tc through the 
pownt-base N’, forming the remaining intersection of C,, O,,, ts of the 
form CS; and there is no (m—3)-tc through N’ if l>m—3. (Cf. loc. 
cit., p. 417, footnote. ) 


§ 6. Pornt-Basr MADE UP OF ONE-SET POINTS. 


The reasoning by which the theorem of § 4 is established is 
applicable, except as regards the use made of Cayley’s theorem in 
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formula (2), to any point-base N+ N’ which consists entirely of one- 
set points. We thus have the following theorem :— 


If a point-base N+ N’, made up of one-set points, is divided into any 
two residual point-bases N, N’, and tf d,, di, D, are the n-ic defects, and 
en, en, HW, the n-c excesses, of N, N’, N+-N’ respectively, then e},, > d,—D,, 
and dy < e,+D,,, provided any (n+n')-tc through any point-base 
N+N’—1 contained in N+N’ passes necessarily through the whole of 
N+WN’ or vanishes identically. 


The greatest value of 1+’, consistent with the conditions, gives 
the best results. 

These two inequalities are not equivalent, and cannot be converted 
into equalities, because Cayley’s theorem is no longer applicable. 
The first gives an interior limit, and the second a superior limit, for 
the degree of freedom of a curve of any order through N’, if the 
degrees of freedom of curves of all orders through N +N’ and 
through N are known. By means of formula (1) the inequalities 
may be written 

H,—N' 2 e,—e, 2 N—L,,. 


If N+ WN’ is a point-group two other inequalities of some interest 
can be proved. ‘Those already given may be written 


Dende, andy Dy 2 d—eu 


provided an (z+ ’)-ic drawn through all but any one of the N+N’ 
points passes necessarily through the last or vanishes identically. 
The other inequalities may be written 


H,, = en + ery and 4h, = est Cyr, 


the first with the proviso that an (mn—vn’)-ic can be drawn through 
the N points without passing through any of the N’ points, and the 
second with the proviso that an (n—vn’)-ic can be drawn through the 
N’ points without passing through any of the N points. It is to be 
observed that, if x is the same in all four inequalities, n’ is different 
in all except the first two. The greatest value of x’, consistent with 
_ the conditions, gives in every case the best results. 

The N’ points supply d,—D, independent conditions for an n-ic 
through the N points. Hence d,—WD,, points can be chosen out of the 
N’ points such that, if an m-ic can be drawn through the N and the 
d, —D, points, it must pass through all the N’ points. Now, if an 


428 Dr. F. S. Macaulay on Hatensions of the [June 14, 


n'-ic can be drawn through the d,—D, points, and an (n—w’)-ic 
through the N points, without passing through any of the N’ points, 
then the n'-ic and (n—vn')-ic make up an n-ic which must pass 
through all the N’ points. The v’-ic must therefore pass through all 
the N’ points, z.e., the N’ points do not supply more than d,—D,, in- 
dependent conditions for an w’-ic. Also, if no n’-ic can be drawn 
through the d,—D,, points, then again the N’ points do not supply 
more than d,--D, conditions for an n'-ic. Hence, in all cases, if the | 


proviso respecting the (7—~7')-ic holds, we have N’—e,, < d,—D,, 
te, H <e,+ey, by formula (1). The inequality H, < e,+e,, is 
proved ina similar way. The reasoning is not applicable if N+ N’ 


is a point-base made up of one-set points unless the residual point- 
bases V, N’ into which it is divided are entirely separate. 


$7. GENERAL REMARKS. 


The following notes will be of some use if they prove suggestive 
of other possible modes of investigation of the properties of point- 
bases. 


(i.) The most general property of point-bases proved above is that 
expressed in § 6 by the inequality e,, = d,—D,, which may be inter- 
preted analytically as follows: — Choose the point-base N+ N’' 
arbitrarily by giving to each of its one-set points a any situation and 
any prime equation. The value of a for each one-set point may be 
found from its prime equation, and the value of N+N’ is 3a. The 
conditions supplied by the point-base N+ N’ for a curve of any order 
nm are known, and the value of H,, is to be found from the fact that 
N+N'—H#H, is the number of independent conditional equations 
which the point-base N+N’ supplies for an n-ic. Let n+’ be the 
highest value of x for which H, does not vanish,* 7.e., let n+' be 
such that #,4,,>0, Hyswyi= 0. Choose arbitrarily a base-point q¢ 
out of each one-set point a, z.e., choose any of the equations of a as 
the prime equations of g. Then the point-base N made up of the 








* As n increases Z,, diminishes, never remaining stationary. Hence £,, must 
vanish if 7 has a sufficiently high finite value. Or, again, e, must vanish for a 
given point-base WV if ¢, vanishes for any point-base which contains V; anda 
point-base can always be found which contains WV and consists entirely of ordinary 
i-points. For this latter kind of point-base e, vanishes when 2 has a sufficiently 
high value. (C. A. Scott, ‘‘ A Proof of Noether’s Fundamental Theorem,’’ Mathe- 
matische Annalen, Vol. i1., 1899, pp. 593-597, § 3.) 
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base-points q is any part of N+ N’, and the values of N (viz., Sq) 
and e, may be found in the same way as those of N+ N’ and H,. Let 
S be the general algebraic curve of an order >n-+ 7’ which passes 
through N, and let 8), be the general algebraic curve of order n’. 
Then the number of independent conditional equations (not involving 
the parameters of S) which must be satisfied by the coefficients of 
Si, in order that the composite curve SS), may satisfy all the con- 
ditions supplied by the point-base N+ WN’ is N’—e;,; and the in- 
equality e,, = d,—WD, states that the number N’—e,, < H,—e, 

The validity of the theorem is dependent on the proviso that any 
(n+7n’')-ic through any point-base N+N’—1 contained in N+ N’ 
passes of necessity through the whole of N+ WN’, or vanishes 
identically. This is expressed analytically by saying that, if S is 
any (n+ ’)-ic such that both (w—a,) S and (y—y,) S satisfy all the 
conditions supplied by the point-base N-++ N’, then S itself must as a 
consequence satisfy all the same conditions, or vanish identically, no 
matter what 2, and y, are. The only pairs of values of a,, y, which 
need be tried are the coordinates of the points of the point-base. 


(ii.) The limitation of a point-base, by definition ($1), to the 
finite region of the plane is important. Base-points which go to 
infinity disappear, and must be regarded as non-existent, unless some 
method is devised for taking them into account. If C,, C,, are any 
two given curves, having no common factor, the number of con- 
ditions satisfied identically by the curve C,S,+C;,,8, (8, S, being 
arbitrary polynomials) is lm —d, where d is the number of (ordinary) 
points of intersection of the two curves C, CO, which have disappeared 
at infinity. The number lm—d is also the degree of the whole 
common point-base of the two curves; and the general curve of 
order 2 through the whole common point-base is of the form 
O,S,+C,,S., where, however, 8,, S, must be of higher orders than 
n—l, n—m respectively, if 2 exceeds a certain value. 

This suggests the question whether, having given any point-base 
made up of one-set points, two curves C,, C,, can always be found 
which pass through the point-base and have no further intersection 
(either at the base-points or at any other points) in the finite region 
of the plane. Any curve through the point-base would then be of 
the form (©,S,+0,,8,; but even if, as supposed, two fixed curves 
C,, O, should suffice to determine the point-base uniquely, it does not 
follow that the fact could be used to much advantage. 
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(i11.) Since a base-point is the intersection of two or more curves 
at a point, itis natural to seek a method of obtaining the equations 
of a base-point at a given point on a given curve. 

First, transfer the origin to any ordinary point on the curve. 
Expand y in powers of & (or w in powers of y if « = 0 is the tangent 
to the curve at the origin), and substitute the expansion for y in the 
power series 3z?x”"*y', or the expansion for 7 in 3z?a’y". We thus 
obtain a power series in # whose coefficients are linear homogeneous 
functions of the z’s. The coefficient of «* equated to zero is then the 
prime equation of a base-point lying on the curve at the origin; and 
this is a one-set point of degree n+1. The independent derived 
equations are those obtained by equating the coefficients of 
a", a? ..., # to zero. There is no definite limit to the degree, 
since 7 is unrestricted ; but there is only one base-point of assigned 
degree on the curve at the origin. It should be added that the 
prime equation Siz, =O is of a simple and special type, all its 
derivatives >We : i. = 0 being deducible from those alone for which 
$76 OS bay ora 

Next, transfer the origin to a multiple point of order 7 on the curve. 
By the same process as before, we obtain one prime equation corre- 
sponding to each linear branch through the origin. For a super- 
linear branch of order & (the tangent not being «= Q) we expand 7 
in integral powers of «'" and substitute in 32?a?y*. The coefficients 
of a, at NE, at —*-Dk equated to zero give us k more prime equa- 
tions, which are not of the same simple type as those corresponding 
to lnear branches. We thus obtain, in ail, ¢ independent prime 
equations, which may be called the fundamental prime equations 
corresponding to the given curve at the origin. Any equation 
linearly deducible from. these and their derivatives is the prime 
equation of a one-set point on the curve; and any number of such 
equations (after omitting those which are deducible from the rest 
and their derivatives) are the prime equations of a base-point on the 
curve. 
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The following presents were made to the Library during the 
recess :— 


‘¢ Educational Times,’’ July—Oct., 1900. 

‘‘Indian Engineering,’’ Vol. xxvur., Nos. 21-26, May 26-June 30, 1900; 
Vol. xxvur., Nos. 1-11, July 7-Sept. 15, 1900. 

Rayet, G.—‘‘ Observations pluviométriques et thermométriques faites dans le 
Département de la Gironde de Juin 1898 a Mai 1899,’’ 8vo ; Bordeaux, 1899. 

Miller, F. — ‘‘ Vocabulaire Mathématique francais-allemand et allemand- 
francais,’ Iste Halfte, 8vo ; Leipzig, 1900. 

‘‘ International Association for Promoting the Study of Quaternions and Allied 
Systems of Mathematics,’’ 8vo ; Toronto, March, 1900. 

John Crerar Library.—‘‘ Fifth Annual Report for 1899,’’ 8vo ; Chicago, 1900. 

Fischer, O.—‘* Der Gang des Menschen,”’ Theil 3, 8vo; Leipzig, 1900. 

Cambridge University Library.—‘‘ Report of the Library Syndicate for 1899,”’ 
4to ; Cambridge, 1900. 


Extracts from the ‘‘ Memorie del R. Istituto Lombardo di Scienze e Lettere ”’ :— 
Veratti, E.—‘‘ Ricerche sul Sistema nervoso dei Limax,’’ 4to; Milano, 1900. 
Fossati, F.—‘‘ Bibliografia Volticina,’’ 4to ; Milano, 1900. 

Monti, R.—‘‘ Le Ghiandole salivari dei Gasteropodi terrestri,’’ 4to ; Milano, 
1899. 
Jatta, M.—‘‘ Sulla Genesi della Fibrina,’’ 4to ; Milano, 1899. 


Adams, J. Couch.—‘‘ The Scientific Papers of,’’ Vol. 11., 4to ; Cambridge, 1900. 

Lemoine, E.—‘‘ Comparaison géométrografique de douze constructions déduites 
de onze solutions d’un méme probléme,’’ pamphlet, 8vo; Paris, 1899. 

McGinnis, M. A.—‘‘ The Universal Solution for Numerical and Literal Equa- 
tions,’’ 8vo ; London, 190v. 

Biddle, D.—‘‘ Mathematical Questions and Solutions from the ‘ Educational 
Times,’ ’’ Vol. txx11., 8vo; London, 1900. 

Bashforth, F.—‘‘ A Second Supplement to a Revised Account of the Experiments 
made with the Bashforth Chronograph,’’ 8vo ; Cambridge, 1900. 

Capelli, A.—‘‘ Sull’ Ordine di Precedenza fra le Operazioni fondamentali dell’ 
Aritmetica,’’ Svo ; Napoli, 1900. 

‘“The Cardioide and some of its related Curves,’’ Inaugural Dissertation zur 
erlangung der Doctorwiirde in University of Strassburg, by R. C. Archibald ; 
1900. 


The following exchanges were received :— 


‘* Annals of Mathematics,’’ Series 2, Vol. 1., No. 4; Harvard, 1900. 

‘* Proceedings of the American Philosophical Society,’’ Vol. xxx1x., No. 161; 
Philadelphia, 1900. 

‘* Proceedings of the Edinburgh Mathematical Society,’’ Vol. xvir. ; 1899-1900. 

‘* Proceedings of the Royal Society of Edinburgh,’’ Vol. xx1r.; Edinburgh, 
1897-98, 1898-99. 

‘* Mémoires de la Société des Sciences Physiques et Naturelles de Bordeaux,”’ 
Tome 11., Cah. 2; Tome v., Cah. 1; Procés Verbaux, 1898-1899 
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‘¢ Periodico di Matematica,’’ Anno xv1., Fase. 1; Livorno, 1900. 

‘* Supplemento al Periodico di Matematica,’’ Anno 111., Fasc. 8 ; June, 1900. 

‘* Proceedings of the Royal Society,’’ Vol. nxv1., Nos. 430-435, 1900; ‘‘Report’’ 
and ‘*‘ Further Report to the Malaria Committee,’’ 1900. 

- © Beiblaitter zu den Annalen der Physik und Chemie,”’ Bd. xxiv., St. 5-8 ; 
Leipzig, 1900. ; 

‘¢ Bulletin de la Société Mathématique de France,’’ Tome xxvitt., Fase. 2, 3; 
Paris, 1900. 

«¢ Annales de la Faculté des Sciences de Toulouse,’’ Série 2, Tomet., Fasc. 4; 1899. 

‘‘ Bulletin of the American Mathematical Society,’’ Series 2, Vol. vi., Nos. 
9, 10, June, July, 1900; New York. 

‘¢ Monatshefte fir Mathematik und Physik,’’ Jahrgang x1., Pt. 3; Wien, 
1900. 

** Reale Istituto Lombardo—Rendiconti,’’ Serie 2, Vol. xxxt1r., 1899. 

‘¢ Bulletin des Sciences Mathématiques,’’ Tome xxtv., Mars—Juin; Tables des 
Matiéres, Tome xx11r.; Paris, 1900. 

‘¢Rendiconto dell’ Accademia delle Scienze Fisiche e Matematiche,’’ Serie 3, 
Vol. vr., Fasc. 5-7,-May—July, 1900; Napoli. 

‘¢ Journal fiir die reine und angewandte Mathematik,’’ Band cxxt., Heft 3, 
August, 1900; Berlin. 

‘* Annali di Matematica,’’ Serie 3, Tomo tv., Fasc. 3, 4; Milano, 1900. 

‘‘ Sitzungsberichte der Physikalisch-medicinischen Societat in Erlangen,’’ 
Heft 31, 1899; 1900. } 

‘“‘ Atti della Reale Accademia dei Lincei—Kendiconti,’? Sem. 1, Vol. rx., 
Fasc. 11, 12, and Index ; Sem. 2, Vol. 1x., Fasc. 1-6; ‘‘ Anno 297, 1900, Rendi- 
conto dell’ adunanza soleune del 10 Giugno 1900 onorata dalla presenza delle LL. 
Mm. il Re e la Regina,” pp. 455-540 ; Roma, 1900. 

‘¢ Berichte ber die Verhandlungen der Kénigl. Sachs. Gesellschaft der Wissen - 
schaften zu Leipzig,’’ Bd. ti1., Nos. 2, 5, 4; 1900. 

‘¢ Imperial University Calendar,’’ Tokyo, 1899-1900. 

‘*Nyt Tidsskrift for Matematik,’’ Aargang m., A, Nos. 5, 6; Copenhagen, 
1900. 

‘Revue Semestrielle des Publications Mathématiques,’ 
Oct. 1899-Avr. 1900 ; Amsterdam, 1899-1900. 

“¢ Journal of the Institute of Actuaries,’’ Vol. xxxv., Pt. 4, No. 198; July, 1900. 

‘¢ Vierteljahrsschrift der Naturforschenden Gesellschaft in Zwrich,’’ Vol. x1yv., 
Hefte 1, 2; March, 1900. 

‘‘ Proceedings of the Physical Society,’’ Vol. xvur., Pt. 2, July, Pt. 3, Sept., 1900. 

‘* Annales de la Faculté des Sciences de Marseille,’’ Tome x., Preface, Fasc. 1-6 ; 
1900. 

‘¢ Sitzungsberichte der Konig]. Preuss. Akademie der Wissenschaften zu Berlin,”’ 
1900, Nos. 28-38, May 3-July 26, 1900. 

‘‘Proceedings of the Cambridge Philosophical Society,’’ Vol. x., Pt. 6; | 
‘¢ Transactions,’’ Vol. xtx., Pt.1; 1900. 

‘‘Memoirs and Proceedings of the Manchester Literary and Philosophical 
Society,’’ Vol. xurv., Pt. 4; 1899-1900. 

‘¢ Nachrichten von der Konigl. Gesellschaft der Wissenschaften zu Gottirgen,”’ 
Math.-Phys. K1., 1900, Heft 1, Geschiftliche Mittheilungen, 1900, Heft 1. 


? 
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‘‘ Jahrbuch tber die Fortschritte der Mathematik,’’ Bd. xxrx., Heft 1, 2 
and Jahrgang 1898 ; 1900. 

*¢ Proceedings of the Royal Irish Academy,”’ Vol. v., No. 5; Dublin, 1900. 

‘‘Transactions of the Canadian Institute,’’ Vol. v1., Nos. 11, 12, Pts. 1, 2; 
Toronto, 1899. 

‘* Proceedings of the Canadian Institute,’’ Vol. 11., Pt. 3, No.9; Feb., 1900. 

** Acta Mathematica,’’ Bd. xx11r., Pts. 3, 4; Stockholm, 1900. 
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In connexion with the recent issue of “ A List of Members from 
the Foundation of the Society,” it may be of interest to note that the 
meetings of the Society have been as follow :—From January 16th, 
1865, at University College, W.C.; from November 8th, 1866, at the 
Rooms of the Chemical Society, in Burlington House; and from 
November 10th, 1870, to the present date, at 22 Albemarle Street, W. 


With reference to Mr. Macdonald’s communication (pp. 152-157), 
the following letter has been received from Dr. L. Gegenbauer :— 


Soeben erhalte ich das neueste Heft der Proceedings of the London 
Mathematical Society, in welchem Ihre interessante Arbeit, “ The 
Addition Theorem for the Bessel Functions,’ enthalten ist. Sie 
beweisen daselbst das von mir in meiner 1m LXxIx. Bande der Sitzungs- 
bertchte der mathematisch - naturwissenschaftlichen Classe der Kas. 
Akademie der Wissenschaften in Wien veréftentlichten Abhandlung, 
Uber die Bessel’schen Functionen,” zuerst aufgestellte Additions- 
theorem der Bessel’schen Functionen erster Art in der Weise, dass 
J” (Va? + bt 2ab cos Zab cos 4) durch ein be- 
{ /a?+b? —2ab cos +} 


stimmtes Integral ausdriicken, sodann einen Factor unter dem Integral- 





Sie zunichst die Function 





zeichen in eine nach den Functionen C (cos J) fortschreitende Reihe 
entwickeln und endlich die Integration unter Beniitzung des von 
VOL. XXXII.—NO. 737. 2F 


4.3.4 Appendiz. 
Ihnen in Ihrer Arbeit ausgewerteten bemerkenswerten Integrales 7 


| elt (@eoryme 7 (2? a = Fhe whe 


c-Met 
eliedweise ausfiihren. 


Genau auf den gleichen Wege lasst sich ein anderer, meines 
Wissens bisher noch nicht veréffentlichter Beweis des genannten 
Theoremes fiihren, wie ich Ihnen in den folgenden Zeilen auseinan-~ 
dersetzen werde. 

In meiner im wuxxxv. Bande der citierten Sitzungsberichte er- 
schienenen Abhandlung, ‘“ Das Additionstheorem  derjenigen 
Functionen, welche bei der Entwicklung von e* nach den Naher- 
ungsnennern regulérer Kettenbriiche auftreten,’ habe ich behufs 
neuer Begriindung meines Additionstheorems folgende Gleichung 
ohne Beweis mitgetheilt 


rt 


(1) | gr cos g cosy Jate-1) (a sin d sin W) Cy (cos'@) sin?’ vo dé 


= 7” eee at *) nee, 


TI (2y) ) sind (*) yy O* (cos Wr) J* (cay) 
aus der speciell folgt: 








(2) ["« xiCOS p jeer) (y sin ?) sin? ° bl db da 
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, (en (== ain 

af : >) Coe y 

my \ II 5) Viet y? 
Kinen Beweis dieser Relation habe ich in meiner im 10 Jahrgange der 
Monatshefte fiir Mathematik und Physik, publicierten Note, ‘‘ Notiz 
iiber die Bessel’schen Functionen erster Art,’ mitgetheilt und 
zugleich hervorgehoben, dass dieselbe zu der Hntwicklung 
e2t COS $ COSY Jt (2v-1) (a sin mi sin Ww) 


= "(1 @ — 1) P (sing sing)?” / 2 = eee cate 








=) (Ve ty) 





x J7)° Ox (cos @) Of (cos wv) 


fiihrt, in welcher mehrere Relationen, die Herr EH. W. Hobson in 
seiner im XXxv. Bande der Proceedings of the London Mathematical 
Society, enthaltenen Arbeit ‘‘On Bessel’s Functions and Relations 
connecting them with Hyper-Spherical and Spherical Harmonics,” 
abgeleitet hat, als specielle Falle enthalten ‘sind. 
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Setzt man in der Gleichung (2), 
x= —atbcos 9, 
= SITs 
so werwamnlaye sich dieselbe in 


J? (4a? +b*— 2ab cos ¥) 
{ /a*>+b?—2ab cos $}* 
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Entwickelt man nun die Function °°? Ji@-) (6 sin 9 sin d) nid 
Hilfe der Gleichung (3) in eine nach den Functionen CX (cos # 
fortschreitende Reihe, so erhalt man weiter 
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woraus sofort das Additionstheorem folgt, weil, wie ich in meiner im 
Lxxv. Bande der citierten Svtzwngsberichte veroffentlichten Mittheilung 
‘Uber die Functionen CO; (a) ” gezeigt habe 
2° TL (v—lAty) y 7 JGy’, 

der Coéfficient von C?(#) in der Entwicklung von e*“* nach den eben 
genannten Functionen ist. 

Gestatten Sie mir noch, darauf hinzuweisen, dass man unter 
Benutzung des eben erwihnten Satzes aus Ihrer Gleichung (A) so- 


fort das Integral 
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ableiten kann, aus welchem sich, wie ich im Lxxxv. Band der oft 
genannten Sitzungsberichte bemerkte, unmittelbar das Additions- 
theorem ergibt. 

Sollten Sie glauben, dass die obigen' Auseinandesetzungen die 
Mitglieder der London Mathematical Society interessieren, so 
ersuche ich Sie, dieselben ihnen im Anschlusse an Ihre Arbeit 
vorzulegen. x 


For the accompanying obituary notice of the late Signor Beltrami, 
the Council are indebted to Prof. G. H. Bryan. 


Eugenio Beltrami was born at Cremona on November 16th, 1835. 
His grandfather, Giovanni Beltrami, was a famous sculptor on 
precious stones, and his father, Kugenio Beltrami, senior, was also an 
artist, éspecially 1 im miniatures, his mother, Elisa, of the Venetian 
family -Barozzi, being still alive. Beltrami inherited the love of 
fine arts, and was brought up in his youth by his mother and grand- 
father. He attended school at Cremona, except in 1848-49, when, 
owing to the war in Lombardy, he went with his mother to Venice. 
From 1853 to 1856 he studied mathematics under Brioschi at Pavia, 
where he held a scholarship in the Collegio Ghisleri. His University 
career was Gut short in consequence of an agitation of the students 
against their Rector, and he was obliged to accept an appointment at 
Verona as private secretary to Diday, engineer to the Lombardy 
Railways. For political reasons he lost this post in January, 1859, 
but was reappointed after the battle of Magenta, when Diday trans- 
ferred his office to Milan, taking Beltrami with him. 

At Milan Beltrami renewed his mathematical studies, devoting 
much time to reading the works of Bordoni, Brioschi, Monge, Jacobi, 
Abel, Gauss, Lagrange, and Riemann, and an impetus was given 
to these studies by his making the acquaintance of Cremona, when 
that mathematician came to Milan to deliver a course of lectures at 
the Liceo 8. Alessandro. 

Beltrami rapidly developed as a mathematician, and in 1862 we 
find him publishing two papers in the Annali di Matematica, edited by 
Tortolini, of Rome. These proofs of his power resulted in his ap- 
pointment as Professor Extraordinarius of Algebra and Analytical 
Geometry in the University of Bologna. His tenure of this chair 
was of short duration, for in the following year he was appointed 
Professor Ordinarius of Geodesy at Pisa. Here he remained three 
years and madethe acquaintance of Betti, which developed into a 
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life-long friendship. He also enjoyed the society of ‘Riemann, who 
was staying in Pisa on account of his health. But the climate did 
not suit his mother, andj! accordingly, Beltrami, sought an’ early 
opportunity of returning to Bologna, where he lectured om rational 
mechanics. In February, 1868, he married Amalia. Pedrocchi, of 
Venice, and about the same time published his. famious, memoir on 
non-Huclidean geometry, entitled, “ Saggio d’ interpretazione della 
geometria non euclidea.”:. In February, 1870, Rome was restored to 
Italy and became the seat of Government. On the appointment of 
Antonio Scialoja as Minister of Public Instruction, the University 
of Rome was reconstituted, and in October, 1873,’ Beltrami was 
offered, and accepted, the post of Professor Ordinarius in the subject 
of Rational Mechanics, with the added duty of conducting a class 
in Higher Analysis. On entering into office, however, Beltrami 
found that the scheme of reconstitution was hardly accomplishing its 
ends ,in the way that had been predicted; he was alarmed at the 
difficulties attaching to his new duties, which interfered with his 
private studies, and he lost no time in seeking a more congenial post. 
Accordingly, in 1876 he accepted an appointment at Pavia as Pro- 
fessor of Mathematical Physics and Lecturer in Higher Mechanics. 
His departure from Rome was a source of much regret to his col- 
leagues there, who hoped that he might soon return to them; 
but this hope was not realized until 1891. At Pavia, if the climate 
was not healthier, he, at any rate, found greater quiet and new friends, 
among whom Felice Casorati became his close companion. The 
premature death of Casorati in 1890 was a sourcé of considerable 
erief to Beltrami, and was, probably, the factor which determined his 
return to Rome in the following year. Here he held the office of 
Councillor of Public Instruction; two years .ago he was elected 
President of the Reale Accademia dei Lincei, and he was elected to 
the Senatorial rank shortly before his death. 

Of Beltrami’s works, the catalogue in the special manabee of the 
Atti det Lince’ for June, 1900, enumerates one hundred and thirty- 
four. Prof. Cremona, in his obituary address to the Academy, 
describes Beltrami as a “self-made man”; but by this he means rather 
a “self-taught man”--a man of original ideas,.in fact. His duties 
at Pisa directed his attention to Gauss’s theory of surfaces and the 
mathematical theory of maps. He was thus led on to the subject of 
conformable representation, to transformations of complex variables 
on surfaces, and, finally, to non-Huclidean geometry; in :which latter 
subject we are largely. indebted to Beltrami for, the fundamental 
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properties of the pseudosphere, and for many developments of the 
doctrines of Gauss and Lobatchewsky. 

{n his obituary address on Brioschi Beltrami distinguished two 
schools of mathematicians—the classical school, represented by 
Huler and Jacobi; and another school, founded by Lagrange, and 
developed by Gauss and Dirichlet, and still further developed by 
Cauchy and Riemann. Beltrami claimed that Brioschi was one of 
the first school, and Cremona now places Beltrami himself in the 
second. 

From 1871 to 1874 Beltrami published an extended series of articles 
on the kinematics of fluids in the Memorie of the Bologna Academy, 
and, subsequently, he devoted considerable attention to the theory of 
potential, elasticity, electricity and magnetism, conduction of heat, 
and optics. In the study of elasticity he was led to the conclusion 
that Lamé’s equations were intimately connected with the euclideity 
of space, and he sought to extend them to spaces of constant curvature. 
The discoveries of Maxwell, leading to the substitution of stress in a 
medium for action at a distance, afforded a new field for Beltrami’s 
scientific work, and Hertz’s experiments, elaborated in Italy by 
Righi, lent an additional interest to this study. Instead of starting 
with Hamilton’s generalized equations of dynamics, Beltrami sought 
to base the equations of the electromagnetic field directly on 
D’Alembert’s principle—a method which, without introducing any 
substantial modification in Maxwell’s theory, led to the required result 
ina simpler manner. The last period of Beltrami’s life was devoted 
almost entirely to this branch of applied mathematics; yet we find 
him also writing on thermodynamic potentials, on spherical functions, 
on Huygens’s principle, and as late as 1895 on Lagrange’s equations. 
Beltrami’s writings were all characterized by a certain perfection of 
style and neatness of expression which enabled him to render signal 
service to mathematicians in clearing up obscure points in the pre- 
viously existing. literature on the branches of mathematics which he 
made his especial study. 

That a certain connexion exists between music and mathematics 
has been frequently stated. Such an idea was put forward by 
Sylvester in his paper “On the Real and Imaginary Roots of 
Hquations” (Phil. Trans., 1864). Beltrami was an ardent musician, 
and in his leisure hours he derived great pleasure from performing 
on the pianoforte selections from the works of Bach, Mendelssohn, 
Schumann, and other composers. Prof. Cremona gives extracts from 
two of Beltrami’s letters, one to Dr. Gustav Wolff, Professor at the 
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Conservatorium of Leipzig, embodying the idea of a relation between 
music and mathematics, and the other referring to Sylvester’s note 
and to the fact that the composer Meyerbeer had commenced his 
career with the study of mathematics. 

Beltrami sought no distinctions, but these were freely conferred on 
him. The Academy of Bologna, the Italian Society, the Accademia 
dei Lincei, the Istituto Lombardo, the Turin Academy, the Royal 
Society of Naples, the Academies of Berlin, Paris, Munich, Gottingen, 
and our Society, were glad to include him on their membership lists. 
The Universities of Kazan and Halle conferred honorary degrees on 
him ; he was also one of the Knights of Savoy (Cavaliere del 
merito civile di Savoia) from 1879; and itis interesting to learn that 
Beltrami, in conjunction with Hermite and Byjerknes, were appointed 
as a commission to report on the claims of Sofia Kowalewsky for the 
chau which she subsequently held in the University of Stockholm 
till her death, two years later. 


John James Walker, the son of John Walker and Ann (née 
Fricker) his wife, was born at Kennington, Surrey, on October 2nd, 
1825. 

On the paternal side he was Irish: his great grandfather Matthias, 
his grandfather John (F.T.C.D.), and his father were all graduates of _ 
Trinity College, Dublin, and were remarkable for their combined 
mathematical and classical tastes. John Walker, junior, appears to 
have been for a short time:(1851) the Headmaster of “ University of 
London School” *—a fact which did not come to J. J. Walker’s 
knowledge apparently until the summer of 1899.f The connexion 
with this school soon terminated, and a “‘ London High School” was 
started at Tavistock House, where, subsequently, Charles Dickens 
had his residence. Later on Mr. Walker was appointed Headmaster 
of Plymouth New Grammar School, and here our Mr. Walker entered 
upon his earliest training, which was carried on entirely under his 
father’s eye. 

A short time previous to his father’s death, which took place in 
1845, Mr. Walker entered Trinity College, Dublin, in 1843. Here he 
took his degree in 1849, as a Senior Moderator in Mathematics and 
Physics, having been also an Honourman in Classics frequently 








* Cf. Alphabetical and Chronological Register for 1831-1891, p. 9 (University 
College School, London, by Temple Orme). 
+ As I learn from Mr. W. F. Walker. [R. T.] 
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during his undergraduate course. Being a Nonconformist, he was 
debarred from competing for either University scholarship or fellow- 
ship. In the year subsequent to taking his degree he was elected a 
‘¢ Bishop Law’s Mathematical Prizeman,” one of the relatively highest 
mathematical distinctions of the College. He took his M.A. degree 
in 1857. For about fifteen years his time was wholly occupied with 
private pupils, and for about nine years he had exclusive charge of 
the present Lords Ardilaun and Iveagh. When this last charge was 
completed Mr. Walker removed to London, and shortly after he com- 
menced his relations with University College School. Mr. Walker 
and myself became colleagues in September, 1865, he taking after- 
noon work as Lecturer in Apphed Mathematics and Physics, and Las 
morning (Pure) Mathematical Master. By this arrangement we very 
rarely met at school, but, as we were both elected members of the 
Mathematical Society, on October 16th, 1865, we had frequent 
opportunities of meeting one another. From 1868 to 1882 Mr. 
Walker was Vice-Principal of University Hall, and in this period 
(in 1874) he married Emma, daughter of the late Mr. William 
Turner, of Newcastle, who survives him. His connexion with the 
School terminated in 1888.* Mr. Walker took great interest in the 
work of our Society, being a frequent contributor to the Proceedings 
and a referee. He was a member of the Council from November, 
1869, to November, 1874, and then again from November, 1876, to 
November, 1894; he was Vice-President for two periods of two 
years and was President from November, 1888, to November, 1890.+ 
Mr. Walker was also a member of the Physical Society, and in 
1883 he was elected a Fellow of the Royal Society. 

His range of mathematical reading was extensive, and a manu- 
script memorandum of his states that he contributed various mathe- 
matical papers to the Philosophical Magazine (‘“‘Iris seen in Water,” 
1853), Cambridge and Dublin Mathematical Journal, Quarterly Journal 
of Mathematics, Messenger of Mathematics, Philosophical Transactions 
(1888), and Reports of British Association (1859-1863), and 
numerous articles and reviews, besides questions and solutions 
furnished to the Hducational Times. To our Proceedings he con- 
tributed about twenty-four papers or notes. 





* From 1871 to 1883 Mr. Walker was Examiner in Mathematics and Natural 
Philosophy for the Hibbert Trust Scholarships. 

+ In Who’s 1Vho and Men of the Time (1900) he is said to have been President 
from 1880 to 1890! : 
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His earlier work, done when M‘Cullagh, Salmon, Graves, and 
Townsend ruled over Trinity, had a strong bias in the direction 
of “pure geometry,’ and his later work tended in the direc- 
tion of the algebraic methods and subjects. The valedictory 
address, ‘““Of the Influence of Applied on the Progress of Pure 
Mathematics ” (Proc., xxi1., 4-18), is said: by Prof. Greenhill, in his 
valedictory address (Proc., xxiv.), to show “how many of the most 
abstruse theorems of pure analysis owe their origin to ideas which 
arose in connexion with concrete and even practical requirements.” 
The subject dealt with in this address was one fertile in interest and 
importance in its scope, and, doubtless, had Mr. Walker had carte 
blanche, he would, from the stores acquired by a fairly extensive 
range of reading, have made it even a finer piece of work than it is. 
The pains evidently taken with it are characteristic of his usual 
patient care and habit of looking all round his subject. 

The following picture of him as a teacher comes from an old 
pupil :—“ My recollections of him and of his ‘ Natural Philosophy ’ 
lectures are among the pleasantest and most vivid remembrances of 
the old days at University College School. His refinements of ex- 
planation, his precision of expression, his grave courtesy of manner— 
how they all come back! ... We had excellent opportunities, all 
unsuspected, of learning science and manners from a master of both. 
His reproaches were pointed and eloquent, but too nice for the thick- 
skinned, . . . an excellent teacher for a willing ear.” | 

Mr. W. F. Walker* writes that the general tenour of his brother’s 
life was, throughout, simple and devoid of all exciting events; a lite 
of quiet, industrious work, scholastic tastes, of calm and genial inter- 
course with family and friends. Underlying a somewhat: reserved 
temperament, not only were his family affections as a son and 
brother and relative always keen, loyal, and self-sacrificing, but his 
attachments to, and esteem and confidence from, the early and later 
friends of his private life always kept up and treasured to the 
last. 

On February 14th, 1900, Mr. Walker appeared to be quite in his 
usual health; on the 15th he was found insensible in his bath-room, 
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* This gentleman has placed a quantity of interesting matter at my disposal. 
which I have freely used. He was only ten years of age when the father died. 
and henceforward our Mr. Walker, then a student, was in loco parentis to Mr 
W. F. Walker. 
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and appeared to have passed away withouta struggle or a symptom 
of pain. 


CORRIGENDA, 


On p. 309 of Vol. xxxt., strike out the passage beginning ‘‘ Suppose now,”’ and 
ending ‘arbitrary zero.” 


Pp. 370-384. Date at head of pages should be-March 8, 1900. 
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